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Local gauge symmetry underlies fundamental interactions and strongly correlated quantum mat-
ter, yet existing machine-learning approaches lack a general, principled framework for learning under
site-dependent symmetries, particularly for intrinsically nonlocal observables. Here we introduce a
gauge-equivariant graph neural network that embeds non-Abelian symmetry directly into message
passing via matrix-valued, gauge-covariant features and symmetry-compatible updates, extending
equivariant learning from global to fully local symmetries. In this formulation, message passing im-
plements gauge-covariant transport across the lattice, allowing nonlocal correlations and loop-like
structures to emerge naturally from local operations. We validate the approach across pure gauge,
gauge–matter, and dynamical regimes, establishing gauge-equivariant message passing as a general
paradigm for learning in systems governed by local symmetry.

I. INTRODUCTION

Machine learning models for physical systems increas-
ingly rely on symmetry as a guiding principle. Across
quantum chemistry, materials science, and many-body
physics, neural networks now serve as efficient surrogates
for expensive computations, predicting energies, forces,
and observables with near first-principles accuracy while
enabling simulations at previously inaccessible scales [1–
11]. A central insight underlying these advances is that
physical laws impose strict transformation rules under
symmetry operations, and embedding these constraints
directly into model architectures leads to improved data
efficiency, stability, and physical consistency.

Equivariant neural networks (ENNs) formalize this
idea by enforcing symmetry transformation laws at
every layer through representation-theoretic construc-
tions [12–15]. In molecular modeling, for example, E(3)-
equivariant networks ensure that predicted forces trans-
form consistently under rotations, yielding highly ac-
curate interatomic potentials [16–21]. More broadly,
equivariance replaces both data augmentation and hand-
crafted descriptors with exact architectural constraints,
establishing symmetry as a central organizing principle
in modern scientific machine learning.

Graph neural networks (GNNs) provide a complemen-
tary perspective, offering a flexible framework for mod-
eling structured physical systems [22–26]. By represent-
ing systems as graphs—with vertices encoding local de-
grees of freedom and edges encoding interactions—GNNs
naturally incorporate locality, weight sharing, and per-
mutation equivariance. This abstraction is particularly
well suited to lattice-based many-body systems, where
degrees of freedom may reside on sites, links, or both. In
this setting, message passing defines a local propagation
of information that, when iterated, captures increasingly
extended correlations.

Despite these advances, most existing equivariant ar-
chitectures are built around global symmetry actions,
such as rotations, translations, or permutations. Local

gauge symmetry, by contrast, defines a fundamentally
different structure: physically equivalent configurations
are related by independent symmetry transformations
at every lattice site. This locality of symmetry can-
not be captured by standard equivariant constructions,
which are intrinsically tied to a single global group action.
Moreover, in non-Abelian gauge systems, physical ob-
servables arise from extended Wilson lines and fermion-
mediated processes, reflecting intrinsically nonlocal de-
pendencies that are not naturally represented within con-
ventional local architectures.
Lattice gauge theory (LGT) provides the canonical

framework for systems governed by local gauge symme-
try on a discrete lattice [27–32]. In high-energy physics,
it furnishes a nonperturbative formulation of quantum
field theories, with group-valued link variables encoding
gauge connections and Wilson loops capturing physical
observables. Beyond this setting, gauge structures also
emerge in strongly correlated quantum matter, where
fractionalized phases are described by emergent gauge
fields [33–40]. Quantum link models (QLMs) further ex-
tend this framework by representing gauge fields with
finite-dimensional quantum degrees of freedom that pre-
serve exact local symmetry and admit realizations in
atomic, molecular, and optical systems [41–50]. To-
gether, these examples highlight the broad physical rele-
vance of local gauge symmetry across fundamental, emer-
gent, and engineered systems.
Recent work has begun to incorporate gauge symme-

try into machine-learning models for lattice gauge sys-
tems [51, 52]. Gauge-equivariant convolutional architec-
tures construct symmetry-preserving layers by combining
parallel transport with bilinear operations, enabling the
systematic generation of Wilson loops from local, matrix-
valued covariant features [53–58]. In parallel, flow-based
and covariant neural-network approaches have been de-
veloped for efficient sampling and effective-action mod-
eling, often drawing connections to established construc-
tions such as smearing and gradient flow [59–65].
While these approaches demonstrate that gauge equiv-

ariance can be successfully incorporated into neural net-
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works, they remain tied to specific architectural construc-
tions and do not yield a general, scalable representation
aligned with the graph structure of lattice gauge sys-
tems. In particular, they do not furnish a unified frame-
work capable of handling dynamical matter, fermion-
mediated interactions, and intrinsically nonlocal corre-
lations within a single architecture.

To address this, we develop a gauge-equivariant
message-passing framework that elevates local symme-
try constraints to the level of information propagation.
Rather than constructing gauge-invariant features explic-
itly, the network operates directly on gauge-covariant de-
grees of freedom, enforcing local symmetry exactly at ev-
ery layer. In this formulation, learning in lattice gauge
systems is recast as the propagation of gauge-covariant
information across the lattice, with node and edge
features transforming consistently under site-dependent
gauge transformations and message updates restricted to
symmetry-compatible tensor operations.

Within this framework, iterated message passing effec-
tively implements gauge-covariant transport along lat-
tice paths, allowing Wilson lines and loop-like structures
to emerge implicitly from local operations. As a result,
intrinsically nonlocal correlations are captured without
explicit construction, while global observables can be re-
constructed from latent local representations. This uni-
fies local and global structure within a single symmetry-
preserving architecture and enables a consistent treat-
ment of static, dynamical, and matter-coupled gauge sys-
tems.

More broadly, our results establish gauge-equivariant
message passing as a general paradigm for learning in sys-
tems governed by local symmetry, extending equivariant
machine learning from global group actions to fully local
gauge structures and providing a scalable framework for
modeling non-Abelian gauge systems across a wide range
of physical settings.

II. GAUGE-EQUIVARIANT MESSAGE
PASSING

We begin by outlining the essential structure of lat-
tice gauge theory (LGT), a discrete formulation of sys-
tems with local gauge symmetry. The defining feature
of a gauge theory is local redundancy: physically equiv-
alent configurations are related by independent symme-
try transformations at each lattice site. On the lattice,
this structure is realized by assigning gauge degrees of
freedom to links, rather than to sites or continuous con-
nections. Concretely, group-valued variables Uij ∈ G are
placed on oriented links (ij), where G is a compact gauge
group. The link variable Uij acts as a discrete parallel
transporter from site i to j. Under a local gauge trans-
formation,

Uij → gi Uij g
†
j , (1)

with independent gi ∈ G at each site. Physical ob-
servables must therefore be invariant under such trans-
formations and are naturally constructed from closed-
loop combinations of links—Wilson loops—which encode
gauge flux and characterize confinement, deconfinement,
and topological structure. Notably, the placement of de-
grees of freedom on edges aligns naturally with graph-
based representations, where links carry the fundamental
variables and vertices define local transformation frames.
In the machine-learning setting, the task is to learn a

mapping

F : {Uij} 7→ O[{Uij}] , (2)

from a gauge-field configuration to physically meaning-
ful observables. The outputs O may be global quanti-
ties—such as total energy or action—or local observables,
such as site-resolved densities, currents, or forces. Impor-
tantly, these outputs may be either gauge invariant (e.g.,
energies or Wilson loops) or gauge covariant, transform-
ing consistently under local symmetry operations.
Crucially, the learned mapping must respect the un-

derlying gauge structure. Gauge-equivalent inputs must
yield identical invariant outputs, while covariant outputs
must transform in accordance with Eq. (1). This re-
quirement imposes a stringent structural constraint: the
model must preserve a site-dependent symmetry action
throughout its internal representation. This is particu-
larly important in settings such as quantum link models,
where gauge variables correspond to physical degrees of
freedom and observables—such as forces or currents—are
inherently gauge dependent. Embedding these transfor-
mation laws directly into the architecture is therefore not
merely a formal constraint, but a guiding design prin-
ciple that reduces the hypothesis space, improves data
efficiency, and enables physically consistent predictions
across both invariant and covariant sectors.
A natural approach to incorporating gauge symme-

try in machine learning is to eliminate gauge redun-
dancy at the level of the input by constructing gauge-
invariant features, such as Wilson loops. While this strat-
egy can be effective for Abelian gauge groups—where
elementary plaquette fluxes provide a compact and es-
sentially complete local description—it becomes funda-
mentally limited in the non-Abelian setting. Owing to
noncommutativity, Wilson loops are matrix-valued and
path-dependent, and no finite set of local loops forms a
complete representation of the gauge field. Restricting
inputs to small gauge-invariant loops therefore yields an
intrinsically incomplete and information-reducing encod-
ing.
More fundamentally, invariant representations discard

structured information carried by the link variables
themselves. In non-Abelian theories, link matrices Uij ∈
SU(Nf ) transform covariantly and encode rich internal
degrees of freedom that are erased upon reduction to
scalar invariants. These considerations motivate a differ-
ent paradigm: gauge-equivariant architectures that oper-
ate directly on link variables and enforce symmetry at the
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U10
<latexit sha1_base64="CTS4LSLPbvlNBdpkdKkO4er2ayo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsN+3azW7Y3Qgl9D948aCIV/+PN/+N2zQHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tUEeoTyaXqhlhTzgT1DTOcdhNFcRxy2gknt3O/80SVZlI8mGlCgxiPBIsYwcZKbX+Qed5sUK25dTcHWiVeQWpQoDWofvWHkqQxFYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUsFjqkOsvzaGTqzyhBFUtkSBuXq74kMx1pP49B2xtiM9bI3F//zeqmJroOMiSQ1VJDFoijlyEg0fx0NmaLE8KklmChmb0VkjBUmxgZUsSF4yy+vkvZF3WvUG/eXteZNEUcZTuAUzsGDK2jCHbTABwKP8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwAPEI7P</latexit>

U11

<latexit sha1_base64="n1dg9NjcPaiBecWPMQY9efn2NL0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSAx6JXjxi4gIJbEi3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNObud+54kqzaR4MNOEBjEeCRYxgo2V2v4g82qzQbniVt0F0DrxclKBHK1B+as/lCSNqTCEY617npuYIMPKMMLprNRPNU0wmeAR7VkqcEx1kC2unaELqwxRJJUtYdBC/T2R4VjraRzazhibsV715uJ/Xi810XWQMZGkhgqyXBSlHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/XlddKuVb16tX5/VWne5HEU4QzO4RI8aEAT7qAFPhB4hGd4hTdHOi/Ou/OxbC04+cwp/IHz+QMQlY7Q</latexit>

U12

<latexit sha1_base64="bzVMMcZ+GD8ao00xe1FmKpCtJy4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF0xbaUDbbSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfmtJ1SaJ/LRjFMMYjqQPOKMGis9+L1qr1R2K+4cZJV4OSlDjkav9NXtJyyLURomqNYdz01NMKHKcCZwWuxmGlPKRnSAHUsljVEHk/mpU3JulT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/zyKmlWK16tUru/LNdv8jgKcApncAEeXEEd7qABPjAYwDO8wpsjnBfn3flYtK45+cwJ/IHz+QPbZY2J</latexit>

U2

<latexit sha1_base64="ns/qSsH7jAv7Htwv4ChQrbVDluU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48VTVtoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZemAqujet+OYWV1bX1jeJmaWt7Z3evvH/Q1EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfmtR1SaJ/LBjFMMYjqQPOKMGivd+73zXrniVt05yF/i5aQCORq98me3n7AsRmmYoFp3PDc1wYQqw5nAaambaUwpG9EBdiyVNEYdTOanTsmJVfokSpQtachc/TkxobHW4zi0nTE1Q73szcT/vE5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLf0nzrOrVqrW7i0r9Oo+jCEdwDKfgwSXU4RYa4AODATzBC7w6wnl23pz3RWvByWcO4Recj2/c6Y2K</latexit>

U3
<latexit sha1_base64="ktyhjN5I4ajUDQ7an8y9cKuM/2g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTVtoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SjGacYxHQgecQZNVZ68HuXvXLFrbpzkFXi5aQCORq98le3n7AsRmmYoFp3PDc1wYQqw5nAaambaUwpG9EBdiyVNEYdTOanTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5moutgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq6R5UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcN8IHBAJ7hFd4c4bw4787HorXg5DPH8AfO5w/ebY2L</latexit>

U4

<latexit sha1_base64="e7SvmzfC4er6QutuSZTm+MoRYl4=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJUkJKIVJdFNy4r2Ae0MUymk3bo5MHMRAgh/oobF4q49UPc+TdO2yy09cCFwzn3cu89XsyZVJb1baysrq1vbJa2yts7u3v75sFhR0aJILRNIh6Jnocl5SykbcUUp71YUBx4nHa9yc3U7z5SIVkU3qs0pk6ARyHzGcFKS65Z6TxkNfs0dzN2hgaYx2Ocu2bVqlszoGViF6QKBVqu+TUYRiQJaKgIx1L2bStWToaFYoTTvDxIJI0xmeAR7Wsa4oBKJ5sdn6MTrQyRHwldoUIz9fdEhgMp08DTnQFWY7noTcX/vH6i/CsnY2GcKBqS+SI/4UhFaJoEGjJBieKpJpgIpm9FZIwFJkrnVdYh2IsvL5POed1u1Bt3F9XmdRFHCY7gGGpgwyU04RZa0AYCKTzDK7wZT8aL8W58zFtXjGKmAn9gfP4AgoyUEA==</latexit>

V
(1)
i,↵

<latexit sha1_base64="/cnyKmxVdU7M8ID6ozQbNE+/OJU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq8H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A0w+M+A==</latexit>

i

<latexit sha1_base64="MeVe00/0c6YGbDnbinzAefhh3JI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXj+7nfekKleSwfzSRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmldlr1Ku1K9L1bssjjycwTlcggc3UIUHqEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANSTjPk=</latexit>

j

<latexit sha1_base64="/cnyKmxVdU7M8ID6ozQbNE+/OJU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq8H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A0w+M+A==</latexit>

i

<latexit sha1_base64="/cnyKmxVdU7M8ID6ozQbNE+/OJU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq8H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A0w+M+A==</latexit>

i
<latexit sha1_base64="MeVe00/0c6YGbDnbinzAefhh3JI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXj+7nfekKleSwfzSRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmldlr1Ku1K9L1bssjjycwTlcggc3UIUHqEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANSTjPk=</latexit>

j

<latexit sha1_base64="xOdQyyv1G5lxArVuJ75GYWkFe5Q=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaAx6JXjxi4gIJbEi3dKHQbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapItQnkkvVCbGmnAnqG2Y47SSK4jjktB1O7uZ++4kqzaR4NNOEBjEeChYxgo2VWn4/G09m/XLFrboLoHXi5aQCOZr98ldvIEkaU2EIx1p3PTcxQYaVYYTTWamXappgMsFD2rVU4JjqIFtcO0MXVhmgSCpbwqCF+nsiw7HW0zi0nTE2I73qzcX/vG5qopsgYyJJDRVkuShKOTISzV9HA6YoMXxqCSaK2VsRGWGFibEBlWwI3urL66R1VfVq1drDdaVxm8dRhDM4h0vwoA4NuIcm+EBgDM/wCm+OdF6cd+dj2Vpw8plT+APn8we+CI9C</latexit>

Ujk
<latexit sha1_base64="1UYTcCb61/yOKkjrzl055RBdaX0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AE8pku22XbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOiFqJrhkTcONYJ1EMYxCwdrh+G7mt5+Y0jyWj2aSsCDCoeQDTtFYyW/1Mn7ho0hGOO2VK27VnYOsEi8nFcjR6JW//H5M04hJQwVq3fXcxAQZKsOpYNOSn2qWIB3jkHUtlRgxHWTzm6fkzCp9MoiVLWnIXP09kWGk9SQKbWeEZqSXvZn4n9dNzeAmyLhMUsMkXSwapIKYmMwCIH2uGDViYglSxe2thI5QITU2ppINwVt+eZW0LqterVp7uKrUb/M4inACp3AOHlxDHe6hAU2gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kD66KRoQ==</latexit>

Vi,↵
<latexit sha1_base64="N6bXEIKFO55ljvYVWoCUa8sgMsQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQYFMFjBPOA7BJmJ73JmNkHM7NCWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dfiK40rb9bRVWVtfWN4qbpa3tnd298v5BS8WpZNhksYhlx6cKBY+wqbkW2Ekk0tAX2PZHN1O//YRS8Th60OMEvZAOIh5wRrWR3Nte9jg6c33UdNIrV+yqPQNZJk5OKpCj0St/uf2YpSFGmgmqVNexE+1lVGrOBE5KbqowoWxEB9g1NKIhKi+b3TwhJ0bpkyCWpiJNZurviYyGSo1D33SGVA/VojcV//O6qQ6uvIxHSaoxYvNFQSqIjsk0ANLnEpkWY0Mok9zcStiQSsq0ialkQnAWX14mrfOqU6vW7i8q9es8jiIcwTGcggOXUIc7aEATGCTwDK/wZqXWi/VufcxbC1Y+cwh/YH3+ANSCkZI=</latexit>

Ejk,�
<latexit sha1_base64="F9+axHrKtyLtJFJNj+VDWS3kQDs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTVtoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SjGacYxHQgecQZNVZ68Hter1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/zyKmleVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDfGAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPZ4Y2I</latexit>

U1

<latexit sha1_base64="E9O+27QDIflnhJ+iHQfc9qYV2rU=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiVJCSiFSXRTcuK9gHNDFMppN26OTBzEQoMQt/xY0LRdz6G+78G6ePhbYeuHA4517uvcdPOJPKsr6NwtLyyupacb20sbm1vWPu7rVknApCmyTmsej4WFLOItpUTHHaSQTFoc9p2x9ej/32AxWSxdGdGiXUDXE/YgEjWGnJMw9a91nFoZyf5F7GTpGDeTLAuWeWrao1AVok9oyUYYaGZ345vZikIY0U4VjKrm0lys2wUIxwmpecVNIEkyHu066mEQ6pdLPJ/Tk61koPBbHQFSk0UX9PZDiUchT6ujPEaiDnvbH4n9dNVXDpZixKUkUjMl0UpBypGI3DQD0mKFF8pAkmgulbERlggYnSkZV0CPb8y4ukdVa1a9Xa7Xm5fjWLowiHcAQVsOEC6nADDWgCgUd4hld4M56MF+Pd+Ji2FozZzD78gfH5Ay3TlZY=</latexit>

V
(`)
i,↵

<latexit sha1_base64="tQo/sv38w2e0pcO6xInKo8svNiM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxCBSmJSHVZdOOygn1AE8PNdNqOnTyYmQglZuGvuHGhiFt/w51/47TNQlsPXDiccy/33uPHnEllWd/GwuLS8spqYa24vrG5tW3u7DZllAhCGyTikWj7IClnIW0opjhtx4JC4HPa8odXY7/1QIVkUXirRjF1A+iHrMcIKC155n7zLi07lPPjzEvvT7ADPB5A5pklq2JNgOeJnZMSylH3zC+nG5EkoKEiHKTs2Fas3BSEYoTTrOgkksZAhtCnHU1DCKh008n9GT7SShf3IqErVHii/p5IIZByFPi6MwA1kLPeWPzP6ySqd+GmLIwTRUMyXdRLOFYRHoeBu0xQovhIEyCC6VsxGYAAonRkRR2CPfvyPGmeVuxqpXpzVqpd5nEU0AE6RGVko3NUQ9eojhqIoEf0jF7Rm/FkvBjvxse0dcHIZ/bQHxifPy9glZc=</latexit>

V
(`)
j,↵

<latexit sha1_base64="zfnFgl7G9mNT0taPJfRf5tlGFrI=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxCRSmJSHVZdOOygn1AE8tketMOnTyYmQglxI2/4saFIm79C3f+jdM2C209cOFwzr3ce48XcyaVZX0bC4tLyyurhbXi+sbm1ra5s9uUUSIoNGjEI9H2iATOQmgopji0YwEk8Di0vOH12G89gJAsCu/UKAY3IP2Q+YwSpaWuud+8T8sOcH5iH2fdlJ1ih/B4QLKuWbIq1gR4ntg5KaEc9a755fQimgQQKsqJlB3bipWbEqEY5ZAVnURCTOiQ9KGjaUgCkG46+SDDR1rpYT8SukKFJ+rviZQEUo4CT3cGRA3krDcW//M6ifIv3ZSFcaIgpNNFfsKxivA4DtxjAqjiI00IFUzfiumACEKVDq2oQ7BnX54nzbOKXa1Ub89Ltas8jgI6QIeojGx0gWroBtVRA1H0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHDsGWBg==</latexit>

V
(`+1)
i,↵

<latexit sha1_base64="JCdjZrcoAiBILRyA3ulhDWAs7oQ=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiCBhVyR6DIrgMYJ5QBKX2UlvMmb2wcysENY9+CtePCji1d/w5t84SfagiQUNRVU33V1uxJlUlvVt5BYWl5ZX8quFtfWNzS1ze6chw1hQqNOQh6LlEgmcBVBXTHFoRQKI73JousPLsd98ACFZGNyqUQRdn/QD5jFKlJYcc+/qLil1gPOj1EnY/THuuKBI6phFq2xNgOeJnZEiylBzzK9OL6SxD4GinEjZtq1IdRMiFKMc0kInlhAROiR9aGsaEB9kN5ncn+JDrfSwFwpdgcIT9fdEQnwpR76rO32iBnLWG4v/ee1YeefdhAVRrCCg00VezLEK8TgM3GMCqOIjTQgVTN+K6YAIQpWOrKBDsGdfnieNk7JdKVduTovViyyOPNpHB6iEbHSGquga1VAdUfSIntErejOejBfj3fiYtuaMbGYX/YHx+QMTPJWF</latexit>

E
(`)
ij,�

<latexit sha1_base64="6Fb+K2dXdiq2JPExlA9P0vLr+bc=">AAACAXicbVDJSgNBEO2JW4xb1IvgpTEIESXMiESPQRE8RjALZMahp1MT2/QsdPcIYRgv/ooXD4p49S+8+Td2loMmPih4vFdFVT0v5kwq0/w2cnPzC4tL+eXCyura+kZxc6spo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoef2Lod96ACFZFN6oQQxOQHoh8xklSktucefyNi3bwPmhdZC5Kbs/wrYHimRusWRWzBHwLLEmpIQmqLvFL7sb0SSAUFFOpOxYZqyclAjFKIesYCcSYkL7pAcdTUMSgHTS0QcZ3tdKF/uR0BUqPFJ/T6QkkHIQeLozIOpOTntD8T+vkyj/zElZGCcKQjpe5CccqwgP48BdJoAqPtCEUMH0rZjeEUGo0qEVdAjW9MuzpHlcsaqV6vVJqXY+iSOPdtEeKiMLnaIaukJ11EAUPaJn9IrejCfjxXg3PsatOWMys43+wPj8AfP5lfU=</latexit>

E
(`+1)
ij,�

<latexit sha1_base64="JCdjZrcoAiBILRyA3ulhDWAs7oQ=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiCBhVyR6DIrgMYJ5QBKX2UlvMmb2wcysENY9+CtePCji1d/w5t84SfagiQUNRVU33V1uxJlUlvVt5BYWl5ZX8quFtfWNzS1ze6chw1hQqNOQh6LlEgmcBVBXTHFoRQKI73JousPLsd98ACFZGNyqUQRdn/QD5jFKlJYcc+/qLil1gPOj1EnY/THuuKBI6phFq2xNgOeJnZEiylBzzK9OL6SxD4GinEjZtq1IdRMiFKMc0kInlhAROiR9aGsaEB9kN5ncn+JDrfSwFwpdgcIT9fdEQnwpR76rO32iBnLWG4v/ee1YeefdhAVRrCCg00VezLEK8TgM3GMCqOIjTQgVTN+K6YAIQpWOrKBDsGdfnieNk7JdKVduTovViyyOPNpHB6iEbHSGquga1VAdUfSIntErejOejBfj3fiYtuaMbGYX/YHx+QMTPJWF</latexit>
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FIG. 1. Gauge-equivariant GNN architecture. (a) The input consists of matrix-valued gauge links Ujk defined on the lattice

edges. Throughout the network, both node features V
(ℓ)
i,α and edge features E

(ℓ)
ij,β are complex Nf × Nf matrices (elements

of CNf×Nf ), ensuring the correct transformation under local gauge operations. The model is composed of successive hidden

lattices followed by an output lattice. (b) Initialization: the first-layer vertex feature V
(1)
i,α is constructed from ordered products

of nearby gauge links Ujk around elementary plaquettes adjacent to site i, encoding local gauge-covariant information. (c) Node

update: at layer ℓ, the vertex feature V
(ℓ)
i,α is updated via gauge-covariant aggregation of neighboring node and edge features,

yielding V
(ℓ+1)
i,α while preserving equivariance. (d) Edge update: the edge feature E

(ℓ)
ij,β is likewise mapped to E

(ℓ+1)
ij,β through a

gauge-covariant transformation involving adjacent vertex features.

level of the model, retaining full structural information
while preserving local covariance.

To preserve gauge covariance throughout the network,
we associate both nodes and edges in every layer with
matrix-valued features carrying multiple channels in-
dexed by α, β, · · · . We group channel-indexed matrices
into boldface tensors: Vi = {Vi,α} and Eij = {Eij,α},
where each component is an Nf × Nf matrix. Under a
local gauge transformation {gi}, these features transform
as

Vi → gi Vi g
†
i , Eij → gi Eij g

†
j , (3)

where the transformation acts identically on each channel
matrix. This corresponds to adjoint-type transformation
for nodes and bi-fundamental transformation for edges.

We further impose the Hermiticity constraint E†
ij = Eji,

such that reversing the orientation of an edge corresponds
to Hermitian conjugation.

A schematic of the gauge-equivariant GNN is shown in
Fig. 1. For a given gauge configuration {Uij}, edge fea-
tures consist of a single channel initialized by the gauge

link E
(1)
ij = Uij . Node features are constructed from local

holonomies to ensure gauge covariance. At each site-i,

we associate matrix-valued features V
(1)
i,α given by un-

traced Wilson loops around elementary plaquettes shar-
ing i, with a consistent choice of orientation. In addition

to these local loops, one may incorporate global or topo-
logical information by including Polyakov loops anchored
at site i, defined along each independent non-contractible
direction of the lattice. These provide gauge-covariant
probes of the global structure of the gauge field and can
be naturally incorporated as additional node features.
However, as will be discussed later, such explicit inclu-
sion is not essential for the prediction of gauge-invariant
observables.
Within the message-passing framework, node updates

are constructed by aggregating all gauge-covariant con-
tributions that transform consistently at site i. These
include local interactions among node features as well
as edge-mediated contributions from neighboring sites,
transported covariantly along lattice links. Concretely,

the aggregated message X
(ℓ)
i = {X(ℓ)

i,α} at the ℓ-th layer
takes the form

X
(ℓ)
i = η1 W1

[
V

(ℓ)
i

]
+ η2 W2

[
V

(ℓ)
i V

(ℓ)
i

]
+η3

∑
j∈N (i)

W3

[
E

(ℓ)
ij V

(ℓ)
j E

(ℓ)
ji

]
. (4)

Here, Wk[·] denote learnable linear or multilinear maps
acting on channel indices, while matrix multiplication
acts on gauge indices and follows the order of factors.
The coefficients ηk are trainable coefficients controlling
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the relative contribution of different message channels.
The first two terms are purely local and automatically

respect the node transformation law. The linear term
performs channel mixing, while the quadratic term intro-
duces local nonlinear interactions through matrix prod-
ucts. Despite their locality, these contributions can en-
code nontrivial holonomy via the plaquette-based input
features. Nonlocal information enters through the edge-
mediated term, where neighboring features are parallel
transported to site i, ensuring consistent transformation
under local gauge symmetry.

For notational convenience, we introduce a channelwise
normalization operator Norm(X) = {Xα/∥Xα∥}, which
normalizes each channel matrix independently. Here
∥A∥ =

√
Tr(A†A) denotes the Frobenius norm, which is

invariant under gauge transformations. After construct-
ing the message, the updated node feature is given by

V
(ℓ+1)
i = σ

(
ReTr

[
Norm

(
X

(ℓ)
i

)]
+b

)
⊙Norm

(
X

(ℓ)
i

)
. (5)

Here the normalization and nonlinear activation σ(·) are
applied independently to each channel, b is a learnable
bias, and ⊙ denotes elementwise (channelwise) multi-
plication. Rather than applying nonlinearities directly
to matrix elements—which would generally violate co-
variance—the activation is constructed from a gauge-
invariant scalar that modulates the covariant matrix.
This scalar gating preserves the transformation structure
while enabling expressive nonlinear behavior.

The update of edge features follows the same message-
passing principle, with the additional requirement that
all contributions transform in the bi-fundamental repre-
sentation associated with the ordered pair (i, j). The

aggregated edge message Y
(ℓ)
ij is constructed as

Y
(ℓ)
ij = η̃1W̃1

[
E

(ℓ)
ij

]
+ η̃2W̃2

[
E

(ℓ)
ij V

(ℓ)
j +V

(ℓ)
i E

(ℓ)
ij

]
+η̃3W̃3

[
V

(ℓ)
i E

(ℓ)
ij V

(ℓ)
j

]
(6)

These terms respectively represent channel mixing, min-
imal coupling to endpoint features, and bilinear dressing
from both endpoints, while preserving gauge covariance.

After aggregation, the updated edge feature is then
defined as

E
(ℓ+1)
ij = σ

(
∥Y(ℓ)

ij ∥+ b̃
)
⊙Norm

(
Y

(ℓ)
ij

)
(7)

where both the norm ∥·∥ and the nonlinear activation are
applied independently to each channel matrix.

At the output layer, the form of the prediction is
dictated by the transformation properties of the target
observable. For gauge-covariant quantities, the output
must itself transform covariantly under local gauge rota-
tions. In this case, the network directly outputs node or

edge features, V
(out)
i or E

(out)
ij , which furnish the appro-

priate covariant objects.
For gauge-invariant targets, scalar observables are con-

structed from invariant combinations of the learned fea-
tures. At the node level, this includes quantities such as

ReTr
[
V

(out)
i

]
, while for edge variables, invariants arise

from Wilson-loop constructions, e.g., traces over elemen-
tary plaquettes and their higher-order generalizations
generated through message passing.
To incorporate global information, we further include

a finite set of Polyakov loops P = {P1, . . . , PD} defined
along the independent lattice directions. These invari-
ant features are then processed by a site-wise multilayer
perceptron (MLP), shared across all lattice sites,

Oi = MLPθ

(
ReTr[V

(out)
i ], ReTr[E

(out)
□ ], ReTr[P]

)
.

(8)
In this framework, equivariant message passing systemat-
ically builds an expressive hierarchy of contractible Wil-
son loops from local features, whose traces serve as local
invariant descriptors. In contrast, non-contractible loops
encode global (topological) information and remain in-
sensitive to local equivariant updates. Their contribu-
tion thus enters naturally as a finite set of global scalar
features at the level of the invariant MLP.
In this way, the gauge-equivariant GNN serves as a

structured feature extractor that organizes local and
global gauge information into symmetry-compatible rep-
resentations, with the final MLP mapping these invariant
descriptors to physical observables.

III. LEARNING PURE GAUGE STRUCTURE
IN 3+1 DIMENSIONS

Having established the general framework for gauge-
equivariant graph neural networks, we now turn to a
concrete benchmark. We consider pure lattice gauge the-
ory in 3 + 1 dimensions, where the dynamical degrees of
freedom reside solely on the gauge links. This setting
provides a nonperturbative discretization of Yang–Mills
theory and a minimal testbed for confinement, topol-
ogy, and non-Abelian gauge dynamics. Physical observ-
ables are constructed from gauge-invariant traces of Wil-
son loops, with elementary plaquettes forming the basic
building blocks. As such, closely related models have
become standard benchmarks for gauge-equivariant ma-
chine learning approaches [53].
This problem offers a particularly transparent probe

of inductive bias. The total action and other observ-
ables can be expressed as linear combinations of gauge-
invariant Wilson loops. If these invariants were provided
explicitly, the task would reduce to a simple regression.
Here, instead, we ask a sharper question: can a gauge-
equivariant network discover and organize these invariant
structures directly from gauge-covariant inputs, without
prior specification of the Wilson-loop basis?
Training and evaluation data are generated using

Monte Carlo sampling of SU(3) lattice gauge theory with
the Wilson action,

S[U ] = −β
2

∑
□

ReTr
(
UijUjkUklUli

)
, (9)
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where the ordered product runs over links around each
plaquette □. We focus first on predicting the total action
S[U ]. Rather than constructing it explicitly from plaque-
ttes, we adopt a flexible decomposition S =

∑
i ϵi, where

ϵi are gauge-invariant scalars produced at the output
layer. This Behler–Parrinello–type Ansatz is used here
purely as a modeling device: the ϵi are latent variables
with no prescribed physical meaning. The key point is
that no Wilson-loop structure is hard-coded. This bench-
mark therefore directly tests whether the network can re-
construct gauge-invariant observables and their additive
organization from gauge-covariant representations alone.

As a complementary task, we consider the prediction
of the local topological charge density qi, defined on the
lattice as

qi =
1

32π2
ϵµνρσ Tr

[
Ui,µν − U†

i,µν

2i

Ui,ρσ − U†
i,ρσ

2i

]
,

(10)
with the total charge given by Q =

∑
i qi. Here, we

treat qi explicitly as a local gauge-invariant observable
constructed from nearby plaquettes, rather than empha-
sizing its global interpretation. As with the action, qi can
be expressed in terms of traces of small Wilson loops and
therefore belongs to the same class of structured but ul-
timately local functionals of the gauge field. In practice,
for generic Monte Carlo configurations without smooth-
ing, the summed charge Q is not strictly quantized, fur-
ther supporting its interpretation here as a continuous
observable assembled from local contributions.

From a modeling perspective, this task probes the abil-
ity of the network to predict site-resolved gauge-invariant
quantities, complementing the global action prediction.
As in the case of S[U ], the underlying functional depen-
dence on Wilson-loop invariants is relatively simple; the
key question is whether the equivariant architecture can
reconstruct these local invariants directly from gauge-
covariant inputs without explicit feature engineering. To-
gether, these tasks provide a controlled setting to as-
sess the expressive power and inductive bias of gauge-
equivariant message passing.

The benchmark results are summarized in Fig. 2.
Panel (a) shows the prediction of the total action S[U ].
The parity plot exhibits an essentially perfect linear cor-
relation between predicted and exact values for both
training and test sets, with a narrow and symmetric er-
ror distribution centered at zero. This indicates that
the network accurately reconstructs the additive struc-
ture of the action and generalizes well across configu-
rations. Fig. 2(b) presents the prediction of the local
topological charge density qi. Despite the increased dif-
ficulty of this site-resolved task, the model maintains
strong agreement with the exact values, with only mod-
erate broadening around the ideal diagonal. The cor-
responding error distribution remains sharply peaked at
zero, demonstrating that local fluctuations are captured
with high fidelity. Together, these results show that
gauge-equivariant message passing accurately recovers
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FIG. 2. Benchmark of the gauge-equivariant GNN for the
3+1D pure gauge model. (a) Parity plot (left) comparing pre-
dicted action SML with exact values SExact (dashed line: ideal
agreement), and error distribution (right) δS = SML − SExact

for training (magenta) and test (blue) sets. The model
achieves MSE = 8.96 and R2 = 0.994, indicating high ac-
curacy and negligible bias. (b) Same analysis for the local
topological charge Q, with δQ = QML −QExact, demonstrat-
ing accurate capture of local topological fluctuations (MSE
= 1.26× 10−7, R2 = 0.99).

both global and local gauge-invariant observables directly
from gauge-covariant inputs, without explicit construc-
tion of invariant features.

IV. STRUCTURE-PROPERTY LEARNING IN
GAUGE-MATTER SYSTEMS

Having established a controlled benchmark in the pure
gauge setting, we now turn to a more demanding and
physically richer problem: learning gauge–matter cou-
pling. In contrast to pure gauge theory, where observ-
ables are constructed directly from local Wilson loops,
the presence of dynamical matter fields induces effec-
tive interactions between gauge links that are mediated
by fermionic degrees of freedom. These interactions
are generically nonlocal, reflecting the extended nature
of fermionic wavefunctions and their sensitivity to the
global gauge background. As a result, predicting phys-
ical observables in gauge–matter systems constitutes a
substantially more stringent test of the expressive power
of gauge-equivariant architectures.
Gauge theories generically include dynamical matter
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FIG. 3. Benchmark of the gauge-equivariant GNN for non-Abelian gauge–matter systems on a 20 × 20 square lattice. Panels
(a,b) correspond to the SU(2) model and panels (c,d) to the SU(3) model. For each case, we report energy density prediction
at half filling (a,c) and local fermion density prediction at quarter filling (b,d). Left subpanels show parity plots comparing
ML predictions with exact diagonalization (ED) results (dashed line: ideal agreement), while right subpanels display the
corresponding error distributions, δO = OML −OED, for training (magenta) and test (blue) sets. For SU(2), the energy model
achieves MSE = 6.713 × 10−8 with R2 = 0.9732, and the density model yields MSE = 2.8878 × 10−5 with R2 = 0.9759.
For SU(3), the corresponding values are MSE = 1.615 × 10−8 with R2 = 0.9941 for energy, and MSE = 3.2615 × 10−5 with
R2 = 0.9525 for density.

fields transforming nontrivially under G. A minimal lat-
tice realization couples site fermions to gauge links via

H =
∑
⟨ij⟩

ψ†
iUijψj + h.c., (11)

where ψi denotes a fermionic annihilation operator in
the fundamental representation, and Uij ∈ G is the link
variable. Under local gauge transformations ψi → giψi

and Uij → giUijg
†
j , the Hamiltonian remains invariant

by construction. Hermiticity further requires Uji = U†
ij ,

consistent with link orientation.
Beyond high-energy contexts, Hamiltonians of this

form arise naturally in condensed-matter systems. In
parton constructions of strongly correlated phases, mi-
croscopic degrees of freedom are fractionalized into emer-
gent fermions coupled to a dynamical gauge field. The
resulting hopping processes are dressed by gauge connec-
tions, leading to effective descriptions identical in struc-
ture to Eq. (11). In this setting, the gauge field en-
codes the redundancy of the fractionalized representa-
tion, while its dynamics govern confinement, deconfine-
ment, and the emergence of exotic phases such as quan-
tum spin liquids.

We benchmark the gauge-equivariant GNN on SU(2)
and SU(3) lattice gauge theories defined by Eq. (11) on

a 20 × 20 square lattice. Gauge configurations {Uij}
are generated randomly to probe a wide region of the
configuration space without imposing an explicit equilib-
rium distribution. For each configuration, the fermionic
Hamiltonian is solved via exact diagonalization to ob-
tain the corresponding observables. This dataset con-
struction isolates the structure–property mapping from
gauge fields to fermionic responses, enabling a direct as-
sessment of the model’s capacity to learn the underlying
functional dependence. Despite the absence of equilib-
rium sampling, such broad, unbiased coverage of config-
uration space provides a stringent and informative bench-
mark for evaluating both expressivity and generalization
of the learned representation.
We consider two supervised tasks: prediction of the to-

tal energy E and the site-resolved fermion density ni =

⟨ψ†
iψi⟩. Remarkably, the same gauge-equivariant archi-

tecture accurately captures both explicitly local quanti-
ties such as ni and global quantities such as E, the latter
reconstructed through a latent decomposition E =

∑
i εi

in terms of learned site-resolved contributions. This for-
mulation parallels the Behler–Parrinello-type decomposi-
tion used for the gauge action in the pure gauge case, but
here acquires a deeper significance. Because the energy
depends on fermionic states delocalized across the entire
lattice, the learned εi implicitly encode fermion-mediated



7

correlations that are intrinsically nonlocal.
Within this framework, the quantities εi should be

viewed as latent variables that provide a symmetry-
consistent decomposition of a global observable, rather
than physically well-defined local energies. The key point
is that both local observables and global quantities are
represented within a unified local embedding: the net-
work constructs site-resolved features that simultane-
ously predict ni and, when aggregated, recover E. In
doing so, it implicitly encodes fermion-mediated correla-
tions over extended length scales, enabling a local, gauge-
equivariant architecture to approximate observables gov-
erned by globally entangled degrees of freedom.

As summarized in Fig. 3, the gauge-equivariant archi-
tecture achieves high accuracy across both gauge groups.
For SU(2), the energy prediction attains a test MSE of
6.7 × 10−8 (R2 = 0.973), while the density task yields
2.9×10−5 (R2 = 0.976). For SU(3), the energy accuracy
further improves to 1.6 × 10−8 (R2 = 0.994), with den-
sity prediction at 3.3 × 10−5 (R2 = 0.953). Parity plots
exhibit a tight collapse onto the diagonal with sharply
peaked error distributions, and the close agreement be-
tween training and test metrics indicates robust general-
ization.

Notably, near-saturation accuracy is achieved with
only shallow architectures. This does not imply that
the learned representation is short-ranged. While mes-
sage passing is local at the architectural level, the effec-
tive interactions are mediated by fermions and are there-
fore intrinsically nonlocal. In practice, this nonlocal-
ity is captured through repeated gauge-covariant trans-
port and contraction operations, which concatenate link
variables along extended paths. As a result, even shal-
low networks generate features corresponding to Wilson
lines of increasing spatial extent, and the effective recep-
tive field—measured in gauge transport length—grows
rapidly beyond the naive graph distance. This mecha-
nism enables the model to capture fermion-mediated cor-
relations across the lattice despite its local construction.

Taken together, these results demonstrate that gauge-
equivariant graph neural networks provide a unified and
scalable framework that simultaneously resolves local ob-
servables and reconstructs global quantities through la-
tent local representations, even in systems where the
underlying physics is governed by intrinsically nonlocal,
fermion-mediated interactions.

V. LEARNING GAUGE DYNAMICS WITH
EQUIVARIANT FORCE FIELDS

We next demonstrate that gauge-equivariant GNNs
provide a natural and efficient framework for learning
force fields in dynamical lattice gauge systems, extend-
ing beyond the static prediction of observables. As a con-
crete setting, we consider the SU(2) quantum link model
(QLM), in which gauge fields reside on lattice links as
finite-dimensional degrees of freedom and transform co-

FIG. 4. Benchmark of gauge-covariant force prediction
for the semiclassical dynamics of the SU(2) quantum link
model. Left: parity plot comparing GNN-predicted forces
FML

ij with exact diagonalization (ED) results FED
ij (dashed

line: ideal agreement). Right: distribution of prediction er-
rors δF = FML − FED for training (magenta) and test (blue)
sets. The model achieves MSE = 1.57× 10−4 and R2 = 0.97,
demonstrating accurate learning of fermion-induced, gauge-
covariant forces.

variantly under local SU(2) rotations [Eq. (1)]. QLMs
establish a direct connection between high-energy lattice
gauge theories and experimentally accessible platforms,
particularly in ultracold-atom realizations where gauge
and matter fields emerge from constrained dynamics in
optical lattices. Although realistic implementations in-
volve additional constraints and interactions, they retain
the essential structure of dynamical gauge–matter cou-
pling.
As a proof of principle, we adopt a minimal QLM-

inspired Hamiltonian,

H =
∑
⟨ij⟩

g2

2
L2
ij +

∑
⟨ij⟩

ψ†
iUijψj , (12)

where Uij ∈ SU(2) are link variables and Lij ∈ su(2)
are their conjugate generators. In the semiclassical limit,
the dynamics is governed by a Lie–Poisson structure in-
herited from the underlying quantum commutation re-
lations, with Lij generating left rotations of Uij on the
group manifold.
We focus on the semiclassical, adiabatic regime, in

which the fermionic sector remains in the instantaneous
ground state corresponding to a given gauge configura-
tion {Uij}. The coupled equations of motion take the
form

d

dt
Lij = Fij [{U}], (13)

d

dt
Uij = −ig

2

2
(Lij · σ)Uij + · · · , (14)

where σ = (σ1, σ2, σ3) denotes the Pauli matrices, pro-
viding a basis of the su(2) algebra in the fundamental rep-
resentation. The explicit term corresponds to the canon-
ical left-invariant flow generated by the electric field Lij ,
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FIG. 5. Dynamical benchmark of the GNN force-field for
semiclassical dynamics of the SU(2) quantum link model.
(a) Time evolution of the gauge-invariant Wilson loop
ReTr[W ] on a representative plaquette, comparing ED forces
and ML-predicted forces. The ML dynamics reproduces the
short-time behavior accurately, with deviations emerging at
longer times due to accumulated prediction errors. (b) Au-
tocorrelation function A(τ) obtained from ReTr[W ] averaged
over plaquettes and independent trajectories. The ML results
are in good agreement with ED across the full time window,
with a small deviation at large τ .

while the ellipsis denotes a Casimir-induced phase rota-
tion (proportional to L2

ij) that commutes with all observ-
ables and does not affect the force dynamics.

The force acting on each link is determined by the
fermionic back-action,

Fij = −ImTr[σUij ρij ] , (15)

with ρij ≡ ⟨ψjψ
†
i ⟩ the single-particle density matrix eval-

uated in the instantaneous ground state. This expression
makes explicit that the gauge dynamics is entirely medi-
ated by the fermionic response to the background {Uij}.
The dominant computational cost arises from evaluat-
ing ρij via repeated fermionic diagonalization along the
dynamical trajectory.

To overcome this bottleneck, we construct a gauge-
equivariant GNN to learn the intermediate, gauge-
covariant response functional

Fθ : {Uij} 7→ {ρij}, (16)

directly from data. The physical force is then ob-
tained by inserting the predicted ρij into Eq. (15), en-
suring that the learned dynamics preserves the under-
lying algebraic structure by construction. By replacing
repeated fermionic diagonalization with this symmetry-
constrained surrogate, the approach enables efficient and
scalable simulations of coupled gauge–matter dynamics
while maintaining the essential gauge structure.

We benchmark the accuracy of the learned force field in
Fig. 4 by comparing the GNN-predicted forces with exact
results obtained from fermionic diagonalization. The par-
ity plot exhibits a tight collapse of both training and test
data onto the diagonal, indicating that the model faith-
fully captures the gauge-covariant force across a broad
range of dynamical configurations. The corresponding
error distribution is sharply peaked around zero, with
nearly indistinguishable statistics between training and
test sets, demonstrating robust generalization. These
results confirm that the gauge-equivariant GNN accu-
rately learns the fermionic response functional underlying
Eq. (15), providing a reliable and symmetry-consistent
surrogate for the forces governing semiclassical gauge dy-
namics.

Having established the accuracy of the GNN in predict-
ing instantaneous forces, we next assess its performance
in a fully dynamical setting. To this end, we integrate
the trained GNN force field into the semiclassical equa-
tions of motion governing the link variables Uij and their
conjugate generators Lij , and carry out time evolution
using the ML-predicted forces. This provides a stringent
end-to-end benchmark, as any small local errors in the
learned forces can accumulate and propagate nonlinearly
during the dynamics.

The results are summarized in Fig. 5. Panel (a)
compares the time evolution of a representative gauge-
invariant Wilson loop ReTr[W ] obtained from ML-
driven dynamics against that computed using exact-
diagonalization (ED) forces. The agreement at short
times is excellent, confirming that the learned force field
faithfully captures the local structure of the effective en-
ergy landscape. At longer times, the trajectories grad-
ually diverge, reflecting the expected accumulation of
small prediction errors in a nonlinear dynamical system.
Importantly, this trajectory-level sensitivity does not pre-
clude accurate statistical predictions. As shown in panel
(b), the autocorrelation function A(τ)—averaged over
plaquettes and independent initial conditions—remains
in close agreement between ML and ED across the entire
time window. The weak feature at large τ is reproduced
qualitatively by both approaches and likely reflects finite-
size effects or residual dynamical recurrences. Together,
these results demonstrate that the GNN force field, when
coupled to the semiclassical equations of motion, provides
an accurate and robust description of the emergent dy-
namical behavior at the level of physically relevant ob-
servables.



9

VI. DISCUSSION

In this work, we introduced a general gauge-
equivariant graph neural network framework for lattice
gauge systems, in which local non-Abelian symmetry
is enforced exactly at the architectural level through
matrix-valued message passing. By operating directly
on gauge-covariant degrees of freedom and preserving
transformation laws throughout, the approach eliminates
the need for explicit construction of gauge-invariant fea-
tures while retaining full structural information. We
demonstrated its effectiveness across three representa-
tive regimes. In pure gauge theory, the network recon-
structs both global and local gauge-invariant observables
directly from covariant inputs. In gauge–matter systems,
it captures fermion-mediated, intrinsically nonlocal cor-
relations with high accuracy despite its local message-
passing structure. In dynamical settings, it provides
symmetry-consistent force fields that faithfully reproduce
the statistical properties of semiclassical gauge dynamics.
Together, these results establish gauge-equivariant mes-
sage passing as a unified and scalable paradigm for learn-
ing both static and dynamical properties of non-Abelian
lattice gauge systems.

Looking forward, the present framework opens several
promising directions at the interface of machine learn-
ing and lattice gauge theory. A natural application
lies in accelerating lattice QCD simulations. By em-
bedding gauge-equivariant neural surrogates into Monte
Carlo workflows—such as learned effective actions, pro-
posal generators, or force models—one may construct
more efficient sampling schemes while preserving exact-
ness through standard accept–reject steps [61–65]. This
direction is particularly compelling in gauge–matter set-
tings, where fermionic contributions render conventional
updates computationally expensive. Beyond sampling,
the same architecture may serve as a physics-informed ac-
celerator for fermionic solvers, for example by providing
symmetry-consistent preconditioners or surrogate repre-
sentations of Dirac operators, potentially alleviating the
dominant cost associated with repeated inversions.

From the perspective of condensed matter and quan-
tum simulation, the same framework naturally extends to
variational representations of quantum states in gauge-
constrained many-body systems [66–68]. Existing neu-
ral quantum state constructions in this context have
thus far been predominantly developed for Abelian lat-
tice gauge theories, where gauge constraints can be in-

corporated more directly into the variational ansatz.
By interpreting gauge-invariant outputs as amplitudes
of a many-body wavefunction, the equivariant message-
passing backbone defines a scalable neural ansatz that en-
forces local gauge constraints by construction. Combined
with variational Monte Carlo, this enables compact and
systematically improvable descriptions of ground states
in both Abelian and non-Abelian models. Furthermore,
integration with time-dependent variational principles
provides a route to real-time simulations of nonequi-
librium phenomena—including quenches, transport, and
confinement dynamics—within a symmetry-preserving
variational manifold. These directions are particu-
larly relevant for quantum link models and other finite-
dimensional gauge systems realizable in ultracold-atom
and programmable quantum platforms, where symmetry-
consistent, data-driven approaches can directly interface
with experimental platforms.
Enforcing local gauge symmetry at the architectural

level thus reshapes how machine learning interfaces with
lattice gauge theory. Rather than approximating gauge-
invariant observables through engineered features, the
present framework learns directly from gauge-covariant
degrees of freedom and organizes them into physical pre-
dictions. This enables a unified treatment of static ob-
servables, fermion-mediated interactions, and dynamical
evolution, with particular impact in non-Abelian settings
where locality and symmetry are deeply intertwined.
More generally, our results point toward a paradigm
in which symmetry-preserving architectures function as
structure-aware extensions of first-principles theory, pro-
viding a scalable route to modeling complex quantum
systems beyond the reach of brute-force approaches.
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