arXiv:2604.18548v1 [cs.LG] 20 Apr 2026

Physics-Informed Neural Networks for Biological
2D+t Reaction—Diffusion Systems

William Lavery
Dept. of Information Technology
Uppsala University
Uppsala, Sweden
william.lavery @it.uu.se

Dagim S. Tadele!
Dept. of Medical Genetics
Oslo University Hospital
Oslo, Norway
dagtad @ous-hf.no

Abstract—Physics-informed neural networks (PINNs) provide
a powerful framework for learning governing equations of
dynamical systems from data. Biologically-informed neural net-
works (BINNs) are a variant of PINNs that preserve the known
differential operator structure (e.g., reaction—diffusion) while
learning constitutive terms via trainable neural subnetworks,
enforced through soft residual penalties. Existing BINN stud-
ies are limited to 1D+t reaction—diffusion systems and focus
on forward prediction, using the governing partial differential
equation as a regulariser rather than an explicit identification
target. Here, we extend BINNs to 2D+t systems within a
PINN framework that combines data preprocessing, BINN-based
equation learning, and symbolic regression post-processing for
closed-form equation discovery. We demonstrate the framework’s
real-world applicability by learning the governing equations
of lung cancer cell population dynamics from time-lapse mi-
croscopy data, recovering 2D+t reaction—diffusion models from
experimental observations. The proposed framework is readily
applicable to other spatio-temporal systems, providing a practical
and interpretable tool for fast analytic equation discovery from
data.

Index Terms—Physics-Informed Neural Networks, Differential
Equations, Machine Learning, Systems Biology

I. INTRODUCTION

Modelling the dynamics of biological systems has a long
and rich history drawing on diverse mathematical techniques.
Particularly, many formulations are based on ordinary and
partial differential equations (ODEs and PDEs) derived from
first-principles kinetics or biological theory [1]]. Although these
approaches have been profoundly effective in capturing the
behaviour of biological systems on various scales—from molec-
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ular [2] to epidemiological modelling [3]]-many biological
processes remain poorly characterised mathematically.

Modern data platforms are providing insights into such
processes through high-dimensional, longitudinal data streams
from single-cell multi-omics [4], time-lapse microscopy [5],
wearable biosensors [[6], [7], and environmental metagenomics
[8l, which implicitly contain information about the system
dynamics. Combined with advances in high-performance com-
puting, this has accelerated the development of equation learn-
ing (EQL), a family of methods that seek to infer closed-form
dynamical rules from temporal observations [9]]. Formally,
in EQL, empirical data are assumed to originate from an
unknown system for a quantity of interest u(x,t) evolving
according to

ou(x,t)
ot

with d-dimensional spatial coordinates x € 2 C R and time
variable ¢ € [to,ts]. The operator F may include explicit
dependence on space, time, the field itself, and its spatial
derivatives. As such, EQL algorithms aim to uncover the
functional form of F from data without fully specifying the
right-hand side of (I). EQL thus lies at the intersection of
mechanistic modelling and modern machine learning [10],
offering a data-driven route to discover compact, interpretable
dynamical equations for systems where traditional derivations
may falter. Three methodological paradigms currently domi-
nate the EQL field:

= ]:()7 (1)

i. Sparse-regression approaches formulate the relationship
between % and some user-specified library of non-linear
candidate terms as a linear regression problem. In standard
formulations, filtering or spline techniques denoise the data,
and derivatives of u are approximated to construct the library.
Weak formulations instead employ integral projections to
reduce noise sensitivity by transferring derivatives to smooth
test functions [11]], [12]]. Once a linear system is constructed
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by either method, sparsity-promoting optimisation selects a
minimal subset of the library that best explains the data [[13]]-
[16]. This mitigates the need for an exhaustive combinatorial
search, but constrains the discovered dynamics, F, to the
span of the chosen library. As an extension, hybrid neural
sparse methods combine sparse regression approaches with
neural function approximation. These methods use deep neural
networks (DNNGs) to learn feature representations from which
candidate terms are constructed and then selected via sparse
regression [17[]-[20]. This reduces reliance on a user-specified
candidate library by leveraging the expressive capacity of
neural surrogate functions, but may introduce non-physical or
redundant features and increase sensitivity to model selection.

ii. Physics-informed neural networks (PINNs) use a DNN to
approximate the solution u in (I} by enforcing a mechanistic
equation during training. Since the introduction of PINNs
[21]], the methodology has diversified immensely. For example,
Bayesian PINNs extend the formulation by learning distribu-
tions over the network parameters and solution fields rather
than a single deterministic approximation, improving robust-
ness when observations are noisy [22]]. Furthermore, a range
of architectures for hard-constraining have emerged that
incorporate finite-difference stencils or equality constraints
directly into the DNN, thereby preventing the accumulation of
PDE or boundary constraint violations and maintaining phys-
ically consistent predictions in long-term simulations [23]-
[25]. However, the mechanistic form of the governing PDE
operator is typically assumed to be known a priori, with
learning restricted to its parameters. This assumption is relaxed
in universal PINNs (UPINNs), which also learn missing or
unknown components of the operator [26].

iii. Neural differential equation approaches enforce dynam-
ics through forward solving differential equations. A promi-
nent case is universal differential equations (UDEs), which
embed trainable neural components directly within differential
equation solvers, partitioning the dynamics into known and
unknown components [27]. This enables known physics to be
enforced through the numerical ODE/PDE solver while the
neural networks learn latent dynamics that are unknown or
not captured by the mechanistic model. However, UDEs re-
quire repeated differential equation simulation during training
which can lead to high computational cost and optimisation
challenges. In the limiting case of fully data-driven modelling,
neural ODEs parameterise J entirely with a neural network,
at the cost of reduced interpretability and greater dependence
on data quality and coverage [28].

Methodologies i-iii differ in how much of F is specified
a priori and in how constraints are imposed. Biologically-
informed neural networks (BINNs) occupy a niche of UPINNS,
preserving coarse PDE structure while learning constitutive
components as neural subnetworks, making them well suited
to biological systems where mechanisms are partially known
and data are noisy and sparse [29]. This study extends prior

BINN methodology. Specifically, we:

1) Generalise the BINN architecture to 2D--¢.

2) Develop a PINN framework that augments the BINN
architecture with symbolic regression (SR) post-
processing to convert neural network outputs into an-
alytical functions.

3) Apply the PINN framework to learn 2D+t reaction—
diffusion dynamics of lung cancer cell populations from
time-lapse microscopy data.

The PINN framework developed in this study is provided in
an open access GitHub repository| containing a user-friendly,
interactive notebook, and can be readily adapted to custom
reaction—diffusion systems and other systems governed by
similar PDEs.

II. METHODS
A. The governing reaction—diffusion equation

In this study, we work with reaction—diffusion equations to
describe how biological systems evolve in time and space.
Specialising (I) to our setting, the dynamics of the quantity
u(x,t) are governed by

0 t
Q%D _ G (D, 1) V(. 1)
+ G(u(x,1)) u(x,1),

where D is a function describing diffusion, and G is a function
for (per-capita) growth. The EQL problem becomes learning
the diffusion and growth functions from u-data.
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B. The BINN architecture

The BINN architecture comprises three fully connected neu-
ral networks, also known as multilayer perceptrons (MLPs):
(i) NN, (x,t;6,) : Rt — R, which maps spatiotemporal
inputs to predicted densities 4(x,t); (i) NNp(a;6p) : R —
R, which maps @ to diffusion predictions ﬁ(ﬁ); and (iii)
NNg(@;0¢) : R — R, which maps @& to growth pre-
dictions é(ﬁ) Here, 4, D, and G denote neural network
surrogates of the functions u, D, and G, in @ All network
parameters {6,,0p,60c} are jointly optimised to fit the data
while satisfying the PDE constraints and optional biological
restrictions. The general architecture is illustrated in Fig.
and we here follow the BINN design choices and training
protocols discussed in our recent study [30]. These choices
and protocols are summarised below.

1) MLP design: Each MLP consists of three hidden layers
of equal width followed by a single-neuron output layer,
providing sufficient depth to capture nonlinear relationships
while maintaining a compact architecture. All hidden layers
use SiLU activations. The density MLP NN, uses wider
hidden layers each containing 64 neurons, while the diffusion
and growth MLPs use narrower layers of 4 neurons each. This
choice reflects the assumption that D and G are relatively
simple functions, whereas u is more complex. Output activa-
tions are selected to enforce physical constraints: softplus is
used for NN,, and NNp to ensure non-negativity of density
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Fig. 1. PINN framework developed in this work (top) with the BINN

architecture highlighted (bottom).

and diffusivity, while NN uses a linear output, allowing both
positive and negative population growth.

2) The training—validation (TV) split: In the BINN ar-
chitecture, density data are randomly split into training and
validation sets. Specifically, data are discretised into a tensor
Udata € RM=1XMe2X?t for 2D+t systems, where ng,,ng,
denote the fixed number of bins in each spatial direction, and
n the number of observed time points. The entries of gy,
are then randomly split into training and validation sets by
assigning grid points independently of space and time, and this
partition is fixed throughout training. The training set is used
for network parameter updates, whereas the validation set is
used to implement early stopping (ES) [29]. Both the training
and validation sets are subsequently used for final model
selection in post-training analysis. In this analysis, the learned
diffusion and growth MLPs are evaluated over densities from
the span of the combined training and validation sets, with the
aim of accurately capturing biological mechanisms within the
observed u-data range rather than extrapolating beyond it. We
use five random 80/20 TV splits to form a small ensemble and
assess sensitivity to data partitioning in this low-data regime,

as data partitioning influences both model performance and
interpretation.

3) Early stopping: We use an ES protocol to balance
convergence of the training objective with computational effi-
ciency. In particular, training is terminated when the validation
loss fails to improve by at least 5% for a fixed number of
consecutive epochs, corresponding to the ES patience, i.e.,
the maximum number of epochs without improvement before
training is halted. The model parameters from the last epoch
satisfying this improvement criterion are selected as the trained
parameters.

C. The loss functions

In BINNSs the networks NN, NNp, and NN¢ are jointly
trained by minimising the total loss function

LTotal = Adata Ldata + ApDE LPDE; +Abio Lbios 3)

where Agata, APDE, Abio > 0 weight the data, PDE, and bio-
logical losses respectively. All quantities in the loss terms
are normalised such that the data and PDE residuals are of
comparable magnitude at the start of training, allowing us
to set Agqaa = Appe = 1 [29]. This choice is maintained
throughout training to avoid the increased computational costs
of optimal dynamic weighting strategies. In our experimental
setting, there is limited information restricting the functional
forms of D and G accordingly, we set Ay, = 0. Details on
the data and PDE loss terms are provided below.

1) Data loss: The data loss enforces agreement between
the model predictions and the observed data. We assume
observations are corrupted by additive Gaussian noise with
non-constant variance, consistent with previous cell migration
modelling studies [29]], [31]]. Specifically, for a system with
two spatial dimensions,

ugh® = w(@y i, w2, ts) + wijs W (T1,4, T2 5, ts) €0 s (4)

Here, i,j index spatial locations and s indexes time; wu(-)
denotes the PDE solution for the cell density; ¢; ; s ~ N(0,1)
are independent Gaussian draws; v € R controls how the noise
magnitude scales with density; and w; ;s € R are additional
variance scaling coefficients that we, for simplicity, set to be
constant. The noise model @) produces a generalised least-
squares loss. However following [30], to ensure robustness in
low-density regions and consistent optimisation, we set v = 0,
producing the ordinary least squares objective function,
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2) PDE loss: The governing PDE is enforced by comparing
the two sides of ) at a set of n. randomly sampled collo-
cation points {(x1 x, T2k, k) }re, drawn uniformly over the
spatio—temporal data domain. Derivatives are computed via
automatic differentiation, yielding the residual loss
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where -|, denotes evaluation at the k-th collocation point.
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D. Symbolic Regression

To convert MLP outputs into interpretable analytic expres-
sions we employ SR, implemented via the Py SR package [|32].
This method uses an evolutionary algorithm and is chosen
for its flexibility, suitability for scientific applications, and
explicit control over expression complexity. The considered
PySR hyperparameters are selected to balance exploration,
biological plausibility, and computational cost (Table [I). As
outlined in 1-3 below, SR is applied multiple times to the
constructed ensemble diffusion and growth predictions to gen-
erate candidate symbolic expressions. To ensure robustness,
dominant expressions are then selected from these candidates
to define Dgr and GsR.

1) Constructing ensemble predictions: We focus on well-
supported densities to construct the ensemble predictions.
Namely, we use the intersection of the central 90% intervals
of the training wu-data across all TV splits. This produces
conservative bounds with shared density support. Within
these bounds, the diffusion and growth MLP predictions are
weighted in proportion to the replicate- and TV-split-specific
training density distribution. The weighted predictions are then
averaged across TV splits to produce ensemble diffusion and
growth predictions.

2) Generating candidate expressions: SR is applied multi-
ple times to the ensemble predictions using different random
seeds to account for stochastic variability. Each run produces a
final candidate expression together with its associated squared
error. This procedure yields a set of candidate expressions,
from which dominant analytic forms can emerge. The number
of repetitions is chosen to balance capturing sufficient diversity
while keeping the computational cost modest.

3) Selecting the best candidate: To filter candidate expres-
sions, each is reduced to a symbolic template by removing
numerical coefficients. The most frequent template is selected
as the functional form, with ties decided in favour of sim-
pler expressions. Among candidates matching this template,
the coefficients associated with the lowest squared error are
retained. The procedure is applied separately to the diffusion
and growth expressions, yielding the final analytic forms Dgg
and GSR-

TABLE 1
NONDEFAULT PYSR PARAMETERS USED FOR SYMBOLIC REGRESSION

Value
{sqrt, exp, log}

{+7_7X7/}

Parameter Description

Permitted variable transformations.
Permitted operators for combining
variables and sub-expressions.
Number of expressions retained
and evolved across iterations.
Number of evolutionary iterations.
Maximum number of operators,
variables and sub-expressions.
Squared error; output z, target y.

unary_operators
binary_operators

population_size 50

niterations 25

maxsize 10

loss_function (z —y)?

III. RESULTS
A. Experimental pipeline

To apply the PINN framework to experimental data, we
embed it within a three-stage pipeline: (I) preprocessing, where
discrete cell coordinates (z1,x2,t) are used to estimate the
cell density field; (IT) implementation of the PINN framework,
where diffusion and growth dynamics are learned, and SR
extracts interpretable functional forms; and (III) cell count
evaluation, where total cell count dynamics resulting from
step (II) are compared to the biological data. This workflow
is shown in Fig.

1) Preprocessing: We apply the pipeline to three replicate
time-lapse microscopy datasets of PC9 lung cancer cells
imaged every 4 hours for up to 2.5 days. Raw cell coordinates
are converted into spatial density fields uga. (X, ¢) via binning,
where bin sizes are chosen to balance two considerations: (a)
the spatial scales over which cells sense their local environ-
ment and regulate movement and proliferation, and (b) the
need for sufficiently many cells per bin so that the resulting
field behaves as a density rather than being dominated by
microscopic stochasticity. After tuning for these considera-
tions, we select bin-sizes Ax1, Azs ~ 0.1 mm. Preprocessing
yields three datasets corresponding to replicates 1-3: Uga,1 €
RISXIIXO g € RISXIIXI2 “and g, 5 € RISX1LX16
respectively.

2) The PINN framework: The BINN architecture is trained
on each dataset independently, with all hyperparameters fixed
except for the ES patience, which is varied over ES ¢
{500, 1000, 2000}. For each ES patience, training is performed
across five TV splits. A preferred ES is then selected, defining
the corresponding diffusion and growth ensembles. SR is
subsequently applied ten times to these ensemble predictions,
with one final functional form for Dgr and Gsg selected per
replicate.

3) Cell count evaluation: To assess model validity, we com-
pute total cell-count curves by summing predicted densities
over space, and comparing them to the observed data count
curve Ny, (t). Predicted densities are obtained in three ways:
(?) directly from the trained density MLP; (¢7) by forward
solving (2) with no flux boundary conditions using the learned
diffusion and growth MLPs; and (ii¢) by forward solving (2
with the SR pair (Dsg, Gsgr), with the initial condition given
by the density MLP evaluated at ¢t = 0. The total cell counts
obtained from the densities in (¢), (i7), and (¢47) are denoted
by Ny (t), Niwa(t), and Ngg(t), respectively.

B. Learning the density

We first examine the agreement between the density learned
by the PINN framework and the observed data. Despite the
stochasticity introduced by binning under low cell coverage,
the density data retain population-scale spatial structure that
can be exploited to infer the underlying dynamics. In par-
ticular, the initial conditions exhibit heterogeneous patterns,
with clustered high-density regions alongside areas nearly
devoid of cells (as seen in Fig. [Bp). Over time, these gaps are
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Fig. 2. Pipeline for applying the PINN framework on experimental microscopy data.

progressively filled through the combined effects of diffusion
and growth.

The learned densities across time #(x,t) smooth the em-
pirical observations while preserving the dominant spatial
structure. This effect is illustrated in Fig. Bp for the first
replicate, shown for a fixed x5 cross-section at the initial
and final time points. Variability in the density predictions is
observed across TV splits reflecting sensitivity to the specific
data partitioning. This variability is expected given the high
level of stochasticity in the data.

C. Learning the PDE terms

We next examine the learned diffusion and growth functions
for the three experimental replicates. As the density distri-
butions across replicates have comparable support (Fig. Eta),
the outputs of the independently trained diffusion and growth
predictions can be meaningfully compared.

1) Diffusion: All learned diffusion functions increase
monotonically with increasing cell density (Fig. @b). This oc-
curs despite no monotonicity constraint being imposed during
training, suggesting shared underlying biological behaviour.
The function magnitudes are on the order of 10~2 mm?/day
at low densities, increasing approximately twofold (replicate
2) or tenfold (replicates 1 and 3) at high densities. This
discrepancy likely reflects differences in initial conditions:
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Fig. 3. Binned density data uga.,1 and density predictions 41 for replicate 1.
(a) Density data across both spatial dimensions at tg = 0. (b) Comparison of
data and predictions at fixed z2 = T2 = 0.143 mm for ¢¢ and ¢ty = 52 hours.
The solid line indicates the mean across five training—validation splits, with
the shaded region showing the min-max range.

replicate 2 reaches high plate coverage earlier than the other
replicates, thereby limiting high diffusion rates (Appendix [B).

Inspecting the SR results reveals a shared exponential
structure across all three replicates. Specifically, replicates 1
and 2 share the template Co+C1e“2Y, where U = u/upmayx
is the per-replicate normalised density, with wuy,.x denot-
ing the maximum density observed for that replicate, and
Co,C1,C2>0 (Table [). Replicate 3 exhibits a slight mod-
ification, Cy+C,U?e“2Y | introducing a multiplicative factor
U? while retaining the same exponential form.

2) Growth: Across all three replicates, the learned growth
functions display a clear monotonic decrease over the central
90% of their respective density supports (Fig. @), again
without any imposed monotonicity or bounding constraints.
Even more so than diffusion, the learned growth functions
exhibit strong agreement both across replicates and within
replicate TV splits (Fig. k). This suggests that, in this EQL
setting, growth is more readily identifiable from data than
diffusion and correspondingly plays a more dominant role in
the learned dynamics.

Across the examined density range, replicates 1 and 2
exhibit similar magnitudes, while replicate 3 shows slightly
lower values. Inspecting the SR results exposes a predomi-
nantly linear functional structure across all three replicates.
Replicates 2 and 3 follow an identical linear form Cy—CU,
with Cy, C1>0, while replicate 1 introduces a mild nonlinear
correction Cy—CU—CyU3/2, with Cy, Cy, Cy>0.

TABLE I
FINAL SYMBOLIC EXPRESSIONS FOR DIFFUSION AND GROWTH FUNCTIONS

Uk Symbolic expressions
Repl. (cells mm—2) Units U = u/upy)
1 2000 mm?day  Dgp,= 1.110x107 35339V 1.3.384x 1074

day=1  Ggp = 1.503 — U — 1.020U3/2

2 2200 mm%day  Dgg,= 2.699x10 %126V —1.016x10~*
day=1  Ggp,= 1.484 — 1.983U

3 2000 mm%day  Dgps= 0.1527 U%eV + 0.004755
day=1  Ggpy= 1.130 — 0.9744U
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D. Evaluating the learned equation dynamics

To assess predictive ability of the PINN framework, the
learned MLP components and their SR counterparts are for-
ward solved in the governing reaction—diffusion equation and
compared to the observed biological data (Fig.[5). The learned
density MLP, trained on the spatio-temporal density data,
accurately recovers the total cell counts over time across
all three replicates, despite low cell numbers and substantial
experimental noise. Forward simulations using both the MLP
surrogate functions and their symbolic representations closely
reproduce the observed total cell-count trajectories for repli-
cates 1 and 2, but are less accurate for replicate 3 at later
time points. The strong agreement between the MLP-based
and symbolic forward simulations is expected, given the close
fit of the analytic expressions to the diffusion and growth
components learned by the MLPs (Fig. @p—c).

Replicate 3 displays a total cell-count trajectory with greater
curvature than replicates 1 and 2, indicating a more chal-
lenging equation discovery scenario. In particular, the sharp
increase in cell count between the third and penultimate time
points is not captured by the forward simulations, leading to
deviations from the observed data at later time points. This
mismatch suggests additional dynamics not fully captured by
diffusion and growth alone in (2).

E. Training performance and convergence

To assess how the learned diffusion and growth functions
emerge during training, validation loss curves and function
predictions are examined across epochs (Fig. [6). Moreover,
in Table reaction—diffusion equations obtained with ES
patiences ES € {500, 1000,2000} are compared to evaluate
the trade-off between computational cost and predictive perfor-
mance across all five TV splits. Increasing ES patience leads
to substantially longer training times, with median replicate
runtimes increasing from approximately 141s at ES = 500,
to 292s and 578s at ES = 1000 and 2000, respectively.
In contrast, doubling the ES patience yields only marginal
improvements in validation loss, decreasing by approximately
3% for both ES = 500 — 1000 and 1000 — 2000. Taken
together, the minimal reduction in validation loss relative to
the substantial increase in runtime suggests that £S = 500
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Fig. 5. Total cell count trajectories. Observed counts Ngy, are compared
with total counts from the density surrogate (/N.,), forward solutions using D
and G (Npwq), and forward solutions using Dsg and Gsg (Ngr). Solid lines
show the mean, and shaded regions indicate £1 standard deviation across
training-validation splits.

is preferable. This conclusion is further supported by closer
inspection of the loss components and learned functions.

For the cell microscopy data, characterised by individual-
level stochasticity, the validation loss decreases rapidly during
early epochs as the network averages stochastic fluctuations,
followed by a slower decline as larger-scale population-level
structure is learned. This is observed in Fig. @, where the data
loss falls quickly to approximately 2x 102 within the first few
epochs, with only marginal improvements beyond ES = 500.
Critically, while the total validation loss continues to decrease
with increasing ES patience, the PDE loss component reaches
a minimum and then increases (Fig. [6b), signalling a transi-
tion from physically meaningful solutions to overfitting. This
behaviour is reflected more strongly in the learned diffusion
function, which is progressively driven toward unrealistically
low values at larger epochs (Fig. [6k), whereas the learned
growth function G remains comparatively stable (Fig. [6d).

IV. CONCLUSIONS AND FUTURE WORK

This work presents a framework for learning reaction—
diffusion dynamics from spatio-temporal density data using
neural networks, specifically BINNs. It extends the BINN
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TABLE III
VALIDATION LOSS AND LEARNING TIME (mean [min, max} ACROSS FIVE
TRAINING-VALIDATION SPLITS)

infer when growth dominates and high cell coverage on the
experimental plates limits spatial redistribution. Future work
will investigate experimental designs that enhance diffusion
identifiability, provide more principled uncertainty quantifica-
tion, and extend the framework to more complex biological
dynamics. These directions will further broaden the applicabil-
ity of data-driven equation discovery, extending the framework
presented here.
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