arXiv:2604.20568v1 [cs.LG] 22 Apr 2026

Amortized Vine Copulas for High-Dimensional Density and
Information Estimation

Houman Safaai
Kempner Institute for the Study of Natural and Artificial Intelligence at Harvard University
houman_safaai@harvard.edu

Abstract

Modeling high-dimensional dependencies while keeping likelihoods tractable remains challeng-
ing. Classical vine-copula pipelines are interpretable but can be expensive, while many neural
estimators are flexible but less structured. In this work, we propose Vine Denoising Copula
(VDC)', an amortized vine-copula pipeline that trains a single bivariate denoising model and
reuses it across all vine edges. For each edge, given pseudo-observations, the model predicts a
density grid. We then apply an IPFP/Sinkhorn projection that enforces non-negativity, unit
mass, and uniform marginals. This keeps the exact vine likelihood and preserves the usual
copula interpretation while replacing repeated per-edge optimization with GPU inference. Across
synthetic and real-data benchmarks, VDC delivers strong bivariate density accuracy, competitive
MI/TC estimation, and substantial speedups for high-dimensional vine fitting. In practice, these
gains make explicit information estimation and dependence decomposition feasible at scales
where repeated vine fitting would otherwise be costly, although conditional downstream inference
remains mixed.

1 Introduction

Modeling complex dependencies in high-dimensional data remains a central challenge in machine
learning, with applications spanning financial risk management [Embrechts et al., 2002], anomaly
detection [Chandola et al., 2009], and scientific discovery. The main difficulty lies in balancing
flexibility with tractability. Neural density estimators, such as normalizing flows, can model complex
distributions, but they often lack interpretable structure. Classical statistical models provide that
structure, but usually at the cost of expressiveness.

Vine copulas [Aas et al., 2009, Bedford and Cooke, 2002] provide a useful middle ground. Via
Sklar’s theorem [Sklar, 1959], they separate marginals from dependence and factorize a d-dimensional
copula into (‘21) bivariate pair-copulas over a tree hierarchy. This allows for exact likelihood evaluation,
efficient conditional sampling, and interpretable dependence attribution. A key bottleneck is that
each edge requires fitting a separate bivariate copula. With parametric families this can be fast but
misspecified; with nonparametric estimators it is flexible but often expensive. The repeated fitting
cost becomes prohibitive as dimension grows [Nagler, 2018].

More broadly, dependence modeling needs both flexibility and structure. Flexible global models
can fit complicated distributions, but they make it harder to inspect how variables interact. Structured
models such as vines expose those interactions directly, but they require solving many small estimation
problems, one for each edge. Our approach is designed to address this bottleneck.

We propose VDC, a method for amortized bivariate estimation inside a classical vine. Instead of
fitting a new model for every edge, we train a single neural network once on a diverse synthetic copula

1Code: https://github.com/KempnerInstitute/vine-denoising-copula. Model: https://huggingface.co/
hsafaai/vdc-denoiser-m64-vi.
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Figure 1: VDC overview. (a) One-time bivariate training on a synthetic copula zoo and amortized
inference with frozen weights. (b) D-vine factorization where the same edge operator is reused across all
pair-copula edges. (c) Training-loss trace and marginal convergence from the canonical checkpoint (log
scale). (d) IPFP projection restores exact copula marginal constraints (log-scale marginals). (e) Qualitative
Complex-X fit showing VDC versus pyvine under the same protocol.

collection and reuse it throughout the vine. For each edge, the shared estimator reads an empirical
bivariate histogram and predicts a density grid in one forward pass. We then project that prediction
onto the set of valid copula densities using Iterative Proportional Fitting (IPFP), which restores the
marginal constraints required by copulas [Sinkhorn, 1964, Sinkhorn and Knopp, 1967]. The result
is not a new global density family. It is a reusable edge-fitting primitive that makes classical vine
operations practical at moderate and high dimension, especially for repeated information-theoretic
analysis with explicit vine structure.

Contributions. We make the following contributions:

e Amortized bivariate copula estimation: a train-once denoising edge estimator paired with an
IPFP projection that guarantees valid copula densities.

e Fast, tractable vines: GPU-batched edge estimation with cached h-functions, enabling efficient
likelihood evaluation, sampling, and repeated refits in high dimensions.

e Information estimation by construction: MI and TC estimation via copula entropy, with
edge-wise and tree-wise decompositions aligned with the vine structure.

e Self-consistent information estimates: empirical MI consistency checks show 0% DPI violations
for VDC under our protocol, with lower additivity error than KSG.

Sections 3—6 follow this pipeline from model construction to information-theoretic analysis,
benchmark evidence, and a focused discussion of where the approach currently helps most.

Figure 1 summarizes this pipeline. Panel (a) shows the one-time training stage. Panel (b) shows
how the same estimator is then reused across all vine edges. The remaining panels show why this
works in practice: stable training, exact restoration of copula constraints after projection, and a
representative qualitative fit.



In practice, this changes the operating regime of vine modeling. Replacing repeated per-edge
optimization with neural forward passes substantially reduces fitting cost while preserving the
interpretability and exact likelihood structure of classical vines. Because mutual information equals
negative copula entropy, the same fitted vine also provides MI and total-correlation estimates with
edge-wise attribution. This is one of the main intended uses of the method. The amortized design
broadens the practical use of vine copulas for repeated information estimation, dependence breakdown,
and structured correlation analysis.

Just as importantly, it changes the computational bottleneck without changing the semantics of
the model. Once each edge density has been predicted and projected, structure learning, likelihood
evaluation, h-function recursion, and sampling proceed exactly as in a classical vine, so the resulting
object remains an explicit tractable copula model rather than a separate black-box surrogate.

2 Background

2.1 Copulas and Sklar’s Theorem

A copula C : [0,1]? — [0,1] is a multivariate CDF with uniform marginals. The foundational result
in copula theory is Sklar’s theorem [Sklar, 1959]: any joint distribution F with continuous marginals
Fi, ..., Fy can be uniquely decomposed as

F(@r,...zq) = C(Fy(1), .., Fa(wa)). (1)

This decomposition separates the dependence structure (captured by C) from marginal behavior
(captured by F;). When the copula density exists,

ad
c(u) = oo

The joint density then factorizes as

f(@) = c(Fi(21),. .., Fa(xa)) H fi(xi).

2.2 Vine Copulas

Regular vines [Bedford and Cooke, 2002] extend this idea to high dimensions by decomposing a
multivariate copula into a hierarchy of bivariate building blocks. For a d-dimensional vector, the
joint copula density factors as

-1
C(Ula-~~aud):H H ¢j.kp(Ujips Uk|p)s (2)

£=1 (j,k|D)ET,

where edges (j, k|D) belong to trees T1,...,T4_1, and Uj|p denotes the conditional CDF of u; given
variables in set D. These conditional values are computed recursively using h-functions:

hUV(u|v)/OucUV(s,v)dsI[J’(UglLVv)7 (3)

which represent conditional CDFs derived from bivariate copulas. Standard structure learning uses
Difimann’s algorithm [Dissmann et al., 2013], which greedily selects edges maximizing dependence
(Kendall’s 7) at each tree level. Figure 1 (panel b) illustrates a 4-dimensional D-vine structure with
its three tree levels.



2.3 Related Work

Vine copulas have become a standard tool for multivariate dependence modeling [Aas et al., 2009],
with efficient implementations in libraries like vinecopulib [Nagler and Vatter, 2024]. However,
these still require fitting O(d?) bivariate copulas, either through parametric family selection or kernel
density estimation [Nagler, 2018].

To sidestep the repeated-fitting cost, recent work has explored neural alternatives. Implicit
generative copulas [Janke et al., 2021], neural copula functions [Zeng and Wang, 2022], family-specific
neural pair-copulas such as Deep Archimedean Copulas [Ling et al., 2020], and copula density
estimators [Letizia et al., 2025] are all relevant. However, they target a different operating point:
global copulas, restricted copula families, or standalone bivariate estimators. None of them reuse a
single estimator across all vine edges. Our setting is instead a vine-compatible edge operator that
is trained once and then reused across all O(d?) pair-copula fits. Normalizing flows [Dinh et al.,
2017, Papamakarios et al., 2017, Durkan et al., 2019] and diffusion models [Kotelnikov et al., 2023]
provide flexible global density estimation. In our UCI copula-space benchmark, a RealNVP flow is
competitive on held-out NLL, but it still operates as a monolithic d-dimensional model rather than
exposing pair-copulas, h-functions, and edge-wise information decomposition.

3 Method

Overview. VDC replaces the repeated bivariate fitting step in classical vines with a single pre-
trained neural operator. The method proceeds in four steps. First, we convert edge samples into a
histogram in copula space. Second, we run one neural forward pass to predict a density grid. Third,
we project that grid onto the set of valid copula densities. Finally, we compute the h-functions
needed for the next tree level of the vine. This keeps the structure of a classical vine intact while
removing the need for per-edge optimization.

3.1 Problem Formulation

Given raw edge samples {(x;,y;)}",, we first map them into copula space with the empirical
probability integral transform, u; = r*/(n + 1) and v; = r*)/(n 4 1), where ") and ¥ are
rank indices [Nelsen, 2006, Genest et al., 2009]. Next, we discretize [0, 1] into an m x m grid and
summarize the edge by a normalized histogram. This histogram is the model input: it is a simple
representation of the empirical dependence structure of the edge. Our goal is to estimate a valid
density D € RYZ;™ on the same grid. Let A = 1/m and let By, denote grid cell (a,b). Our input is
the density-style histogram

1 n
Hab - W ;1[(1‘2,”1) € Bab] 3 (4)

so that >, , Hap A% = 1. A valid estimate must satisfy: (i) non-negativity, (ii) integration to one,
and (iii) uniform marginals.

For real datasets, the marginal handling is intentionally simple and separate from the copula
model. We fit empirical one-dimensional CDFs on the training split and use them to map X +— U.
We use the corresponding empirical inverse quantiles only when a downstream task needs samples
or imputations back in raw data space. VDC itself models the copula ¢, not separate marginal
densities f;. This does not affect the copula-based results emphasized in the paper, including MI,
TC, self-consistency, and the copula-space density benchmarks. Only raw-space downstream tasks
such as VaR backtesting and imputation additionally rely on the empirical inverse marginals.



3.2 Denoising Edge Estimator with Optional Diffusion-Style Refinement

Our edge estimator is a 2D U-Net that takes a possibly corrupted histogram H, coordinate channels,
and a sample-size embedding logn as input. Intuitively, the network is trained to clean up noisy
empirical histograms. Finite samples produce irregular grids even when the underlying copula is
smooth, so we train the model to map those noisy inputs to more accurate density estimates. The
deployed one-shot map is

Z = fg(fl,coords,logn),

. 5

Draw = SOftphlS(Z) + €, D= HIPFP (Draw)- ( )
with H = H at test time. The network is trained on synthetic bivariate copulas spanning Gaus-
sian, Student-t, Archimedean families (Clayton, Gumbel, Frank, Joe), two-parameter Archimedean
BB1/BB7 families, rotations, and mixtures. During training, we corrupt the conditioning histogram
with a scalar noise level and train the network to recover the clean density. In the default checkpoint
this corruption interpolates the empirical histogram toward the uniform density as the corruption level
increases. This design lets one checkpoint handle histograms across a broad range of finite-sample
noise levels while keeping deployment simple: the estimator used throughout the paper is still a
one-shot edge fit.

This denoising view should be interpreted as robustness augmentation on a continuous grid
signal, not as a probabilistic model for histogram counts. Before normalization, exact count noise is
multinomial; after normalization, the histogram is a continuous object with sample-size-dependent fluc-
tuations. Positivity and exact copula validity are enforced separately by the output parameterization
and the IPFP projection, rather than by the corruption model itself.

Figure 2 compares the four training variants used in our corruption ablation. The main takeaway
is stability rather than dominance: uniform-mix is the most reliable default, and the alternatives do
not offer a consistent improvement across datasets or tree depths. Direct uses the empirical histogram
H without corruption, Uniform-miz forms H = (1 — a)H 4 oU with U = 1, Gaussian adds clipped
continuous grid noise, and Multinomial resamples counts and converts them back to the density-style
grid Hy, = Ngap/(nA?). In panel (a), the right tile ¢ is the clean synthetic copula density, while
the left tile is the corresponding corrupted input histogram H. Direct and multinomial therefore
share the same target ¢ but differ in whether the observed histogram is kept or count-resampled.
Panels (b) and (c) summarize paired edge comparisons against the uniform-mix checkpoint. Across
Gas, Hepmass, Miniboone, Power, and Credit, no alternative yields a clear overall improvement.
Shallow edges show the clearest preference for uniform-mix, while mid and deep remain effectively
comparable. We therefore use uniform-mix as the stable default throughout the paper.

At inference time, all main reported results use one-shot mode: a single forward pass with
corruption level zero, i.e., H = H. For auxiliary diffusion-based checkpoints, we can also run
Denoising Diffusion Implicit Models (DDIM) style iterative refinement [Song et al., 2021] over
multiple steps.

Training objective. We train the edge estimator with a likelihood-style objective plus shape-
sensitive regularization on the density grid:

L = Lcg + MSEL1SE + Mail Ltail- (6)

Here Lcg encourages accurate likelihood evaluation under the target density grid, Lisg penalizes
pointwise density error, and Li,; upweights the corner regions where tail dependence is expressed
most strongly. This objective reflects the role of the model in the full pipeline: it should be accurate
as a density estimator, numerically stable after projection, and reliable enough to support h-functions
and information estimates downstream.
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Figure 2: Corruption ablation for the edge denoiser. (a) The four training variants. Each schematic
shows the corrupted density-style histogram input H on the left and the corresponding clean target copula
density ¢ on the right. (b) Mean paired edge-NLL difference ANLL versus the uniform-mix checkpoint on
extracted vine edges; values above zero mean the alternative is worse on average. (c) Paired win-rate against
uniform-mix on the same edges from Gas, Hepmass, Miniboone, Power, and Credit, bucketed by depth;
values above 50% mean the alternative is worse on more than half of matched edges.

3.3 Copula Projection via IPFP

The raw network output D,y is positive but may not satisfy the copula marginal constraints. In
particular, it may not integrate to one and its marginals may not be uniform. Rather than forcing
the network to satisfy these constraints directly during training, we repair the prediction after the
forward pass. We do this with Iterative Proportional Fitting (IPFP) [Sinkhorn, 1964, Sinkhorn and
Knopp, 1967, Franklin and Lorenz, 1989], which alternates row and column normalization until the
marginals are uniform.

Proposition 1. Given strictly positive D 4, IPFP converges to a unique D minimizing KL(DHme)
subject to uniform marginal constraints.

This is the classical Sinkhorn/IPFP projection result in the strictly positive case [Sinkhorn and
Knopp, 1967, Franklin and Lorenz, 1989]. In practice the projection is fast and GPU-friendly. As
shown in the iteration ablation (Appendix Table A13), 15 iterations suffice to push the maximum
row or column marginal error below 10~2 on representative Gaussian, Clayton, Frank, and Gumbel
test densities while taking ~1ms. Driving the error to machine precision takes ~ 100 iterations and
still runs in under 10 ms.



3.4 H-Function Computation and Vine Assembly

With the valid density lA), we compute h-functions as cumulative sums over grid rows and columns
and cache them for O(1) lookup. This is the step where amortization preserves classical vine
semantics: once an edge density has been predicted and projected, the recursion is exactly the same
as in a standard vine. The full vine is assembled using Difimann’s algorithm: for each edge, we
build a histogram, run the VDC edge denoiser, project via IPFP, cache h-functions, and update
pseudo-observations for the next tree level. Since network weights are frozen, we avoid the costly
per-edge optimization of classical methods.

Edge inference in practice. For a new edge dataset, the deployed pipeline is simple: (i) bin
the pseudo-observations into an m x m histogram, (ii) run one neural forward pass, (iii) apply 15
IPFP iterations to restore exact copula validity, and (iv) cache h-function tables for recursion and
likelihood evaluation. This is the path used in all main-text experiments. Optional DDIM-style
iterative refinement exists for auxiliary checkpoints, but the paper’s main results are deliberately
centered on one-shot inference because that is the amortized operating point we want to evaluate.

4 Information Estimation

A key benefit of our approach is that it enables tractable estimation of information-theoretic quantities.
Once the model returns explicit copula densities, mutual information and total correlation follow
naturally from those densities rather than from a separate variational objective. Since mutual
information between variables X and Y equals the negative entropy of their copula [Ma and Sun,
2011, Safaai et al., 2018],

I(X;Y) =E[loge(U,V)] = —H(c), (7)

our grid-based density D provides a direct MI estimate:

n

I(X;Y)= %Zlogﬁ(ui,vi). (8)

For multivariate data, total correlation (TC) decomposes across vine edges:

TC(Xla“'de): Z ]E[logce(Uea‘/e)]' (9)

ecedges

For a fitted vine ¢(u) = [], ¢e(usp,uj|p), we estimate held-out TC by summing per-edge held-

out mean log-density terms I/F:[log ée]. Figure 3(c) shows what this decomposition looks like on
real datasets: we fit a D-vine on the training split, evaluate each fitted edge on held-out pseudo-
observations, and aggregate the resulting log-density contributions by tree. Bars show the absolute
share > .p. [E[logée]|/ >, |[E[logé.]|, and the legend reports the signed held-out TC per dataset.
Each edge contributes a non-negative conditional MI term at the population level; finite-sample plug-
in estimates can be slightly negative. Unlike variational bounds that can be loose or high-variance
[Belghazi et al., 2018, Poole et al., 2019], our estimator is based on explicit density evaluation.

Together, these panels show that the decomposition matches ground truth in a controlled setting,
remains practical as dimension grows, differs meaningfully across real datasets, and is interventionally
meaningful inside the fitted vine: tree groups with larger fitted TC share also induce larger TC drops
when removed.
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Figure 3: TC decomposition validation and scaling. (a) Synthetic edge-level validation with analytic
ground truth (d = 8). (b) Synthetic TC scaling with dimension. (c) Real-data tree-level contrast across
Power, Gas, and Credit; bars show absolute share of |TC| per tree, while signed totals are reported in the
legend. (d) Intervention check on fitted real-data vines: the fitted tree share from panel (c) is compared with
the observed VDC TC drop after removing that tree or tree group from the fitted vine.

Table 1: Bivariate copula estimation. Accuracy and runtime on held-out synthetic copulas. ISE =
integrated squared error; |[A7| = Kendall’s 7 error; |A\y| = upper-tail dependence error. The table reports
suite means; Appendix Table A2 gives mean + std across the held-out copula cases for the same methods.

Method ISE | A7l L |AXy| )  Time (ms) |
Histogram 5.013e-04 0.088 0.104 2.2
KDE 7.535e-05 0.094 0.103 85.5
pyvine-param 7.112e-05 0.117 0.081 591.0
pyvine-TLL 6.535e-05 0.069 0.101 16.2
VDC (one-shot) 5.129e-07 0.026 0.006 6.0

5 Experiments

We evaluate VDC on synthetic benchmarks and real-world datasets, focusing on accuracy, speed, and
downstream utility. The experiments follow the same order as the method: we begin with bivariate
density quality, move to full-vine density estimation and real-edge neural baselines, and then turn
to information estimation. Unless otherwise noted, all results use one frozen VDC checkpoint with
D-vine factorization (Difimann structure), grid size m = 64, and 15 IPFP iterations. All reported
tables and figures are produced by a single scripted evaluation pipeline used throughout the paper.

5.1 Bivariate Copula Estimation

We begin by evaluating the accuracy of our pre-trained denoising estimator on a held-out test set
covering diverse copula families. Table 1 reports mean metrics over this held-out suite and compares
VDC against standard baselines: raw histograms, kernel density estimation (KDE), and pyvine with
both parametric and transformation local likelihood (TLL) estimation.

Results. Across all three quality metrics (ISE, |A7|, |AAy]), one-shot VDC achieves the lowest
error while remaining within a few milliseconds per copula on GPU (Table 1). In particular, it
improves ISE by roughly two orders of magnitude over the stronger pyvine baseline on this suite,
supporting its use as an amortized edge operator in high-dimensional vines. Appendix Table A5 adds
a focused comparison against a neural pair-copula baseline on matched Archimedean families.



5.2 High-Dimensional Density Estimation

We next test full copula-space density estimation on UCI datasets spanning low to moderate dimension:
Power (d = 5), Gas (d = 8), Hepmass (d = 21), Credit (d = 24), and Miniboone (d = 50). Table 2
reports held-out NLL in bits/dim and fitting time for vine baselines, a global flow baseline, and a
Gaussian copula reference. These are copula-space density results: all methods receive the same
empirical marginal transform, so the benchmark isolates dependence modeling rather than one-
dimensional marginal fitting. We also report PIT-KS, the Kolmogorov—Smirnov statistic of held-out
probability-integral-transform values against the Unif(0, 1) target, as a calibration diagnostic.

Table 2: UCI copula-space density benchmark. Test NLL (bits/dim) and fitting-time comparison on
UCI datasets. The table includes classical vine baselines, a global RealNVP flow baseline, and a Gaussian
copula reference. PIT-KS denotes the Kolmogorov—Smirnov statistic of held-out PIT values against Unif(0, 1).

Dataset Method NLL | Fit (s)} PIT-KS|

Power (d = 5) VDC (Ours) -0.679 0.35 0.064
pyvine-param -0.649 4.64 0.040
pyvine-TLL -0.699 0.78 0.033

Flow (RealNVP) -0.747 3.18 -
Gaussian copula -0.555 0.01 -

Gas (d = 8) VDC (Ours) -0.002  0.21 0.041
pyvine-param -0.000 10.94 0.020
pyvine-TLL -0.000 2.01 0.020
Flow (RealNVP) 0.009 1.03 -
Gaussian copula 0.000 0.01 -
Hepmass (d = 21) VDC (Ours) 0.014 4.92 0.077
pyvine-param -0.000 290.10 0.009
pyvine-TLL -0.000 51.72 0.009
Flow (RealNVP) 0.008 3.31 -
Gaussian copula 0.000 0.04 -
Credit (d = 24) VDC (Ours) 0.001 3.58 0.012
pyvine-param 0.000 151.41 0.012
pyvine-TLL -0.000 17.29 0.012
Flow (RealNVP)  0.012 1.95 -
Gaussian copula 0.000 0.02 -
Miniboone (d = 50) VDC (Ours) -0.053 22.16 0.144
pyvine-param 0.000 1110.56 0.010
pyvine-TLL -0.000 115.67 0.010
Flow (RealNVP) 0.009 2.84 -
Gaussian copula 0.000 0.07 -

Table 2 supports a narrower claim than universal density-estimation dominance. Against classical
vine fitting, VDC is consistently much faster while remaining competitive in held-out NLL. Relative
to pyvine-TLL, the fit-time speedups are about 2.2x on Power, 9.6x on Gas, 10.5x on Hepmass,
5.2x on Miniboone, and 4.8x on Credit, with larger gains against the parametric pyvine pipeline. In
held-out NLL, VDC is best on Gas and Miniboone, while pyvine-TLL or the global RealNVP flow
are better on Power and Hepmass. Credit is a useful middle case: VDC is much better than the
flow on NLL while remaining far faster than the classical vine baselines, and its PIT-KS is very close
to pyvine. The global flow baseline is therefore a mixed comparison rather than a dominated one
on real tabular data. PIT-based calibration remains weaker than the stronger classical vine fits on
most datasets. That is consistent with the mixed downstream conditional results we report later,
and it reinforces that the main win on real data is amortized fitting speed plus competitive NLL
rather than uniformly best calibration. Figure 4(a) reports edge-level bivariate density quality, while
Figure 4(b) complements the UCI table with fixed-family full-joint scaling on a non-Gaussian Clayton
vine using the same method set, including the flow baseline. On that controlled synthetic family,
the flow remains fast but its held-out NLL degrades sharply as d grows, whereas VDC stays much



closer to the stronger pyvine baselines. Together, the table and figure support a more specific point:
amortization makes structured vine fitting far cheaper than classical vine fitting while preserving
competitive density quality and retaining explicit pair-copulas, h-functions, and edge-wise MI/TC
attribution.
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Figure 4: Density and runtime summary. (a) Bivariate accuracy-latency tradeoff on the held-out
copula suite against local bivariate baselines. (b) Fixed-family full-joint density scaling on a non-Gaussian
Clayton vine, using the same method set as the real-data density table. RealNVP is fast, but its held-out
NLL degrades substantially with dimension, whereas VDC remains much closer to the classical vine baselines
while still being far faster. Appendix Figure Al adds the Gaussian matched-family sanity check.

5.3 Neural Pair-Copula Baselines on Real Vine Edges

Our main comparison to prior neural copula work should happen in the regime that matters most
for vines: repeated fitting on actual edge datasets, not only whole-distribution comparisons against
monolithic d-dimensional models. Table 3 therefore compares the frozen VDC checkpoint against
ACNet [Ling et al., 2020], a neural pair-copula baseline retrained from scratch on each extracted
edge. We fit the same D-vine protocol used in the main experiments on Gas, Hepmass, Credit, and
Miniboone, extract pseudo-observation datasets from shallow, mid, and deep trees, and compare
the two methods on those actual edge tasks. The edge-level NLL comparison is competitive rather
than uniformly one-sided: VDC is better on Gas and Hepmass, while ACNet is lower on Credit
and Miniboone. The dominant effect is computational. VDC edge fits remain around 9 to 11 ms,
whereas ACNet requires about 1.1 x 10% to 2.4 x 10® s per edge. Extrapolated to all vine edges,
retraining ACNet is about 1.4 x 10*x slower than the measured VDC full-vine fit on Gas, 1.6 x 10°x
slower on Hepmass, 8.5 x 10*x slower on Credit, and 1.7 x 10°x slower on Miniboone.

The same real-edge extraction also gives a direct depth-wise stability check. In the sparse VDC-
only benchmark used for this check, mean edge NLL stays close to zero from shallow to deep trees:
—5.451 x 10~° on shallow edges, 2.278 x 10~ on mid-depth edges, and 6.575 x 10~ on the deepest
sampled edges. Appendix Table A4 additionally reports a denser depth-bucket comparison across all
four corruption variants on the same benchmark family. This is empirical rather than theoretical,
but it argues against rapid error blow-up across the recursion on the real conditional edge tasks
encountered in these datasets.
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Table 3: Real-edge scaling benchmark versus ACNet. Mean held-out edge NLL and fit time on actual
vine edges extracted from Gas, Hepmass, Credit, and Miniboone, averaged over three seeds (7,17,42). In the
first two numeric columns, entries are reported as VDC / ACNet seed-averaged means. The last column
compares extrapolated ACNet retraining cost over all vine edges to the measured full-vine VDC fit time.

Dataset Edge NLL | Fit time |  ACNet slowdown 1
Gas (8) -4.596e-05 / 1.830c-04 9.0 / 2415.2 13.9kx
Hepmass (21)  1.958e-04 / 2.750e-04 8.5 / 2402.6 164.0k x
Credit (24) 2.653¢-04 / 1.034e-04 10.8 / 1877.1 85.0kx
Miniboone (50) 1.369e-04 / 9.304e-06 8.5 / 2103.5 170.0kx

5.4 Information Estimation

A central motivation for VDC is to make explicit information estimation and dependence decomposi-
tion practical through copula densities, not only to accelerate likelihood fitting. We therefore evaluate
both pairwise mutual information and multivariate total correlation. Figure 5 organizes these results
into three views: panel (a) tests basic MI accuracy on controlled bivariate copulas, panel (b) studies
how pairwise MI estimation behaves as ambient dimension grows, and panel (c) evaluates end-to-end
TC runtime in the full high-dimensional setting. Mutual Information. Figure 5 compares bivariate
MI estimation on synthetic copulas with known ground truth and, separately, pairwise MI estimation
on sampled variable pairs embedded in d-dimensional Gaussian AR(1) data. The baselines differ
from Figure 4 because this section targets information estimation rather than density fitting. Here we
compare against standard MI estimators and density-based MI routes, not full-joint density models.
VDC remains accurate and fast while also providing a tractable likelihood model. Variational neural
estimators such as MINE, InfoNCE, and the Nguyen—Wainwright—Jordan (NW.J) bound can achieve
similar errors in some settings, but they do not expose the same density-level access. Figure 5(b)
makes that comparison explicit in the Gaussian AR(1) dimension sweep, while Figure 5(c) reports full
high-dimensional total-correlation runtime scaling, which is the right end-to-end information-scaling
comparison for VDC versus KSG and neural variational baselines. Because the error-vs-dimension
curves are estimated by finite-sample Monte Carlo, we emphasize aggregate trend and variance
bars rather than pointwise monotonicity. Detailed numeric means are reported in Appendix Ta-
ble Al. To isolate inference-time sample-size effects from retraining, Appendix Figure A2 reports a
fixed-checkpoint varying-n study at d = 50. On a non-Gaussian Clayton-chain benchmark, VDC
overtakes KSG, the Gaussian baseline, MINE, and InfoNCE by n = 10* while remaining substantially
faster than KSG at large n. In the most relevant large-n regime, VDC relative MI error is 2.2%
at m = 30000 and 3.3% at n = 100000, while InfoNCE stays near 20%, MINE near 29%, and KSG
above 56% (Appendix Figure A2).

Self-consistency. Beyond absolute MI error, we test structural consistency. VDC shows 0%
DPI violations in this protocol and lower additivity error than KSG (Appendix Table A9), supporting
the claim that explicit copula density estimation yields stable and coherent information estimates.

Total Correlation (TC) scaling. Since TC decomposes additively across vine edges (Eq. 9),
we can estimate TC in high dimensions by summing edge-wise copula entropies. Figure 5(c) shows
the resulting end-to-end runtime scaling, while Appendix Table A8 reports the corresponding TC
values by dimension.

Additional downstream tasks. We report additional application-facing experiments (VaR
backtesting and imputation) in the appendix. These results are mixed and are best viewed as stress
tests rather than the primary target of the method: our central claim is about fast explicit density
fitting together with information estimation and tractable dependence decomposition, not about a
generic downstream predictor. These downstream tasks therefore serve mainly to mark the current
boundary of conditional inference and calibration.
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Figure 5: Information-estimation results. (a) Method-level bivariate MI error on synthetic copulas
with analytic ground truth. (b) Pairwise MI absolute error versus ambient dimension on sampled pairs from
Gaussian AR(1) data, including VDC, KSG, a Gaussian copula, InfoNCE, and MINE. (¢) Median end-to-end
total-correlation runtime versus ambient dimension on the same Gaussian AR(1) family, including neural
variational baselines.

6 Discussion and Conclusion

We presented VDC, an amortized vine-copula pipeline for fast structured dependence modeling. The
key idea is to train one reusable bivariate edge estimator once, project each prediction to a valid
copula with IPFP, and reuse that estimator across all pair-copula fits in a classical vine.

Across our experiments, VDC combines strong bivariate accuracy with much lower edge-fitting
cost, yields competitive full-vine likelihood with substantially lower runtime on real datasets, supports
explicit MI/TC estimation and tree-wise attribution, and produces self-consistent MI estimates under
our protocol. The main practical benefit is that the speedup makes explicit vine-based information
analysis usable in regimes where repeated classical or per-edge neural fitting would otherwise be too
slow.

The downstream stress tests also show a clear boundary of the current method. Accurate
edge-density estimation is not always sufficient for downstream tasks that depend on conditional
calibration through chained h/inverse-h transforms. This is consistent with the mixed imputation
and VaR results. This suggests that higher-resolution or adaptive conditional procedures may be
needed, rather than undermining the main density-estimation result.

Relative to monolithic flows or full-dimensional diffusion models, VDC targets a different operating
point: it keeps exact vine factorization, explicit pair-copulas, and h-function recursion, while
amortizing the repeated edge-fitting step. This makes fitting, refitting, and dependence decomposition
practical in settings where classical or per-edge neural fitting would otherwise be too slow.

At present, VDC is strongest when the goal is fast structured dependence modeling with tractable
likelihoods, explicit MI/TC attribution, tree-wise dependence breakdown, and exact vine semantics.
We currently assume continuous marginals and the simplifying assumption; extending the pipeline to
discrete or mixed data, non-simplified vines, sharper local features, and stronger conditional inference
remains future work.

Ethics Statement

This work studies density-estimation methodology rather than a deployment system. In application
areas such as finance or risk monitoring, model misspecification and poor calibration can create real
harm, so downstream validation remains essential.
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A Additional Related Work

A.1 Vine Copulas and Structure Learning

Vines provide a flexible factorization of multivariate copulas into pair-copulas [Bedford and Cooke,
2002, Aas et al., 2009]. The key idea is that any d-dimensional copula density can be decomposed
into (g) bivariate building blocks arranged in a sequence of d — 1 trees. Different orderings lead to
different vine structures (C-vines, D-vines, R-vines).

Practical pipelines typically learn vine structure via greedy maximum spanning tree heuristics
[Dissmann et al., 2013]. At each tree level, they choose edges with strongest dependence (often |7])

subject to regular-vine constraints.
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A.2 Pair-Copula Estimation Methods

Once the vine structure is fixed, each edge requires fitting a bivariate copula. Parametric methods
select a copula family and estimate parameters via maximum likelihood, which is fast but potentially
misspecified. Nonparametric methods estimate the copula density directly using kernel density
estimation with boundary corrections [Nagler, 2018], offering flexibility at higher computational cost.

Efficient libraries like vinecopulib [Nagler and Vatter, 2024] reduce overhead but do not change
the repeated-fitting paradigm. Our method addresses this by amortizing fitting cost across all edges.

A.3 Neural Copulas and Global Models

Recent work explores neural copula estimation: implicit generative copulas [Janke et al., 2021],
neural copula functions [Zeng and Wang, 2022], Deep Archimedean Copulas [Ling et al., 2020],
and copula density estimators [Letizia et al., 2025]. These methods cover global copula learning,
family-specific neural pair-copulas, and standalone density estimators. Our use case is narrower: one
pretrained bivariate edge operator that plugs directly into vine recursion through explicit densities,
valid marginals after IPFP, and cached h-functions. Normalizing flows [Papamakarios et al., 2017,
Durkan et al., 2019, Papamakarios et al., 2021] and diffusion models [Ho et al., 2020, Kotelnikov
et al., 2023] are powerful global estimators but learn monolithic models without vine modularity.

A.4 Mutual Information Estimation

Classical MI estimators include the KSG k-NN estimator [Kraskov et al., 2004]. Neural estimators
based on variational bounds (MINE, InfoNCE) can be high variance or loose [Belghazi et al., 2018,
Oord et al., 2018, Poole et al., 2019, McAllester and Stratos, 2020]. Copula-based approaches have
been used for information estimation in neuroscience, including nonparametric copula estimators
[Safaai et al., 2018] and vine copula models for joint neural responses [Onken and Panzeri, 2016,
Onken et al., 2009]. Recent work explores diffusion-based estimation [Franzese et al., 2024] and
meta-learned prediction [Gritsai et al., 2025]. Vines give MI/TC estimates as by-products of fitting
an explicit density, with decomposable edge-wise attribution.

B Theoretical Background

B.1 Copula Definition

Definition 1. A d-dimensional copula C : [0,1]% — [0,1] is a CDF with uniform marginals satisfying:
(i) C(u) =0 if any u; = 0.

(i1) C(u) = u; if all uj =1 for j # .
(iii) C is d-increasing.

The copula density is c(u) = M?dc

Oug®

B.2 H-Functions

H-functions are conditional CDF's from pair-copulas:
80 (u,v)
hopy (u | v) = _ / o(s,v) ds (10)
0

By (v | ) = 80““ =/0 e(u (11)
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These satisfy hyjy(u | v) € [0,1] and are monotonically increasing in u. The inverse h-function

h_l

U‘V(w | v) gives the conditional quantile.

B.3 Information-Theoretic Quantities

Mutual Information.
I(X;Y)=—-H(c) = /c(u,v) log ¢(u, v) du dv (12)

Total Correlation.
TC(X1,...,Xq) =E[loge(Us,...,Uq)) (13)

Under vine factorization,

TC = Z E[log c].

ecedges

C Implementation Details

C.1 Network Architecture

The VDC edge denoiser uses a U-Net with: m x m input (default m = 64); 64 base channels
with multipliers [1, 2, 3, 4]; 2 residual blocks per level; self-attention at 16 x 16 and 8 x 8; FiLM
conditioning [Perez et al., 2018] on log n; softplus output activation.

C.2 Training Data

We generate 5M synthetic bivariate copulas: Gaussian, Student-t (v € [3,30]), Archimedean (Clayton,
Gumbel, Frank, Joe), BB families, rotations, and 2-4 component mixtures. Kendall’s 7 € [-0.9,0.9];
sample sizes n ~ LogUniform (100, 10%).

C.3 Pseudo-Observations and Histogram Encoding

For a raw bivariate sample {(z;,y;)}",, we convert to copula space using empirical PIT / rank

pseudo-observations
@ )
Uy = 2 ) Vi = 2 .
n+1 n+1

With grid width A = 1/m and cells Bg, the network input is the density-style histogram

1 i 2
S MITRIE NI WSS

During training, this histogram is optionally corrupted to produce H. The four variants used in
Figure 2 are:

H=H (Direct),
H=(1-0a)H+ al, U=1 (Uniform-mix),
H = clip(H +¢) (Gaussian),
N ~ Mult(n, {HipA%}as)

H,, = Nap/(nA?) (Multinomial).

At test time in the paper’s one-shot setting, we always use H=H.
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C.4 Training Objective

We minimize a weighted combination of three loss terms:
L = Lck + AMseLisE + Atail Ltail (14)

Cross-entropy loss Lo measures how well the predicted density matches the ground truth
when used for likelihood evaluation:

Log = — z T;;A%log(Dyj + €) (15)

(2%

where T is the ground-truth density grid, D is the predicted density, and A = 1/m is the bin width.
Integrated Squared Error Lisg directly penalizes pointwise density errors:

Lisg = Z(ﬁij —T;;)°A? (16)

i,J

Tail loss L, emphasizes accurate estimation in corner regions where tail dependence is captured:

Lian= Y (log Di; —logT;;)? (17)
(i,5)€eC

where C = {(i,7) : 4,j <5 or 4,j > m —>5} denotes the corner bins. We use A\igg = 0.1 and Ay = 0.5
in all experiments.

C.5 Inference Procedure

At inference time, given pseudo-observations (ug,...,u,) and (v1,...,v,) for a bivariate copula:

Step 1: Histogram construction. We bin the data into an m x m grid and normalize to
obtain H.

Step 2: Network forward pass. The histogram H and sample size encoding logn are
passed through the trained U-Net to obtain raw logits Z, which are transformed via Dy, =
softplus(Z) + 10712

Step 3: IPFP projection. We apply 15 iterations of row/column normalization to obtain a
valid copula density D with uniform marginals.

Step 4: H-function computation. We compute cumulative sums to obtain hy |y and hy |y
tables, which are cached for vine recursion.

C.6 Training Protocol

We train the canonical VDC edge estimator with AdamW, base learning rate 1 x 10~%, weight decay
0.01, and a cosine schedule with 5000 linear warm-up steps. Batches contain 256 synthetic copula
edges streamed on the fly from the generator described in Appendix C.2; each batch samples a fresh
histogram-target pair. We train for 2.4 x 10° optimizer steps, which corresponds to approximately 6.1 x
107 synthetic edge examples. Mixed-precision (bfloat16) is enabled for the U-Net forward/backward
pass; the IPFP projection inside the loss is kept in float32 for numerical stability. Gradient norms
are clipped at 1.0. During training we corrupt the input histogram with a scheduled noise level
a ~ Uniform(0, 0.65) (uniform-mix default); the corrupted input is passed to the network while the
loss is evaluated against the clean target density. The loss weights are A;sg = 0.1, Aait = 0.5, kept
fixed across all experiments.
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C.7 Reproducibility and Compute

Training runs on a single NVIDIA H100 80 GB GPU with 16 CPU workers for data generation; one
full training run of the canonical checkpoint takes approximately 18 hours of wall-clock time. The
U-Net has ~ 5.1M parameters at m = 64 (base channels 64, multipliers [1, 2, 3,4]). We use a fixed
seed (0) for training; all downstream evaluation runs additionally fix their own RNG seed to control
sampling noise (seeds are reported per-experiment in the released JSON records). UCI evaluations
use the standard maf train/test splits from Papamakarios et al. [2017] and apply PIT via empirical
CDFs fit on the training split (ranks divided by n + 1). All figures and tables are produced from
saved experiment outputs through a single scripted pipeline, and each run record stores the exact
command line, random seed, and checkpoint hash used to produce it. For the public arXiv release,
the code repository and released checkpoint are listed in the first-page availability footnote.

C.8 Baseline Configurations

pyvine (parametric / TLL). We use rvinecopulib [Nagler and Vatter, 2024] with default settings
for both parametric family selection and transformation local-likelihood (TLL) estimation; vine
structure is learned by Diimann’s algorithm with the default |7| criterion.

RealNVP flow. We use a 10-block RealNVP-style affine-coupling flow [Dinh et al., 2017] with
hidden size 128, trained with Adam at learning rate 5 x 10~* for up to 200 epochs with early stopping
on held-out NLL. The flow operates in probit-transformed copula space with empirical PIT marginals.

ACNet. We use the authors’ reference implementation [Ling et al., 2020] with default hyperpa-
rameters, trained from scratch per extracted vine edge on the same 64 x 64 evaluation grid with
n = 2000 samples. Training is capped at 20,000 steps with early stopping on held-out NLL. We
report seed-averaged metrics across three completed seeds.

MINE and InfoNCE. We use standard implementations with a 3-layer MLP critic (hidden
size 256, ReLU), Adam at 5 x 10~%, batch size 1024, and 2,000 training iterations per (n,d) setting.
Runtime reported per fixed (n,d) evaluation.

KSG. We use k = 5 neighbors, the default in scipy.spatial.cKDTree; reported runtime uses a
single CPU thread to match the other methods’ budget.

Gaussian copula baseline. Fits a single covariance matrix on PIT-transformed scores; MI/TC
are computed in closed form from the fitted correlation structure.

D Additional Results
D.1 MI Benchmark Numbers

For completeness, Table A1 reports the exact mean absolute MI errors corresponding to the bivariate
method comparison in Figure 5(a). The appendix MI baselines include Gaussian, KSG, MINE, In-
foNCE, the Nguyen—Wainwright-Jordan (NWJ) variational bound, and MINDE (Mutual Information
Neural Diffusion Estimation).

D.2 Bivariate Benchmark Dispersion

For completeness, Table A2 reports mean + std across the held-out copula cases underlying the
main bivariate benchmark in Table 1. This complements the suite-average main-text table without
changing the ranking story.

D.3 Synthetic Density Scaling with Consistent Baselines

To complement the real-data UCI table (Table 2) with a cleaner dimension sweep, we also evaluate
full-joint density estimation on fixed synthetic vine families using the same method set: VDC, pyvine
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Table Al: Bivariate MI estimation. Mean absolute error (nats) on synthetic copulas with analytic MI.

Method MAE (nats, meantstd) Time (s, meantstd) Rank
VDC (Ours) 0.011 £ 0.003 0.36 £ 0.02 1
MINE 0.021 £ 0.000 2.82 £ 0.00 2
KSG 0.023 £ 0.002 0.10 £+ 0.00 3
InfoNCE 0.023 £ 0.000 4.50 £ 0.00 4
NWJ 0.024 £ 0.000 3.50 £ 0.00 5
Gaussian 0.061 £ 0.002 0.00 + 0.00 6
MINDE 0.415 £ 0.000 5.08 £ 0.00 7

Table A2: Bivariate benchmark dispersion. Mean =+ std across held-out copula cases for the same
methods and metrics reported in Table 1.

Method ISE |AT| [AAy|  Time (ms)
Histogram 5.0le-4+1.95e-5 .088+.157 .104+.203  2.240.0
KDE 7.54e-5+1.82e-4 .094+.223 .103+.212 85.5+14.6
pyvine-param 7.11e-5+2.0le-4 .117+.247 .081+.216 591.0+85.6
pyvine-TLL 6.53e-5+1.38e-4 .069+.154 .101+.199 16.2+3.4

VDC (one-shot) 5.13e-7+4.10e-7 .026+.013 .006+.008  6.0+0.3

parametric, pyvine TLL, a Gaussian copula baseline, and a global RealNVP flow. This removes
dataset identity as a confounder and makes the speed-quality tradeoff easier to read. Figure Al
contrasts a matched-family Gaussian AR(1) sanity check with the more informative non-Gaussian
Clayton-vine setting used in the main text (Figure 4(b)). On Gaussian AR(1), the Gaussian copula
and parametric vine are correctly strongest in NLL. On the non-Gaussian Clayton vine, the RealNVP
flow remains fast but degrades substantially in held-out NLL as d grows, while VDC stays much
closer to the stronger classical vine baselines.

D.4 Fixed-Checkpoint Sample-Size Sensitivity

To isolate inference-time sample-size effects from retraining, we keep one frozen VDC checkpoint
and vary n at fixed dimension d = 50. We use two block-MI benchmarks. The Gaussian AR(1) case
is a useful sanity check in which the Gaussian baseline is correctly strongest; even there, VDC bias
shrinks steadily with sample size, from +0.661 at n = 1000 to —0.019 at n = 100000. The more
informative non-Gaussian case is a Clayton-chain benchmark with true block MI 0.640 nats. There,
VDC absolute MI error drops from 0.661 at n = 1000 to 0.079 at n = 10000, 0.014 at n = 30000,
and 0.021 at n = 100000, corresponding to relative errors of 12.4%, 2.2%, and 3.3%. The neural MI
baselines added for comparison are faster but materially less accurate in this regime: InfoNCE is at
18.3%, 19.9%, and 19.6% relative error at n = 10000, 30000, and 100000, while MINE is near 29%
throughout; KSG remains above 56%, and the Gaussian baseline stays around 19-23%. Runtime
still crosses over against KSG: at n = 10000, 30000, and 100000, VDC takes 15.3, 41.6, and 139.1
s, versus 20.9, 130.3, and 1359.2 s for KSG, while MINE and InfoNCE take about 1.0 s and 3.7 s.
Figure A2 focuses on n > 1000, which is the more practically relevant regime at d = 50; the released
numeric summary still includes the extreme low-data points n = 100 and 300. We present this as a
sensitivity study of a fixed pretrained estimator, not as a universal small-n advantage claim.

D.5 Additional Diagnostics and Neural Baselines

We include additional diagnostics that complement the main-text evaluation and sharpen the
comparison to neural copula baselines. Table A3 extends the bivariate benchmark to harder
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Figure A1l: Synthetic full-joint density scaling with a consistent method set. Top row: Gaussian
AR(1) matched-family sanity check. Bottom row: non-Gaussian Clayton-vine benchmark. Left column:
held-out NLL versus dimension. Right column: fit time versus dimension. The Gaussian copula is naturally
strongest on the matched Gaussian family; the Clayton case is more revealing for our setting, showing that
RealNVP is fast but substantially worse in held-out NLL than VDC and the classical vine baselines.

qualitative families. Table A4 checks whether real-edge performance degrades sharply with tree
depth. Table A5 isolates the comparison to ACNet on matched pair-copula tasks. Tables A6—A8 and
Figure A3 collect the supplementary information-estimation diagnostics that support the main text.

Depth-stratified stability. To probe whether errors worsen sharply deeper in the vine, we also
aggregate held-out edge NLL by relative tree depth on the same real-edge benchmark across all
four corruption variants. Table A4 reports mean NLL on edges bucketed into depth thirds across
Gas, Hepmass, Miniboone, Power, and Credit, using all vine levels. Uniform-mix achieves the lowest
(best) NLL at shallow and deep edges; differences at mid depth are small. For the sparse VDC-only
extraction summarized in the main text, the corresponding depth-bucket means are —5.451 x 1075,
2.278 x 1074, and 6.575 x 10~ from shallow to deep.

Focused neural pair-copula comparison. To isolate the distinction between our amortized edge
estimator and prior neural copula models in a controlled synthetic setting, we also ran a matched
bivariate comparison against ACNet [Ling et al., 2020] on the four Archimedean families that overlap
cleanly with our evaluation protocol: Clayton, Frank, Gumbel, and Joe. VDC uses the canonical
checkpoint used throughout the paper; ACNet is trained from scratch per pair on the same 64 x 64
evaluation grid with n = 2000 samples. Across three completed seeds, VDC attains lower ISE, lower
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Figure A2: Fixed-checkpoint MI sensitivity to inference sample size. Non-Gaussian d = 50
Clayton-chain benchmark with one frozen VDC checkpoint (n > 1000). (a) Relative MI error versus sample
size. (b) Runtime versus sample size. VDC becomes the most accurate method by n = 10*; MINE and
InfoNCE remain faster but less accurate, while KSG scales much worse at large n.

Table A3: Complex-copula bivariate benchmark. Results on harder synthetic copula families (ring,
double-banana, etc.) showing density and conditional-transform accuracy.

Method ISE | Edge-ISE | Ah-MAE | Time (ms) |
Histogram 4.618e-04 4.908e-01 0.043 2.2
KDE 3.820e-04 2.936e-01 0.066 81.0
pyvine-param 6.627e-04 1.062e+00 0.149 434.4
pyvine-TLL 2.336e-04 1.676e-01 0.043 14.9
VDC (one-shot) 9.929e-07 1.836e-03 0.004 6.1

h-function error, and lower MI error on all four cases, while reducing per-edge fit time by roughly
2.9 x 10°x on average. Table A5 gives the case-by-case breakdown.

The next three tables summarize the synthetic information benchmarks from the appendix
protocol. Table A6 focuses on pairwise MI on Gaussian AR(1); Table A7 collects the broader
synthetic stress-test metrics; and Table A8 reports exact total-correlation scaling with dimension.

Figure A3 visualizes the same self-consistency protocol used in the main text, while Table A9
gives the exact DPI, additivity, and invariance numbers.

D.6 VaR Backtesting

We report rolling-window VaR backtesting on S&P100 daily returns (d = 100) using empirical
marginals and copula dependence. All methods share the same window (252 days), refit cadence
(every 5 days), and Monte Carlo budget (ngm = 5000); we include historical simulation and Gaussian
baselines for context.

D.7 Rolling Dependence Dashboard

The same rolling S&P100 setup can also be used descriptively rather than predictively. For each
refit window, we evaluate the fitted vine on the in-window pseudo-observations and decompose the
mean log-copula contribution into tree-level bands and dominant tree-1 edges. This yields a rolling
dependence dashboard that preserves the modular vine semantics of the model: a window-level

21



Table A4: Depth-stratified real-edge stability. Mean held-out edge NLL by depth bucket for each
corruption variant, evaluated on all vine levels across five UCI datasets. Sample counts n denote total paired
edges per bucket.

Method Shallow NLL | Mid NLL | Deep NLL |
n=216 n=195 n=133
Uniform-mix -1.039e-02 1.016e-04 -1.006e-04
Direct -1.031e-02 1.755e-04 -6.752e-05
Gaussian -1.037e-02 1.120e-04 -9.783e-05
Multinomial -1.031e-02 1.137e-04 -4.898e-05

Table A5: Focused neural pair-copula comparison. Matched Archimedean edge tasks comparing the
canonical VDC checkpoint used throughout the paper against ACNet trained from scratch per pair. Rows
report seed-averaged metrics across completed runs.

Case Method ISE | h-MAE | Mlerr ] Speedup

Clayton(6=3.0) VDC 1.001e-07 0.001 0.004 331.6kx
ACNet 5.981e-04 0.028 0.221

Frank(6=5.0) VDC 1.143e-07 0.002 0.001 284.2k x
ACNet 1.755e-06 0.007 0.007

Gumbel(6=2.5) VDC 2.025e-07 0.001 0.004 258.2k x
ACNet 2.734e-04 0.022 0.173

Joe(60=3.0) VDC 4.265e-07 0.005 0.024 285.7k x
ACNet 6.556e-04 0.185 0.495

Mean VDC 2.109e-07 0.002 0.008 289.9k x
ACNet 3.822e-04 0.060 0.224

dependence summary, a shallow-versus-deep structural split, and a small set of named cross-asset
pairs that drive the largest tree-1 contributions.

D.8 Missing Data Imputation

We evaluate missing-data imputation under 20% MCAR masking. Our current method is an
approzimate conditional procedure. We draw an unconditional candidate pool from the fitted vine
and use kernel importance weights in the observed subspace to approximate p(Umniss | Uobs). We
then impute missing entries by a weighted conditional mean in copula space and map back through
inverse empirical CDFs. We compare against simple baselines (mean, median, kNN, and iterative)
using the same scripted evaluation pipeline as the rest of the paper.

In this current setup, VDC underperforms the strongest simple baseline on all three datasets. We
keep this as a negative result and use it to motivate future work on conditional sampling/calibration.
Table A10 gives the exact RMSE values, and Table A14 later shows that this conclusion is robust to
reasonable tuning of the downstream conditional procedure.

E Algorithms

This section provides pseudocode for the two main operations enabled by a fitted vine copula:
likelihood evaluation and sampling.
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Table A6: MI method comparison on Gaussian AR(1). Absolute MI error and runtime under the
synthetic protocol.

Method |AMI| on Gaussian AR(1) |  Time (s, meantstd) |
Gaussian 0.010 & 0.009 0.00 + 0.00
InfoNCE 0.012 £ 0.012 0.73 £ 0.76
KSG 0.013 £ 0.008 0.02 £ 0.00
VDC (Ours) 0.013 £ 0.011 0.01 + 0.00
MINE 0.021 £ 0.014 0.33 £ 0.01
NWJ 0.022 £ 0.015 0.36 £ 0.01

Table A7: Synthetic stress-test summary. Joint density and information metrics on controlled synthetic
settings.

Method NLL bits/dim | PIT-KS | |ATC| (Gauss) | Fit (s) |
pyvine_param -0.406 + 0.105 0.019 + 0.001 0.069 + 0.055 43.36 + 55.19
pyvine_nonpar -0.386 + 0.109 0.022 £+ 0.002 0.086 + 0.083 4.16 + 4.71
VDC (Ours) -0.354 £ 0.117 0.082 £ 0.046 1.688 + 2.785 1.12 £+ 1.43
gaussian_copula  -0.333 £ 0.058 -+ - 0.062 £+ 0.057 0.00 £ 0.00

Algorithm A1l Vine log-likelihood evaluation

Input: 2 € R?, vine with cached {D,, h.}
Uj < Fj(l‘j), Uj ¢ < Uj, LL+0
for /{=1tod—1do
for each edge e = (j,k | D) € Ty do
LL 4= log .De[bin(ljj‘p7 Uk\D)}
Ujipuk < ko (Ujip | Ukp)
end for
end for
Return: LL + 3, log f;(z;)

Algorithm A2 Vine sampling via inverse h-functions

-
<

Input: Vine with cached {h_ '}
Wh...,WdNU(O,].), U+ W,
for j =2 to d do
V + Wj
for /= j—1 down to 1 do
Vo« h;‘;;D(V | Uyp)
end for
U]‘ +~—V
end for
Return: (Uy,...,Uy)

E.1 Additional Qualitative Fits

To complement Figure 1 (panel e), we report two additional complex synthetic families (ring and
double-banana) in one combined figure. We keep the same checkpoint and the same layout (densities
top, samples bottom). For fairness, each panel uses the stronger pyvine mode (parametric or TLL)

23



Table A8: TC estimation by dimension. Synthetic Gaussian-copula benchmark with analytic ground
truth.

d TC (True) TC (VDC) TC (KSG) |Errvpc|

5 1.347 1.331 1.351 0.016
10 3.030 3.031 2.839 0.001
20 6.397 6.309 5.010 0.088
50 16.497 16.244 8.617 0.253

Table A9: MI self-consistency checks. Data Processing Inequality (DPI) violation rate and consistency
errors under the benchmark protocol.

Method DPI Viol. (%) | Add. Err. (nats) J Mono. Err. (nats) |

KSG 3.3 0.027 0.000
VDC 0.0 0.021 0.000

selected by ISE on that copula.

F Ablation Studies

F.1 Probit Transformation

A design choice in copula density estimation is whether to apply a probit (inverse Gaussian CDF)
transformation to the copula coordinates before discretization. The probit transform maps [0, 1] to
(—00, ), concentrating grid resolution in the interior where most copula mass lies, at the expense of
boundary resolution. Table A11 compares both approaches across grid sizes.

This is an auxiliary DDIM-style ablation rather than the default deployed checkpoint used in the
main paper, which centers one-shot uniform-mix inference.

At m = 64, non-probit performs better because the grid is coarse enough that boundary resolution
matters. At m = 128, probit helps because the finer grid can capture interior structure while IPFP
handles the boundary constraints.

F.2 IPFP Validity

We verify that IPFP consistently produces valid copula densities. Table A12 reports marginal
deviation (deviation from uniform marginals) and total mass error across all test copulas; after 15
iterations the column marginal is already near machine precision (~ 107%), the row marginal is
~1073 (a side effect of Sinkhorn’s alternating update pattern), and the total mass error is negligible.
To justify the default choice of K=15 iterations used throughout the paper, Table A13 reports
marginal error and runtime for a sweep over K on raw network outputs produced by the canonical
checkpoint on four representative copula families (Gaussian, Clayton, Frank, Gumbel). Without any
projection (K=0) the marginals are order 5 away from uniform; a single IPFP pass already brings
the column marginal to ~ 10~ and the row marginal to ~0.16; at K=15 the maximum row/column
marginal error is ~1072 at a cost of ~1ms, and K=100 pushes the error to machine precision while
still running in under 10 ms. We therefore use K=15 as a good accuracy/latency trade-off for the
main experiments and use K=100 for the targeted machine-precision validation in Table A12.
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Figure A3: MI self-consistency visualization. DPI violation rate and consistency errors for VDC and
KSG under the same protocol as Table A9.

F.3 Downstream Benchmark Sensitivity

To make this weak-point behavior explicit, we report a small sensitivity sweep over kernel bandwidth
and candidate-pool size.

Table A14 shows that this negative downstream result is not explained by one especially bad
hyperparameter choice. Larger candidate pools help modestly, but bandwidth selection dominates
the behavior and every tested configuration still remains meaningfully worse than the strongest
simple baseline.

This is consistent with the main-text discussion: the current imputation pipeline is limited less by
unconditional sample availability than by approximate conditional matching in the observed subspace
and by the calibration of chained h/inverse-h operations. We therefore view this sweep as evidence
that the weakness is robust to reasonable tuning, not as a hidden win that appears after extra search.
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Figure A4: VaR calibration plot on real S&P100 daily returns. Expected versus observed violation
rates for each method and confidence level under the rolling-window backtest protocol.

Table A10: Imputation RMSE (20% MCAR). Lower is better.

Dataset d RMSE (Ours) RMSE (Best Baseline) Baseline Improvement

Power 5 6.893 5.743 kNN -20.0%
Gas 8 1.151 0.993 Mean -15.8%
Credit 24 1.415 1.013 Mean -39.7%

Table A11: Probit vs. non-probit transformation. ISE and MI error for different grid sizes. At m = 64,
non-probit performs better; at m = 128, probit helps by reducing boundary artifacts.

Configuration Grid m ISE | MI Error | |AT| )
DDIM (bilinear, no probit) 64 9.999e-06 0.094 0.074
DDIM (probit) 64 2.912e-05 0.141 0.099
DDIM (bilinear, no probit) 128 1.429e-04 0.778 0.268
DDIM (probit) 128 4.895e-05 0.329 0.146

Table A12: IPFP validity after 15 iterations. Column marginal deviations and total-mass error are
near machine precision on the fitted edge outputs, while row marginal deviations are already reduced to the
1072 range.

Metric Median 99th percentile
Row marginal deviation 1.1 x107° 3.8x 1073
Column marginal deviation 8.5 x 1078 5.3 x 1078
Total mass error <1071 < 10710
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Figure A5: Rolling dependence dashboard on real S&P100 daily returns. Top: window-level mean
log-copula contribution over the rolling refit sequence. Middle: tree-band share of total dependence, showing
that shallow trees dominate on average while deeper trees still contribute materially. Bottom: the most
persistent cross-name tree-1 edge contributions after excluding the trivial dual-share pair GOOGL-GOOG.
This figure is descriptive rather than predictive, and is included to illustrate the kind of structured monitoring
that a fitted vine makes possible.

Table A13: IPFP iteration ablation. Maximum row/column marginal error (deviation from uniform)
and wall-clock time as a function of IPFP iteration count K on the canonical checkpoint. The * marks the
K =15 default used throughout the paper. Values averaged over a batch of four representative copula families.

Iterations K Max row err. |  Max col err. |  Time (ms)

0 5.98 5.11 14.1
1 1.60x 1071 3.3x10°° 0.38

2 7.67x1072 7.7%x1077 0.26

5 2.05x1072 8.3x1077 0.42
10 4.18x1073 8.3x10°7 0.73
15* 9.29x10 4 7.7%1077 1.01
20 2.66x107% 7.2x1077 1.30
30 5.40x107° 7.2x1077 1.88
50 3.10x107¢ 7.2x1077 3.08
100 7.15%1077 7.2x1077 6.02
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Figure A6: Additional complex-copula fits. Ring and double-banana families under the same settings
as Figure 1 (panel e). Density-panel annotations report ISE vs ground truth.
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Table A14: Imputation sensitivity sweep (MCAR 20%, neval = 800). Less-negative relative gap is
better.

Config (h, pool) Mean rel. gap vs best baseline (%) Mean abs. RMSE gap

0.01, 50k -44.54 0.967
0.02, 50k -37.47 0.740
0.05, 50k -26.32 0.597
0.10, 50k -18.42 0.592
0.02, 100k -35.87 0.687
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