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Abstract

Modern sequence models are dominated by Transformers, where self-attention mixes information from the visible
context in an input-dependent way. However, when retrieval is not sharp and attention remains diffuse over an
effective support S,(¢), the influence of any individual token is diluted, typically scaling as O(1/S(t)) and reaching
O(1/£) for old tokens in full-prefix settings. Structured state-space models process sequences recurrently through
an explicit feedback path; selective variants such as Mamba make this feedback input-dependent, yet when freeze
time cannot be sustained over long intervals, their long-range sensitivity decays exponentially with lag. Existing
architectures therefore either retrieve from the past in a single read or propagate information through a single
feedback chain. We introduce Sessa, a decoder that places attention inside a feedback path, enabling recurrent
many-path aggregation within a layer. Under stated assumptions, Sessa admits regimes with a power-law memory
tail in lag ¢ of order O(¢=?) for 0 < B < 1, which is asymptotically slower than 1/¢; moreover, this rate is tight
in an explicit diffuse uniform-routing setting where the influence is ©(¢7%). Under the same conditions, only Sessa
among the compared model classes realizes flexible selective retrieval, including non-decaying profiles. Empirically,
under matched architectures and training budgets, Sessa achieves the strongest performance on our long-context
benchmarks while remaining competitive with Transformer and Mamba style baselines on short-context language
modeling.

1 Introduction

Long-context sequence modeling is central to modern foundation models across language, vision, speech, time
series, and genomics (Bommasani et al., 2021; Brown et al., 2020; Dosovitskiy et al., 2021; Baevski et al., 2020;
Ansari et al., 2024; Dalla-Torre et al., 2025). Despite the architectural flexibility of the foundation-model paradigm,
state-of-the-art systems are still overwhelmingly based on the Transformer and its self-attention mechanism
(Vaswani et al., 2017).

A useful lens is to describe modern sequence mixers by how they route information from the past and how
they maintain memory over time. In many modern architectures, routing decisions are input-dependent: the
model uses the current token and its context to decide which parts of the visible history to consult. Under this
view, self-attention implements an input-dependent direct-read mechanism: at each position, it computes a query-
dependent pattern of relevance over the visible context and uses it to read out information from selected past
positions. This framing highlights attention’s key strength, a selection mechanism over variable support length,
but also a structural limitation: the retrieval is performed in a single pass, without an internal feedback loop that
would repeatedly incorporate past readouts into an evolving state. Separately, standard implementations are also
computationally expensive at long contexts due to quadratic time/memory scaling (Vaswani et al., 2017; Rabe
and Staats, 2021).

In parallel, structured recurrent sequence models, especially state space models (SSMs), which realize long-range
dynamics through a latent state and an explicit feedback path, have re-emerged as a compelling alternative for
long-context modeling (Gu et al., 2022a,b). SSMs can be interpreted as modern descendants of classical dynamical
systems (Kalman, 1960) and admit linear (or near-linear) scaling in sequence length. However, for information-
dense discrete data, a persistent challenge is that stable feedback dynamics often exhibit rapid attenuation of
distant information (commonly exponential forgetting (Huang et al., 2025)), which can hinder integrating multiple
far-apart evidence snippets under heavy distractors. Selective SSMs (e.g., Mamba) can conditionally slow this
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attenuation by modulating the effective transition (Gu and Dao, 2024; Dao and Gu, 2024) (e.g., Ay, ~ I on
selected steps, “freeze time” (Huang et al., 2025)), but this mechanism is input-dependent and can fail when
relevant and irrelevant positions induce similar local representations, leading to preserving or overwriting the
wrong content.

These perspectives suggest complementary long-context failure modes. Stable feedback dynamics can suffer
from exponential forgetting. Attention, while input-dependent, can suffer from dilution: when attention mass is
spread across a large effective support of competing tokens (e.g., many near-tied logits), individual weights, and
thus per-token contributions and sensitivities, decrease roughly inversely with that support (often behaving like
O(1/S4(t)), and in the worst case like O(1/T') when the effective support grows proportionally with context length
T)(Mudarisov et al., 2025). In practice, both effects can limit reliable long-range evidence integration.

We introduce Sessa, a decoder architecture that injects input-dependent attention into a feedback (recurrent)
path, combining direct-read input-dependent routing with stateful aggregation through the feedback channel.
Viewed through a temporal routing lens, for a fixed source token 7 and target position t (lag £ =t — 7), a
single self-attention layer routes influence via a single routing step (a direct edge ™ — t), while chain-structured
state-space recurrences propagate along the unique length-¢ temporal chain. Sessa introduces route diversity
within a single layer: its attention-induced feedback operator aggregates contributions over multiple internal
routing depths (and, in dense patterns, many temporal paths), which can help sustain long-range sensitivity
when routing is diffuse (formalized in Section 4.2). Concretely, while self-attention corresponds to an input-
dependent direct-read system (in the values), Sessa realizes an input-dependent feedback system: it maintains a
latent state over unbounded horizons, while the feedback dynamics remain input-dependent via attention-based
routing inside the loop (potentially over variable-support patterns). Intuitively, Sessa retains the representational
benefits of recurrence for long-range accumulation while leveraging attention as an input-dependent mechanism
within the feedback pathway.

Related architectural ideas have introduced recurrence or feedback into sequence modeling (Dai et al., 2019;
Fan et al., 2020; Bulatov et al., 2022; Hutchins et al., 2022; Hwang et al., 2024). These approaches span a
variety of feedback constructions and are typically presented in architecture-specific terms. Our contribution is
complementary but mathematically different: we propose a routing-induced systems perspective that separates
how context produces routing/mixing coefficients from how those coefficients are composed over time, and we use
this lens to relate input-dependent routing directly to long-context sensitivity and memory-decay behavior.

Our contributions are:

e Architecture. We propose the Sessa sequence mixer, integrating attention into the recurrent feedback
pathway under an otherwise standard decoder macro-architecture.

e« Memory. We characterize long-range sensitivity of Sessa and identify a heavy-tail memory regime in which
the feedback solve induces a power-law influence tail in the lag ¢ of order O(¢~Pui) with 0 < 3,,; < 1.
In this diffuse, low-separation routing regime, attenuation is asymptotically slower than the exponential
forgetting exhibited by many stable or contractive SSM regimes, and it mitigates inverse-support dilution
effects under the stated assumptions (Section 4.2; Theorem 8).

e Selective retrieval. In the matched theoretical regime, we show that deep Sessa realizes flexible selective
retrieval profiles, including non-decaying ones, whereas diffuse fixed-depth Transformers and failed-freeze-
time fixed-depth Mamba do not (Section 4.2.8; Theorem 12; Proposition 13).

e Empirics. Under matched architectures and training budgets, Sessa achieves the strongest performance
on our long-context benchmarks while remaining competitive on short-context language modeling.

We additionally prove a universal approximation result for a broad class of causal sequence mappings in Appendix [
(Theorem 14).



2 Background

We separate two largely independent aspects of causal mixers:

(i) how routing/mixing coefficients are produced from context, and
(ii) whether information is accessed via a single read or accumulated through feedback.

Terminology We use system to refer to the memory mechanism (direct-read or feedback). We use routing
to refer to the coefficients that specify how information flows over time for example attention weights a™4, the
induced feedback matrix By,, or the transition operators in a recurrence. Routing is the collection of coefficients,
meaning weights or operators, that determine information flow over time. The system determines whether routing
is applied once (direct-read) or repeatedly composed via feedback.

2.1 Direct-read and feedback systems

We model a broad class of sequence mixers by expressing each output as a mixture of a chosen stream wu, with
coefficients that may depend on the available context z,,.

Definition 1 (Direct-read variable-support system). We say that F is a direct-read system with respect to a
chosen stream wu, if, for every ¢,

Y = Z Kt,‘r(w():t) Ur, St < {07 at}a (1)

TES,

so each y, is produced by a single input-addressed read, i.e., a mixture over the visible index set S,. If |S,| varies
with ¢, we call the system variable-support. 1f there exists W > 1 such that K; . = 0 whenever t —7 > W,
equivalently, S, C {max(0,t — W +1),...,t}, we call it bounded-support direct-read.

Remark 2.1 (Kernel representations alone do not distinguish direct-read or feedback). On any finite horizon T,
any causal linear map admits a lower-triangular kernel representation (Kalman, 1960; Antsaklis and Michel, 2006).
Yy = ZT - Ky +u,, so kernel form alone does not identify whether influence is produced by a single read or by
an internal recurrence. Here, direct-read refers to the computation graph: y, is formed by one read/mix over a
visible set, without repeated composition of the same mixing primitive inside the layer.

Dimensions. u, € RP, y, € R, and K, ,(zq,) is a linear map of the appropriate shape.

In contrast, models with an explicit state and feedback naturally take a feedback form.

Definition 2 (Feedback system: state-space or operator form). We say that G is a feedback system with respect

to a chosen stream wu, if there exist states h, in a possibly time-varying state space J, such that, for each ¢t > 0,
with, e.g., h_y =0, hy = Agnt(Tox) Peo1 + Byt (Toir) Uy Yo = Camt(Tox) by + Dy o(To.p) upe (2)

The recurrence composes the routing over time, so y, can depend on arbitrarily old inputs even when each update

is local in h,_;.

Remark 2.2 (One-hop and multi-hop routing). We view routing as propagation on a directed acyclic graph (DAG)
over time indices induced by the mixing coefficients. Fix a horizon T and nodes {0, ...,T — 1}.
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Figure 1: One-hop and multi-hop temporal routing within a single mixer layer.

Transformer: influence from 7 to ¢ follows a single direct edge (one-hop).

Mamba: influence from 7 to ¢ follows the chain 7 — --- — ¢ (multi-hop along a single path).

Sessa: influence from 7 to ¢ aggregates over many paths with varying hop counts (multi-hop over many paths).

Direct-read (one-hop). A direct-read system forms y, by a single read from a visible set S, using coefficients K,
in the routing graph, this corresponds to using only direct edges 7 — ¢. Influence from 7 reaches ¢ in one routing
step.

Feedback (multi-hop). A feedback mechanism can apply routing repeatedly through an internal state or solve,
allowing influence from 7 to reach ¢ through paths with intermediate nodes. This repeated composition is what
we call multi-hop routing.

The classical finite-dimensional state-space case corresponds to #, = RN with fixed N for all ¢. Structured SSM
layers (e.g., S4/S4D and Mamba) are instances of this special case.

Hop counts in the solve Sessa’s mixer output s is defined by a causal lower-triangular solve
(I—be)S:f, [be]thOfOI'th, (3)

On any finite horizon T', By, is strictly lower-triangular and hence nilpotent (BE = 0) (Horn and Johnson, 2012).
Hence,

(I —Bg)~ Z BE and 5= 2 BEf. (4)

Each term B i [ corresponds to routing through k feedback steps, a k-hop contribution. Equivalently, for indices

T<t,
k

(be)t,r = Z H i k>1, (5)

T=1g<iy<-<ip=t r=1



which is a sum over all length-k directed paths from 7 to ¢ in the feedback-induced routing graph. This explicit
path expansion is the mechanism behind heavy-tail regimes analyzed later: even if individual edges are small
under diffuse routing, the number of admissible paths grows with lag, and the solve aggregates contributions
across all hop counts.

2.2 Self-attention as direct-read

Standard causal self-attention fits Definition 1 when the mixed stream is the sequence of value vectors. At position
t, over a visible index set W, C {0, ..., t}:

Tk-
Y = Z O‘%d Vs apf = eXP(Uk e j) (6)

Jjew, ZiEWf, exp(crk q;rkz) 7

with ¢, = Wy, kj = Wia;, and v; = Wy ;.

Lemma 2.3 (Self-attention is a direct-read system in V). At each position t, self-attention computes y, by a
single input-addressed read from the visible set W,, mizing the value vectors (”j)jew, with context-dependent

wd

weights ozij .

Full-prefix, windowed, and sparse attention all fit the same direct-read template through the choice of visible set
W, (Child et al., 2019; Beltagy et al., 2020; Zaheer et al., 2020; Ding et al., 2023).

2.3 State-space models as feedback

Structured state-space models (SSMs) implement sequence mixing through a latent state and a (possibly selective)
recurrence. A standard form is

ht = Assm htfl + Bssm Ly, Ye = Cssm ht7 (7)

where A,
efficiency.

€ RN*N encodes temporal dynamics and is typically constrained (diagonal/structured/low-rank) for

Modern language-oriented SSMs such as Mamba often employ input-dependent recurrences that fit Definition 2:
h, = Assm,t(xO:t) hyy + Bssm,t(xO:t) Ly, Yy = Cssm,t(xo:t> hy. (8)

In Mamba, the discrete transition commonly takes the form

A = ding(exp(=2,A,),

ssm,t

so a lag-¢ memory factor contains terms of the form

exp( -, Zt: AT).

r=t—{+1

Accordingly, long-range memory is preserved only when the model can create a long preserve corridor of steps
with A, ~ 0.

This suggests the matched comparison principle used later in the paper. For attention, broken sharp selection
means that softmax mass cannot concentrate on a small set of indices. For Mamba, the analogous failure mode is
failed freeze time: the model cannot sustain a long preserve corridor on the relevant interval. For the three-way
comparison in this paper, we say that a Mamba layer is in a failed freeze-time regime on an input set of interest



if there exists c, > 0 such that for every relevant pair 7 < ¢,

Z A, > cp(t—1).

r=7+1

Equivalently, the average discretization step along every relevant interval is bounded below by a positive constant.
In Mamba this implies

t
EXp<*/\n Z Ar) < e Anealt=T),
r=71+1

so long-range influence is exponentially small in the lag. This is the Mamba counterpart of diffuse attention used
in the matched comparisons below: in attention, the selector cannot concentrate mass on a few indices; in Mamba,
the model cannot maintain A, ~ 0 on a long relevant corridor.

3 Model Architecture

We instantiate the one-hop and multi-hop routing viewpoint of Section 2.1 with a concrete layer, Sessa. Sessa
uses a single gated-MLP-style block that wraps a recurrent mixer, rather than alternating separate attention and
MLP blocks. The mixer itself combines (i) a standard causal forward-attention signal and (ii) a feedback term
that mixes past mixer outputs.

The official implementation is available at https://github.com/LibratioAI/sessa.

Notation. Inputs and outputs have shape z,y € RBwuaxT>D with ¢ € {0,...,T — 1}. We use an internal key

and query width d; and scale o), = d,:l/ 2 All definitions apply per batch element; we omit the batch index when

clear.

3.1 Sessa block

Given x € RBwuaxT*D 'the block applies pre-norm, a gated projection, the mixer, and a residual connection:

Z = LN(x), 9)
a,g) = split( ZW™ + p), a,g € RBraaxTxD, 10
(a,g) = split( ) 9

@ = GELU(a), (11)

s = Mixer(a) € RBumaxTxD (12)

y=z+ ((s©g)We™ 4 b°). (13)

We use Layer Normalization (Ba et al., 2016) and the GELU nonlinearity (Hendrycks and Gimpel, 2016). Here
Wit € RP*2D and Wout € RP*P, The elementwise gate g plays the usual role of gated MLP variants (Hua et al.,
2022; Shazeer, 2020): it modulates the mixer output before the residual add.
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Figure 2: Sessa Layer.

3.2 Sessa mixer

The mixer maps a € RBwa*T*D 5 g € RBumaT*D Tt uses two causal attention mechanisms: (i) a forward causal
attention that produces a forward signal f, € RP, and (ii) a feedback attention that produces weights over the
strict past, used inside a causal feedback solve.

Projections. At each time ¢, we form forward queries, keys, and values, as well as feedback queries and keys,
using standard linear projections:

q,{t = atWQfa k{ = C_Lf,WKf: v = a, Wy, qf = C_ltWQba k? = a; Wy, (14)

where ¢, k7, ¢%, kb € R% and v, € RP. We apply RoPE to the forward pair (¢, k%). We use rotary position
embeddings in the forward branch (Su et al., 2021).

Forward attention. Define causal weights over j < ¢:

afvd — softmaxogjgt(ak<RoPE(qtf ), RoPE(k ))) : (15)
and the forward signal
t
fi= Zaﬁ‘f’f v; € RP. (16)
=0

This is a one-hop mixture of values (v;),;-; over a finite visible set.

Feedback attention. Define feedback weights over the strict past j < ¢:

b
o =

B {softmax0<j<t1(ak(qf,k§>>, t>1, j<t, 0
J

o =0 Vj. (17)
0, i>t, 07



Feedback gain. We modulate the feedback with a scalar gain v, € (—1,1):

v, = tanh((a,, w?) 4+ b7). (18)

The bound controls feedback magnitude: since a?j is a convex distribution over j < ¢, the feedback term is a

convex combination of past states scaled by |v,| < 1.

Feedback routing matrix.
[be]t,j =M a??;» [be]t,j =0 for j > ¢. (19)

Scalar routing and feature-wise solve. Here By, is a scalar strictly lower-triangular routing matrix (each
[be]m, € R). The solve (I — By,)s = f is applied independently to each feature dimension of s, f € RT*P: for
every d € {1, ..., D},
(I — Bg,) Siqa=1I.a
In vectorized form,
(Ip ® (I — By,)) vec(s) = vec(f).
The resulting recurrence (22) therefore uses scalar-vector multiplication ([Bp,] s; with [Bp] ; € R and s; €

t,j t,
RD).

Lower-triangular solve. The mixer output s € R7*? is the unique solution of
(I—By)s = f (20)

which is a unit-lower-triangular solve with D right-hand sides. This can be implemented with optimized triangular-
solve routines (e.g., batched solve_triangular/TRSM kernels), avoiding explicit formation of (I — Bg)~t. Thus,
in the dense full-prefix formulation, the mixer remains quadratic in 7. Equivalently, forward substitution gives
the explicit recurrence

so = Jfo» (21)
t—1 t—1

st:ft+Z[be]t’jsj = ft‘f"YtZO‘?,)ij, t>1 (22)
=0 j=0

Remark 3.1 (Multi-hop routing view: exact on finite horizons). Since By, is strictly lower-triangular on a finite
horizon T, it is nilpotent (B} = 0) and therefore

T-1 -1
(I —By)™ ' = Z BE  and hence s= Z BE 1.
k=0 k=0

The term Bf f aggregates contributions that traverse k internal routing steps through the feedback operator.
Thus, unlike self-attention’s one-hop read, the solve realizes multi-hop routing, which can produce the heavy-tail
influence regimes analyzed in Section 4.2.

3.3 Positional encoding

RoPE in the forward path. In the forward attention (16) we apply RoPE to (¢f,%7), following common
practice in decoder-only Transformers (Touvron et al., 2023; Black et al., 2022). This injects relative positional
information into the attention logits while preserving causal masking.

No positional encoding in feedback. We do not apply RoPE, or any other positional encoding, to the feed-
back attention (17). The feedback path already induces an absolute time direction: the strictly lower-triangular



feedback operator (19) and the causal solve (20) correspond to a forward substitution recurrence (22), whose
output at time ¢ depends on an iterated aggregation of the strict past. This temporal asymmetry can generate
position-dependent signals even when the mixer input is time-constant.

Corollary 1.8, proved in Appendix 1.5, shows that a single Sessa block can produce a deterministic, position-
dependent additive offset: there exist parameters and vectors (p,)L;' C R? such that for all inputs z in any fixed
compact set D C RBaanxT>D

Yy = Ty + Dy, t=0,..,T—1.

Moreover, these offsets can be chosen separated on 2 in the following sense: there exist a unit direction u € RP
and a scale A > 0 such that p, = ¢,(Au) with ¢, pairwise distinct and the scalar ranges {(x, + p,,u) : = € D} are
pairwise disjoint over t. By Corollary 4.13, the position index ¢ is recoverable by a continuous token-wise map on
the set of shifted tokens, so the feedback mechanism can supply an absolute positional signal internally.

4 Theory

This section establishes four properties of Sessa:

(i) stability of the feedback solve,

(ii) long-range memory, including flexible selective retrieval,
(iii) internal positional encoding,
(iv) universal approximation.

Remark 4.1 (LayerNorm). All stability and Jacobian statements in this section are stated for the formulation
with Norm = Id. For the pre-norm LayerNorm extension relevant to universal approximation, we assume an
explicit € > 0 and use the corresponding Lipschitz bounds for the normalization map; see Appendix J.

4.1 Stability of the feedback solve
We isolate the operation in Sessa that induces multi-hop behavior: the causal lower-triangular solve
(I-By@)s = f@),  [Bal, (@) =n@afe),  [Byl, (2)=0forj>t, (23)

where oz??,(x) is a convex distribution over the strict past, j < t, produced by the feedback attention, and

v, (x) € (—1,1) is a bounded scalar gain. The quantity f(x) is the forward aggregation defined in Section 3.

Scalar feedback matrix Throughout the stability analysis, By, (z) € RT*T is scalar-valued: each entry
[be]tj(x) € R. The solve acts feature-wise on s, f € RT*". In vectorized form, (I, ® (I — By))vec(s) =

,
vec(f).
Norms For a finite or infinite token sequence u = (u,) with u, € R", define

[l 2 = sup 2,

and for a finite tensor U € RT*", define Ul o 2 := maxgcicq 1 Uyl

Assumption 1 (Uniform row contraction on the feedback margin). For every radius R > 0 there exists p(R) €
[0,1) such that for all inputs x with 2], o < R,

supy(2)] < p(R) < 1. (24)



Since each of” () is a convex distribution over j < ¢, Assumption 1 implies the row-sum bound

sup Y [By, (@) < p(R) < 1. (25)
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Lemma 4.2 (Causal lower-triangular solve is bounded on ¢ ). Let By, be strictly lower-triangular, possibly on an
infinite horizon, and define (Bg,s), = Zj<t [Bﬂ)]m,sj. If sup, Zj<t \[be}m] < p < 1, then for every f € £ (N,R")
there exists a unique s € £ (N,R") solving (I — By))s = f, and

1
Islloo 2 < ip”f”oo,?

Proof sketch. Forward substitution gives existence and uniqueness. The bound follows by a standard induction
on the partial maxima max;, [, [, using the row-sum estimate. See Appendix D.4. O

Proposition 2 (One-block stability bound). Fiz a Sessa block G acting on finite or infinite sequences with the
feedback solve (23). Assume moreover that all tokenwise affine maps appearing in the block (in particular, the
output projection and the residual affine terms) are fixred and have finite operator norms and finite bias magnitudes.
Assume that for every R > 0 there exist finite constants Fp, Gp < oo such that on the ball ||z] ., » < R,

1f@)loee < Fr,  19(2)]oo2 < G, Sup (@) < p(R) <1,

Here g(z) denotes the tokenwise gate, the Hadamard multiplier applied to s before the output projection. Then
there exists Cp < 00 such that |G(x)] . o < Cg for all |x| ., o < R. In particular, G is BIBO-stable on £, (N,R").

Proof sketch. By Lemma 4.2 and (25), |s|o < (1= p(R) " [flscs. Then |5 © glogs < Islaalgln: Since

bounded tokenwise affine maps send bounded sets to bounded sets, the output projection together with the
residual affine terms yields a ball-to-ball bound for G. Appendix Proposition 25 strengthens this by giving an
explicit ball-to-ball constant in terms of matrix/operator norms and bias magnitudes; see Appendix D. O

4.2 Long-range memory

We compare long-range memory through Jacobian-based diagnostics that separate the memory mechanism from
routing adaptation. Let y = G(z) denote the output of a causal mixer or block applied to an input token sequence
x = (xg,...,Tp_1), and fix a source position 7 < t with lag

£:=t—r.
Our analysis uses three related diagnostics.

Diagnostics.

(i) Fized-routing influence Jacobians. We first freeze a realized routing pattern and differentiate only the
induced linear map from an injected stream to the output. This yields, for example,

Jattn — @ Jsessa — %
v afwd’ o f Bm’
and the corresponding SSM impulse Jacobian J*™ induced by a realized sequence (A, ¢, Bym.t» Cssmt)-

These quantities isolate the memory mechanism under a common realized routing regime.
(ii) Fnd-to-end block Jacobians. We then return to the full input-dependent block and measure the actual

10



sensitivity of output token y, to a past input token z_:

oy, (x
Ji2(z) == gtx( )

t,T

Unlike the fixed-routing Jacobians, these derivatives include both transport through the memory mechanism
and the dependence of the routing coefficients on the input. They are the relevant one-block quantities for
comparing diffuse attention, failed-freeze-time Mamba, and Sessa under smooth-routing assumptions.

(iii) Scalar transport scores for deep retrieval. For selective retrieval we extract scalar scores from deep end-to-
end Jacobians. For a depth-V}, ., stack with hidden states

O = g, RO A WNiayer)

we write (M)
e2e,(Nayer) _ Ohy ™

JE ) (3 @)

on' (z)
Later we evaluate these blocks against source and target probes to obtain scalar transport scores, written

generically as S, which are the quantities used in the selective-retrieval theorem.

These diagnostics play complementary roles. Fixed-routing Jacobians expose the structural difference between
one-hop direct read, chain-structured feedback, and Sessa’s many-path feedback solve. End-to-end block Jacobians
capture the actual behavior of the nonlinear input-dependent block. Scalar transport scores are needed for the
positive retrieval statements, since they let us compare source and distractor influence after composing end-to-end
Jacobians across layers.

All decay statements in this subsection are expressed in the lag £ =t — 7, not in the context length 7.

The key structural difference is that, for Sessa, the fixed-routing solve
(I — Bg,)™!

aggregates contributions over multiple hop counts and, in dense regimes, over many temporal paths. This accu-
mulation across hop counts and paths is the mechanism behind the polynomial tail analyzed below.

4.2.1 Fixed-routing Jacobians

We begin with realized routing patterns and isolate the induced memory operators. Worst-case comparisons
over all inputs and parameters are uninformative, since any model can suppress a token. Instead, we compare
the architectures within common diffuse-weight regimes by studying the corresponding fixed-routing influence
operators.

Attention value Jacobian For causal self-attention, for a given set of attention weights ag‘jvf, the map from
values to output is linear:
w=Y o,

<t
We define the value influence Jacobian
0 .
S T (26)
o

Solve Jacobian In Sessa, for a given feedback matrix By, i.e., a given routing pattern inside the loop, the
lower-triangular solve

(I —By)s = f

11



is linear in f. We define the solve influence Jacobian

essa Jds — sessa, -
Jsessa . — = (I — be) 1, Jtﬂ-( = [(I_ be) 1}15,7" (27)
of By,

Because By, is scalar-valued, the solve acts identically on each feature dimension; equivalently, if f,,s, € R%, the
full feature-block Jacobian is

Ty,
SSM impulse Jacobian For a feedback recurrence hy, = Ay, 1hy 1 + By 1, vy = C,

ssm,t
sequence of transitions (A B Cym 1), the impulse influence from u, to y; is

h;, given a realized

ssm,t) ~ssm,t?

t
J:;I_H = OSSIIl,t( H Assm,r)Bssm,T’ 0 S T S 2 (28)
r=7+1

Convention: time-ordered product. We interpret the matrix product in (28) as the left-to-right time-unrolling
consistent with the recurrence h, = A, by g + -

H Assm,r = Assm,tAssm,tfl“'Assm,TJrl'

so that the definition also covers the case t = 7.

These Jacobians isolate the memory mechanism under a common routing regime.

4.2.2 End-to-end Jacobians
Definition 3 (End-to-end block Jacobian). Let y = G(x) denote the output of a single mixer/block G applied
to an input token sequence x € (RP)T. We define the end-to-end Jacobian blocks by

e2e Ay, (x «
Ji%(x) == 8t33< )E[RD b,

.
For 7 < t, Jf2°(z) measures long-range influence without freezing routing.

t, T

Definition 4 (Diffuse attention regime). We say that an attention mechanism is in a diffuse, low-separation
regime on a horizon 7' if, for each ¢, its pre-softmax logits 1, ; over the visible set satisfy a bounded spread

max ), ; — min J, - <A for some finite A,
JEW, 7 jEew, 7

uniformly over the inputs under consideration. In this regime, softmax weights are near-uniform: Appendix
Lemma C.1 implies that for full-prefix attention with |[W,| =t + 1,

= O(1/ W)

In particular, for full-prefix causal attention one has

W, ={0,...t},  |[W,|=t+1,
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whereas for strictly-lower attention one has

W, ={0,..,t—1},  |[W,|=t fort>1.

We state diffuse bounds in terms of the visible-set size |W,| to cover full-prefix and strict-past attention uni-
formly.

We assume diffuse attention rows af"! < ¢,/|W,| (Definition 4), together with the following smooth-routing bound
on the input set of interest:

ZH%‘” ), < o 7 (29

Appendix B derives this from standard softmax calculus under mild logit-sensitivity control.

Lemma 4.3 (Smooth-routing for standard causal attention). Assume a single-head causal attention row is
o™ (z) = softmax(2; o(x), ..., 2y, (x)) with logits 2, (x) = (q(=,), k(x;)) where g,k are tokenwise maps. Then
for every T < t,

0 f‘fd . 02 ,(z)
S, < et =5,
In particular, if |02, ,/0x |y < Ly on X'y, then
ZHaat] H 2L+ afwd(l,> < @

in the diffuse regime of Definition 4. For full-prefiz attention one has |W,| =t + 1. Full proof in Appendiz C.1.

4.2.3 Exponential forgetting in LTI systems

Consider a finite-dimensional linear time-invariant feedback system in state-space form:

h‘ - Asmnht 1 + Bssmut7 Csslnh (30)
with constant matrices (A, Begms Csem)- Under an impulse input at time 7, i.e. u, # 0 and u, = 0 for t # 7, the
contribution to y, is mediated by A{,T = A

ssm*

Proposition 3 (Exponential decay in BIBO-stable LTI feedback systems). Assume (30) is BIBO-stable. Then
there exist constants ¢ > 0 and k € (0,1) such that for all lags £ > 0,

L

[Cn AL < ekt

Ssm SSImM QQHI H
Equivalently, the impulse response and long-range influence mediated by the state transition decay exponentially
in the lag ¢.

Proof sketch. BIBO stability implies internal stability of any minimal controllable and observable realization,
hence py .. (A ) <1 (Dahlehet al., 2011c). Therefore AL, .| < ¢k’ and [|Cy, AL AL

S8S1m, co Ss1m,co SSm Ssm hbm H H Ssm,co SsS1m, co bbn’l,CO || —

’k%. Proof in Appendix C.3. O

4.2.4 Exponential forgetting in Mamba
Mamba-style layers fit Definition 2 as feedback systems. Their update maps Ay, (%0.4); B ¢ (Zo:t), Cosmn t (To:)
depend on the input.

C,

Convention: discrete scan coefficients In what follows, Ay, ;s By t> Cssm ¢ denote the discrete-time scan
coefficients actually used in the recurrence h, = A ,h, | + By, U, after discretization, such as ZOH, unless

13



stated otherwise.

Exponential forgetting is not automatic for general input-dependent feedback systems. Section 4.2.6 gives a
counterexample in a diffuse feedback-routing regime. For Mamba, the relevant condition is failed freeze time: the
model cannot sustain a long interval with A, ~ 0.

Accumulated discretization time In Mamba’s standard ZOH-diagonal parameterization, long-range influ-
ence is controlled by the accumulated discretization time

> A

r=7+1

since the transition product contains factors of the form

eXp(—an zt: AT>.

r=7+1
Accordingly, failed freeze time converts control in accumulated discretization time into exponential decay in the
lag.
Proposition 4 (Mamba end-to-end Jacobian bound). Consider a Mamba block with state h, € R and output
y, € RP:
h*l = 07 ht = Assm,t (xt) ht 1 + bem t( )Bssm,t (:Ct) Uy (:Ct)7 Y = Cssm,t (mt> ht7

where the parametrization is local and ZOH-diagonal: for each mode n,

[Assm,t(mt)]n = eXp(—anAt(xt)), [G851n,t(xt)] 1—exp(— anAt(xt)) ’

a,

with input-independent rates satisfying

a, >A>0 for all modes n.

Assume there exist constants Up, G Cr,Ly, Ly, L, < oo such that for allx € X' and all t,

max’

[uy(z)| < Ug, ||B:x:t<xt)|| < Gy Hcssm,t(xt)” < Cp,
OA 1 (2y) 8Bssm (z,) 9]
R e T e e P

For t <t with lag ¢ =t — 1, define
t
(@) = exp( =2 Y A()).

r=7+1

Then for every x € X p and every T < t,

|2 < e, (o),

s

where one may take

C(R) = Cp I,
with )
JR = LA HR A Gma,x + X(LB UR + Gmax L ) HR =V dstate %

14



Proof sketch. Differentiate the ZOH recurrence. By locality, for ¢ > 7 one has

oh Oh,_
aixt = ssm,t(xt) a; 1'

T

Thus the long-range dependence is controlled by the transition product. Lemma 4.4 yields the uniform state
bound Hp, which controls the source-time injection derivative Oh,/Oz,. Since each diagonal transition satisfies

| TT Awrte| <exp( =3 3 8,@) = 11,,(0),
r=7+1 r=7+1

the displayed bound follows. Proof in Appendix C.4. O

ZOH discretization under freezing In Mamba, the discrete-time coeflicients arise from a stable continuous-
time diagonal kernel via ZOH (Gu and Dao, 2024). For each mode with continuous parameter A = —a with a > 0
and step size A, > 0,

R

At = eiaAt c [0, 1]7 Bt ssm,t*

a

Here Ay, , = A, and Byu, = Gy t Bssm 11+ In particular, when “freezing time” with A, = 0 one has A, =1and
B, =0, so the update injects no new input while holding the state.

Lemma 4.4 (Bounded state for ZOH-diagonal Mamba channels). Consider the scalar ZOH recurrence

1—e @8

h_; =0, h, =e %t h, | + ———b,, a>ap, >0, A >0.
a

min

If [b;] < M for all t, then sup, |hy| < M/a,,. More generally, sup, |h,| < max{|h_,|, sup, |by|/ap,}-

Proof sketch. Write h, = 0,h,_; + (1 —6,) %‘ with 6, :== e=*A+ € [0,1]. Thus h, is a convex combination of h, ,
and %, yielding |h,| < max{|h, 4|, |b;|/a}. Since a > a,y;,, we have |b|/a < |b;|/ap,, and the claim follows by
induction. Proof in Appendix C.5. O

Failure of freeze time Mamba may slow decay by keeping A, A, ~ 0 over selected steps. We rule out this
behavior by assuming that accumulated discretization time grows linearly on every relevant interval.

Proposition 5 (Failed freeze time yields exponential forgetting). Consider a single-mode diagonal selective SSM
channel with memory factor

I , = ﬁ exp(—/\AT):exp<—)\ i AT), A>0.

r=t—0+1 r=t—{+1

Assume there exists ca > 0 such that for every relevant pair T < t,

t
Z A, > cpt—1).
r=7+1

Then
IT, , < exp( — Acal).

Equivalently, once freeze time cannot be maintained over a long interval, the memory factor is exponentially small
in the lag.
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Proof sketch. This is immediate from
t
I, = exp( —A Z Ar>
r=1+1

and the assumed linear lower bound on the accumulated discretization time. Proof in Appendix C.7. O

4.2.5 Attention dilution

For causal self-attention, the direct contribution of token 7 to y, is the one-hop weight a?‘f. In diffuse regimes
this is O(1/|W,]), hence O(1/(t + 1)) for full-prefix attention. For very old tokens with 7 = O(1) and ¢ < ¢, this
becomes O(1/¢). This is a dilution phenomenon controlled primarily by the query time ¢, rather than a multi-hop
forgetting mechanism.

4.2.6 Polynomial decay in Sessa

We formalize a regime in which the Sessa feedback solve yields polynomial decay in the lag £.

Scalar recursion Let (v;);5o be scalars and let (agj)tzl,ogj« satisfy ag’j > 0 and qu O‘g’j < 1. Given a
forward sequence (f;), define

t—1
Yo = fos Y = fr + % Zaf}jjyj, t>1. (31)
=

For an impulse input at time 7, set f, =1 and f, = 0 for ¢ # 7. This yields an influence profile y, supported on
t > 7; the relevant memory variable is the lag £ =t — 7.
Assumption 6 (Diffuse feedback routing envelope). There exists ¢y € (0,00) such that for all t > 1 and all
0<j<t,

ft €2

Assumption 7 (Bounded feedback gain). There exists Y, € [0,1) such that |7y,] < Ymax for all t > 0.

Define B, := 1 — YaxCo and assume v,,,.¢o < 1, 80 By € (0,1].

Theorem 8 (Polynomial decay of impulse influence). Under Assumptions 6-7 and By i= 1 — YypaxCa € (0,1],
the impulse influence induced by (31) satisfies, for all lags € > 1,

|y7_+€| < C OB, for instance C=01-Bun) e 1B,
uniformly over the impulse time T (when the same constants apply).

Proof sketch. Shift the recursion to start at 7 and apply a comparison argument controlling partial sums by a
harmonic-growth recursion, yielding ¢~%ui. For 0 < §,,; < 1, the full proof appears in Appendix E, Corollary .4
with j = 7. The endpoint case f3,,; = 1 corresponds to 77 = 7,,.xCo = 0, hence v, = 0 for all ¢ and therefore
Yrre = 0 for all £ > 1; see also Remark E.2. O

Remark 4.5 (Subcriticality). Whenever we refer in prose to a polynomial tail induced by diffuse feedback routing,
this always means the subcritical regime

ft G2
ati] S ?7 |7t| S ’Ymaxa ’YmHXCQ < 1.

Equivalently,
Btail =1- TmaxC2 € (0’ 1]'
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The nontrivial heavy-tail case is 0 < f,,; < 1. The endpoint S,,; = 1 corresponds to 7,,,.¢» = 0, in which case
the post-source impulse is identically zero; see Remark E.2. Thus bounded gains alone do not suffice: the strict
subcriticality condition 7,,,.co < 1 is essential in every use of Theorem 8.

Comparison and sharpness. Under the subcritical diffuse-routing assumptions above, Sessa yields a polyno-
mial tail /~Pu1, unlike the exponential forgetting of stable LTI feedback systems (Proposition 3) and failed-freeze-
time Mamba (Section 4.2.4). The exponent is sharp: in the explicit uniform-routing regime O‘g,)j = %l[j < t] with
constant v € (0,1), Appendix Corollary F.2 gives the closed form

_ (r+1) .F(T+€+’Y)
y7”_71“(7+1+7) D(r+(+1)

and hence y,,, = ©_(¢~Pu) with B,,; = 1 — v for every fixed 7. Appendix Corollary F.3 further gives a uniform
two-sided envelope on every bounded source family for a single layer. These one-layer statements are distinct
from the deep selective-retrieval theorem below, which uses a different multi-layer construction.

Connection to attention dilution Diffuse attention in a one-hop mixer yields per-token weights of order
O(1/t) and, for very old tokens, O(1/¢). In contrast, under the diffuse-routing assumptions of Theorem 8, Sessa
yields a tail O(¢~Pui) with 3,,; < 1, which is asymptotically slower than 1/¢ and therefore can mitigate dilution
by sustaining longer-range influence through the stateful feedback channel while remaining BIBO-stable under
Section 4.1.

Proposition 9 (Decay envelopes in the diffuse regime). Fiz a horizon T and consider the fized-routing influence
Jacobians of Section /.2.1. The three items below are stated under the mechanism-specific assumptions introduced
above.

(i) Transformer. In the diffuse regime with full-prefix visibility, the value Jacobian satisfies
¢ 1n 1
Il =ait=6(;y) (<o),

and in particular for a fixved old source T = O(1) and lagl =t — T,

|25 -1 = ©(1/2).

T+, T

(i) Mamba. Assume the realized recurrence has diagonal transitions

A = diag(exp(—a, A,)), a, > A>0,

ssm, T
and bounded input/output factors sup, |Byy, [, sup,. [|Cyp | < 00. If, on the region of interest,

t

A Zept—7),

r=7+1

then the impulse Jacobian obeys
[T < ¢ exp( = Aea(t — 7)) = ce Aol

This expresses exponential forgetting under failed freeze time: the model cannot maintain a long preserve
corridor, so accumulated discretization time grows linearly in the lag.

(iii) Sessa. Under the hypotheses of Theorem 8, the solve Jacobian column corresponding to an impulse in f
obeys the polynomial envelope

s | < O, By (0,1],
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0, t=0,
as in Theorem 8. Moreover, in the explicit uniform-routing regime [By], = = {7
t.] i<, t>1,
ci<t], 2

€ (0,1) and B,y = 1 — 1, this envelope is tight in the following qualified sense: for every fized source

position T,

‘ :e_i;a7| — (g*ﬁmil)’

+

by Corollary F.2. Moreover, for every bounded source family 0 < 7 < 7,,,, there exist constants ., cf

0 such that
o 0P < || <o P

Tnax T+, T Tnax

forall0 <7 < 7.
on every fized finite horizon.

Proof in Appendiz C.2.

max

and all £ > 1, by Corollary F.3. In particular, the same two-sided bound holds uniformly

Proposition 10 (End-to-end decay envelopes). Fix a horizon T and consider one-block end-to-end Jacobians.
In item (i) we assume the diffuse smooth-routing regime of Section 4.2.2. Assume additionally that tokenwise

maps are bounded and Lipschitz on the input set: |v(z,)| < Vi and |Ov(z,)/0x,| < L,,.
(i) Transformer. Fory, = qu agwjd(x) v(z;) and any T <,

|5 = o, + v |

1

In particular, for a fized old source T = O(1) and lag £ =t — T, one gets | 62& Sl =0(1/¢).

(i) Mamba. Assume the block admits a local ZOH-diagonal parametrization as in Proposition 4. If, on the

input set of interest, there exists c5 > 0 such that for every T < t,
t
> Aa) > ealt =),

r=7+1

then Corollary 4.6 yields

H 9y, H < C(R)exp(— Aea(t — 7)) = C(R)eeal,

(iii) Sessa. Assume additionally the hypotheses of Corollary B.7. Under the diffuse feedback routing assumptions

of Appendiz B,
H 0y, H < Cg—ﬂ(au(l +log(1 + 1)), Beait € (0,1),

via Corollary B.7.

Proof sketch. (i) Differentiate y, = E] - ai‘”jd(x)v(acj): one term is controlled by of*L, and the other by
Vi dew H@afw‘l/&‘x |. Under the diffuse smooth-routing regime both are O(1/|W,]|), hence O(1/(t + 1))

for full-prefix attention.
(ii) Combine Proposition 4 with the deterministic failed-freeze-time condition

or equivalently use Corollary 4.6.
(iii) This follows from Corollary B.7 under the additional Sessa assumptions stated in item (iii).
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Corollary 4.6 (Failed freeze time implies exponential decay of Mamba end-to-end Jacobians). Under the hy-
potheses of Proposition /4, assume additionally the failed freeze-time condition of Proposition 5, namely that there
exists cp > 0 such that

Z A (x) > cplt—1)
r=71+1
for every relevant pair T <t and every x € X'p. Then

Hayt H < C(R)exp(— Aea(t—1)).

Proof sketch. Combine Proposition 4 with Proposition 5. O

4.2.7 Deep end-to-end bounds

The fixed-routing Jacobians remain useful as mechanism diagnostics, but deep architectural statements must be
made for the end-to-end Jacobians

(N,
9% 8h layer
Jt,Zv(NluyoJ(m) — ah(()) c RDXD

)

since these are the quantities that compose across layers by the chain rule. The next theorem gives the corre-
sponding deep path-sum expansion.

Theorem 11 (Deep end-to-end aggregation). Fiz a depth Ny, > 1, a finite horizon T, and a compact input set
Xy. Let
hO) = ¢ € 1'07 h(Mayer) — F (h(nlavorfl))

Mayer

1oy Niyyers

) nlayer =

where each block Fmaycr is causal and continuously differentiable on the relevant compact set

1:=F, 1°"'°F1(Io>-

MNayer — Mayer —

Assume that for each layer ny,., there exist constants

>0,

Mayer —

and a scalar lower-triangular kernel
K,  At7):0<r<t<T—1}—[0,00)

such that for everyu € X, _; and every 0 <7<t <T—1,

<d,, . 1t =7+ A (t, 7)1 < t]. (33)

Mayer Mayer

8F’nlmw,t (’LL)
Oou..

Then for every x € Xy and every 0 <7<t <T —1,

N ) Nh\y(‘,r

eZe, layer

N EDY > I
k=1 1§nlaycx,1 <"'<77’laycr,k§Nlavcx m¢{nlaver 151 ayer, k}

Z H Nayer, r nlmrr(lrazr 1)' (34)

T=ig<i <-<ip=t 1=
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The same expansion also gives the diagonal bound

26, (Npo) Niayer

€28, (NVayer

Jt,t (@HS H dnlmg
1

Mayer=

Proof sketch. This is a direct chain-rule expansion for the full block Jacobian. Proof in Appendix H. O

Thus deep long-range memory is controlled by the path sum induced by the one-block end-to-end Jacobian
envelopes.

For the family-over-horizon comparison used below, one needs a horizon-uniform version of this calculus, i.e.,
bounds whose constants are independent of the context length T'. The fixed-horizon model-class estimates and
the abstract horizon-uniform lifting are recorded in Appendix H-H.5. Here we state only the resulting horizon-
uniform decay envelopes needed for the comparison-class impossibility argument.

Corollary 4.7 (Horizon-uniform deep decay envelopes). Assume the hypotheses of Appendiz Theorem 35.

(i)

(i)

(iii)

Transformer. Assume that for each layer n,., there exists a,, >0 such that

a
nlayer

t+1’

(t,7) < <t

Mayer
Fix a bounded source family 0 <7 < 71_... Then for every £ > 1,

(log(1 + )N
Tmax > Nlayer 1 + ‘€

e2e,(Nyyyer)
sup sup  sup ||J o, "

T>Tpax+H2+1 0ST<T 0k IG.%(OT)

= "max

(wTws

In particular, the right-hand side tends to 0 as £ — 00, so this is a genuine horizon-uniform asymptotic
dilution law on bounded-source families.
Mamba. Assume that for each layer ny,y., there exist a, >0 andc, >0 such that

—Crpor (t—7)
Knlnynr(t7 T) < anla_vcre e ) T <t
Set ¢, = min,, ¢, . Then for every £ > 1,
e2e,(Nyyer —1 —
sup sup sup JH_&(Tly >(aj;T)H SN, (14 £)Nuwer—lemel,

T2041 0<7<T—l=1 4D

In particular, this yields a genuine horizon-uniform exponential forgetting law in the lag €.
Sessa. Assume that for each layer ny,., there exist a, >0 and a common exponent B, € (0,1) such
that “

A%M@ﬂoga%m@—Tr&M1+bg1+t—T», T <t
Then for every £ > 1,
2. (N ) layer k
sup sup sup Jiftzfr RCE T)H S Nier Bt Z gk(liﬁmﬂ)il(l +log(1+10))".
T20+1 0<T<T—l=1 cqlT) Ve =

In particular, if
Nlayer(l - 5tail> < 17

then the right-hand side tends to 0 as ¢ — oo, yielding a genuine horizon-uniform asymptotic decay law in
the lag. Outside this subcritical regime, one still retains a controlled horizon-uniform upper envelope.
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Proof sketch. Apply the horizon-uniform residual calculus in Appendix Theorem 35. The Transformer, Mamba,
and Sessa kernel-class estimates are proved in Appendix Propositions 32, 33, and 34, respectively. Combining
those bounds yields the stated horizon-uniform envelopes. O

Consequence The fixed-horizon deep bounds are recorded in Appendix H, whereas Corollary 4.7 gives lag laws
uniform in 7. Thus diffuse Transformers dilute like (log¢)™we—1/¢ on bounded-source families, failed-freeze-time
Mamba attenuates exponentially, and Sessa retains the stated heavy-tail upper envelope. These are upper-
envelope results. They are the right tool for the impossibility statements for the comparison classes, but they do
not yet yield a positive retrieval theorem for Sessa. The next subsection does.

4.2.8 Flexible finite-horizon selective retrieval

We now state the main positive memory theorem of the section. The point is not merely that Sessa admits a
heavy-tail upper envelope, but that on each finite-horizon family it can realize prescribed retrieval exponents
v, (B) = k(1 — 8) — 1, with constants uniform in both the horizon H and the source index 7,. For each H and
7,, the realizing network may depend on (H,7,), while the retrieval-profile constants remain uniform in both
parameters.

Definition 5 (Flexible finite-horizon profile realization). Fix an integer 7,,,. > 0, an exponent v € R, and for

max
each H > 1 a horizon
TH = 7-max + H + 1.

Let X" ¢ (RP)Tr be compact input sets satisfying the uniform bound

sup  sup [zl < R < 0.
H21 gl

Let € be an architecture class. We say that € realizes the profile v on the bounded source family

if there exist constants
m_ >0, m, < 0o, c_>0,

independent of H and ,, such that for every H > 1 and every source index 7, € {0, ..., 7, ), there exist

(i) a network Gy, € € acting on (RP)7x,
(ii) a source probe

cHm) ¢ RD and target probes p,(fH’m ERP, 0<t<Ty—1,

satisfying the normalization bounds

cHT|, <1, Hrl <1 (0<t< Ty —1),
2 Pt 2 H
(111) the full end-to-end Jacobian blocks
G . 8GH7T“t<£L')
o (2) - € RP*D,

-
(iv) the scalar transport score

Sty ™ @) = (o)1) I @) e,

t,T
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(v) and the corresponding selective margin

H,T, H,T, H,t,
M (@) = ST () — Y |8 ().
o<r<t

THT,

These data are required to satisfy, for every x € XX E)H),

m_ < MIT) (2) <my,
and
MU (@) > e (1+07,  1<C<H.
Theorem 12 (Flexible finite-horizon selective retrieval for deep Sessa). Work in the identity-normalized formu-
lation with the exact GELU activation
GELU(z) = 2 9(z2),

and assume
D>T.
Fix
Be(0,1), k=1, Ty >0,

max —

and define
v(B) = k(1 — ) — 1.

Let {IE)H)}H21 be a uniformly bounded family of compact sets as in Definition 5. Then the class of LN-free Sessa

networks realizes the profile v, (8) on the bounded source family 0 < 7, < T, n the sense of Definition 5.

More precisely, there exist constants
m_ >0, m, < oo, c_ >0,

depending only on (k, B, Tyax, B), but independent of H and T,, such that for every H > 1 and every 7, €
{0, ..., Toax }» there exist a finite-depth LN-free Sessa network

Gy r, ¢+ (RP)TH — (RP)Tw

EE

and a scalar channel score ST ™) with selective margin MUE™) such that for every x € JL”(()H),

(H,T,)
T,+1,7,

m_<M

() <my,

and
M(H’T*> ((E) > Ci<1 + E)Vk(ﬁ), 1</¢<H.

T,+4,T,

Consequently: if v, (8) < 0, deep Sessa realizes a decaying profile; if v,(5) = 0, it realizes a frozen profile; and if
v, (B) > 0, it realizes an increasing profile.

Proof sketch. Composite architecture. Fix H > 1 and 0 <7, <7,... Set

LH:: +H, TH::LH+1'

THI&X

We construct
GH,T* = MH,k o0 MH,l ° SH,T*,EH °Qp o Py.

Here Py writes a strictly ordered positional code, @ is a signal-transparent preparatory network producing the
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power profile, Sy . - selects the source 7,, and My y, ..., My are diffuse profile-compensated macro-layers.

By Corollaries 4.11 and 4.12, Py writes a strictly ordered positional code on e, while remaining transparent
to perturbations along eg,. Corollary K.21 yields a constant-depth network @y that preserves the signal and
positional channels and writes a profile

r, < (t+1)15.

Lemma K.12 yields a selector with gain < 1 at 7, and off-target suppression £ < (H +1)~!. Lemma K.22 yields
macro-layers whose selected-channel transport has kernel size =< (i + 1)7%.

Appendix Lemma K.9 identifies the selected-channel transport of the post-preparatory stack with the actual Ja-
cobian score. The desired lower bound follows by restricting to balanced k-jump paths and applying Lemma K.25,
while the competitor contribution is controlled by Lemma K.26. Choosing the construction constants appropri-
ately makes the competitor mass absorbable for all 1 < /¢ < H, yielding the stated anchored bounds. O

Corollary 4.8 (Flexible frozen and increasing profiles require depth). Under Theorem 12:
(i) for k=1, one has

131 (ﬂ) = _ﬁ < Oa
so only decaying profiles occur;
(ii) for k> 2 and
1
= ]_ —_ =
f=1-1,
one gets the frozen profile v, () = 0;
(iii) for k> 2 and
1
0 <1l—-—,
<p 2

one gets the increasing profile v, (3) > 0.

4.2.9 Impossibility for the comparison classes in the same flexible finite-horizon regime

This is the matching negative statement in the same family-over-H regime. By the horizon-uniform end-to-end
envelopes from Section 4.2.7, diffuse fixed-depth Transformers and failed-freeze-time fixed-depth Mamba admit
only decaying upper bounds, so they cannot realize frozen or increasing retrieval profiles.

Proposition 13 (Comparison-class impossibility for flexible selective retrieval). Fiz 7, > 0, and let

Ty =Tpax + H+ 1

Assume we are given, for every H > 1 and every 7, € {0, ..., Ty}, @ network

G
from one of the following two comparison classes: a depth-L causal Transformer in the diffuse smooth-routing
regime, or a depth-L causal Mamba stack in the failed-freeze-time regime.

Assume moreover that, in the Transformer case, the family satisfies the hypotheses of Corollary 4.7, item (i),
with constants independent of H and T,, and that, in the Mamba case, the family satisfies the hypotheses of
Corollary 4.7, item (ii), with constants independent of H and T,.

Then no such comparison-class family can realize a frozen or increasing profile in the sense of Definition 5. More
precisely:

(i) Transformer. There do not exist constants m_ >0, m, < 0o, c_ >0, and v > 0, independent of H and
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such that

Ts

and

hold uniformly for oll H,T,,x
(i) Mamba. The same zmposszbzlzty holds for failed-freeze-time Mamba families.

Proof. Assume toward a contradiction that such a realization exists. By Definition 5, the probes satisfy

leHml, <1, oy < 1.
Hence for every admissible H, 7,, z,t, T,
SV ()] = |(of™ ™) T () 1| < [ ()
Therefore Geomp
H,T, H,T, T
Mi ™ (@) < [Si ™ (@) < 17 (@)])

For Transformers, Corollary 4.7, item (i), applied to the family G%"", gives the horizon-uniform bounded-source-

family envelope

GCOK!][)
17 (@) =
<

T+, T

(log(1 + €))E1
1424 ’
uniformly over all admissible H,7,,z and all 0 < 7 < 7, .. This tends to 0 as { — oc.
For Mamba, item (ii) gives
7 @l = (L e,
uniformly over all admissible H, 7,,x, 7. This also tends to 0.

Since a frozen or increasing profile would require

M) () > (1+07  (v>0),

T,+4,T,
uniformly in all admissible H, 7,, z, ¢, this is impossible in either comparison class. O
Corollary 4.9 (Flexible selective retrieval separates Sessa from the comparison classes). In the regime of Defi-
nition 5

(i) deep identity-normalized Sessa realizes the full exponent family

v, (B) = k(1 —B) — 1;
(ii) diffuse fived-depth Transformers and failed-freeze-time fized-depth Mamba do not realize frozen or increasing
profiles.

Thus, in this uniform finite-horizon family-over-H regime, deep Sessa supports flexible selective retrieval, whereas
the two comparison classes do not.

4.3 Internal positional encoding

Sessa does not require an explicit absolute positional embedding in the feedback branch. The key point is that
the feedback solve can itself write a separated absolute positional signal. The main lemma gives this positional
writer, and the corollaries record the two refinements used later: one-directional writing with signal transparency,
and continuous recovery of the position index.
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Lemma 4.10 (Feedback generates ordered separated positional codes). Fiz T > 2 and model width m > 1. There
exists a single width-m Sessa block G and vectors Do - > Pr_1 € R™ such that for all token sequences h € RT*™,

GY(h),=h,+p, t=0,..,T—1.

[RT><m

Moreover, for any compact K _set C the offsets can be chosen so that there exist a unit direction v € R™

and pairwise disjoint compact intervals
Jo < Jp < - < Jp_q C (0,00)

with
(hy +pp,u)y €J,  forallhe X _set, t=0,..,T — 1.

Proof sketch. Choose parameters so that the mixer input is constant, the forward branch produces a constant
forward signal, and the feedback routing is chosen so that the induced scalar solve generates a deterministic
strictly increasing sequence on the finite prefix. Project that scalar sequence onto a chosen direction, then shift
and rescale it so that the resulting compact scalar ranges are pairwise disjoint, strictly ordered, and contained in
(0,00). See Appendix L.5. O

Corollary 4.11 (One-directional internal positional writer). Under the hypotheses of Lemma 4.10, the block can

be chosen so that there exists a unit direction e, € R™ and scalars Ay, ..., Ap_y with

GV (h), = h, + e t=0,..,T—1,

pos?

for all token sequences h € RT*™. Moreover, for any compact X_set C RT*™, the same block can be chosen so
that there exist pairwise disjoint compact intervals

Jop < Jp << Jp_y C(0,00)

with
(GY(h)y,epes) €J;  forallh € X _set, t=0,.., T —1.

Proof. In the construction underlying Lemma 4.10, the deterministic scalar sequence generated by the feedback
solve is written onto a chosen output direction. Choosing that output direction to be e . and writing no offset
on the orthogonal complement yields the form

pos

GV (h), = h, + \e

pos*

The interval-separation conclusion is exactly the same as in Lemma 4.10. O

Corollary 4.12 (Signal transparency of the one-directional positional writer). Under the hypotheses of Corol-
lary 4.11, let e4, € R™ be any unit vector with
esig 1 epos'

[RTxm

Then for every token sequence h € , every source index T € {0,...,T — 1}, and every scalar a € R,

GY(h+aegll = 7)), = GV (h), + aeg,1[t = 7], t=0,..,T—1

sig

In particular,
(GY(h+aeg, 1] = 7))y ep0) = (GV(R)y e Vi,

sig ty “pos ts “pos

so perturbations along ey, leave the internally written positional coordinate unchanged.

sig
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Proof. By Corollary 4.11,
G(1><h)t = ht + Atepos'

Therefore

G (h+ aegll = T})t =hy +aeg [t = 7]+ Aepo = GY(h), +ae

sig

sigl[t = T]'

Since ey, L e, taking the e, -coordinate gives the second claim. O

Corollary 4.13 (Continuous recovery of the position index). Under the hypotheses of Corollary /.11, fix a

compact set
X _set ¢ RTxm,

and choose the block so that there exist pairwise disjoint compact intervals
Jo < Jy << Jp_q C(0,00)

with
(GY(h),ep) €J,  VheX _set, Vt=0,...,T —1.

Then there exists a continuous map
Y:R™ =R

such that
w(G<1)(h)t) =t VheX_set, Vt=0,..,T —1.

In particular, the position index t is recoverable by a continuous tokenwise map on the shifted-token set

T—1

U {GV(h),: he€X_set}.

t=0
Proof. Write each compact interval as

Jy = [ay, by].
Since the intervals are pairwise disjoint and ordered, one has
by < a; (t=0,..,T—2).

Define a continuous function g : R — R by requiring

g(s) =t for all s € J,,

interpolating linearly on each gap [b;,a, ], and extending constantly on (—oo,ag] and [bp_;,00). Then g is
continuous on R and satisfies g ; =1t for every ¢.

Now define
U(2) = g((z,€p05)), 2 ER™.

Since z = (2, €,45) is continuous, ¥ is continuous. Moreover, for every h € X _set and every t,
<G(1>(h>t7epos> € Jta

hence
WG (h),) = g((GD (h)y, ) = .
O

Consequence Sessa can internally generate an absolute positional code through feedback, even when the for-
ward branch uses only relative-position-aware routing such as RoPE.
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4.4 Universal approximation of causal maps

We state a universal approximation result for Sessa networks on compact domains, in the standard causal decoder
setting. Since intermediate constructions may require an internal width m > D, we state the result for Sessa with
tokenwise linear adapters D — m — D.

Definition 6 (Causality). A map F : D — RT*D is causal if for every t and all z,2" € D, z, = x}, implies
F(z), = F(z'),.

Theorem 14 (Universal approximation by concrete Sessa with adapters). Let D C RT*P be compact and let
F : D — RT™P be continuous and causal. Then for any ¢ > 0 there exist an even query/key width d, > 2, a
model width m > D, tokenwise adapters

Embed : RP — R™, Unembed : R™ — RP,
and a finite-depth width-m concrete Sessa network G such that

sup “F(x) - Unembed(G(Embed(:ﬂ)))”F <e.
xE

Proof sketch. (i) Use a single Sessa block to write an internal positional code.
(ii) Use a finite stack of concrete Sessa blocks to encode each relevant causal prefix into dedicated internal
coordinates.
(iii) Apply a finite tokenwise readout stack, again implemented by concrete Sessa blocks, to approximate the
desired causal output on the resulting compact encoded-state set.

Details appear in Appendix I, in the proof of Theorem 14. O

5 Experiments

We compare three model variants that share the same decoder macro-architecture and training setup and differ
only in the sequence mixer. The mixers are Sessa mixer, multi-head self-attention, and Mamba2 mixer. We
match parameter count, use the same optimizer and training schedule, and train all models for the same number
of optimization steps.

We do not report aggregate results on the full Long Range Arena (LRA) suite (Tay et al., 2021). Although LRA
was originally proposed as a testbed for long-range dependencies, subsequent analyses have highlighted several
issues suggesting that strong performance on LRA can be confounded by factors unrelated to robust long-context
reasoning. (Tay et al., 2021; Miralles-Gonzélez et al., 2025) We evaluate long-context behavior on SymbolSoup
and Diffuse MQAR, and short-context language modeling on SimpleStories. (Finke et al., 2025; SimpleStories
Project, 2025)

5.1 Synthetic long-range tasks
5.1.1 Datasets and tasks

SymbolSoup. SymbolSoup is a long-range classification dataset with two informative stylized blocks separated
by label-independent noise. Each example contains three noise blocks and two stylized blocks, one from each style
family. The order of the two stylized blocks is randomized.

noise <sepl> first/second stylized part <sep2> noise <sepl> second/first stylized part <sep2>
noise <sep> <label>.

The label is the pair of styles used in the two stylized blocks. Stylized blocks are generated by a Markov-like
process with unigram and bigram preferences and occasional motif insertion plus small symbol noise.
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Diffuse MQAR. We additionally evaluate on a modified multi-query associative recall benchmark based on
MQAR (Arora et al., 2024). Relative to the original formulation, our variant uses multi-token keys, structured
distractors with shared prefixes and mismatched suffixes, and explicit control of the source—query lag. Each
example contains a prefix memory block of key—value pairs, a noise block populated with distractor key—value-
like patterns, and a terminal query block. The test split includes retrieval lags up to 4x larger than those seen
during training.

Table 1: Long-context test results (mean =+ std over 2 seeds). For SymbolSoup we report classification accuracy;
for Diffuse MQAR we report token accuracy.

Model SymbolSoup Acc T Diffuse MQAR Token Acc 1
Sessa 0.8601 + 0.0016 0.1541 £ 0.0071
Transformer 0.7921 4+ 0.0070 0.1222 4 0.0003
Mamba2 0.0500 + 0.0000 0.0021 & 0.0000

Mamba-2 did not converge on SymbolSoup or Diffuse MQAR. We view this as qualitatively consistent with
our selective-SSM theory: when noise makes the selection signal weakly separable, the resulting non-vanishing
freeze-time errors restore exponential attenuation of long-range influence, as formalized in Proposition 5 and
Corollary 4.6. This interpretation is relevant to Mamba-2 because it is itself a selective SSM, specifically a
scalar-identity restricted variant in the SSD framework (Dao and Gu, 2024).

5.2 SimpleStories language modeling
5.2.1 Dataset and task

For the short-context regime we use a SimpleStories corpus of short, synthetically generated stories. Each story
is written in simplified English with a small vocabulary and constrained syntax.

We treat this corpus as a causal language modeling benchmark. The text is tokenized with a subword tokenizer
shared across all architectures, and training sequences are formed by concatenating stories and splitting them
into fixed-length segments. The model predicts the next token at each position using a left-to-right mask. We
report validation perplexity.

Table 2: SimpleStories test results (mean + std over 2 seeds).

Model Perplexity | Top-1 acc T Top-5 acc T
Transformer 7.6701 +0.0313  50.441 + 0.059%  78.497 + 0.062%
Mamba?2 7.7229 4+ 0.0207  50.299 4 0.046%  78.302 £ 0.043%
Sessa 8.3700 + 0.0482 49.144 + 0.081%  77.119 4+ 0.090%

We hypothesize that the small performance drop of Sessa in the short-context regime is due to the feedback
mechanism being less necessary for this task. Under matched parameter count, a portion of Sessa’s capacity is
allocated to the feedback branch, which may be weakly utilized on short-context. To test this interpretation,
we ran a control experiment with the feedback branch removed while keeping the remainder of the architecture
unchanged. The ablated model improves over full Sessa on SimpleStories, reducing test perplexity from 8.3700 +
0.0482 to 8.0902 4+ 0.0192 and increasing top-1 accuracy from 49.144 + 0.081% to 49.648 4+ 0.026%. This supports
the view that feedback is less beneficial in the short-context regime, while remaining consistent with Sessa’s
stronger results on long-context tasks, where feedback appears to be more useful.

6 Discussion

The main comparison in this paper is not between favorable operating regimes of Transformers, Mamba, and
Sessa, but between matched regimes in which sharp retrieval is unavailable. For attention, this appears as diffuse,
low-separation routing, so the selector cannot concentrate mass on a small set of relevant indices. For Mamba,
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the analogous failure is failed freeze time, so the model cannot maintain a long preserve corridor on the relevant
interval. These are natural failure regimes for the respective architectures, and they provide a common basis for
comparison.

In this matched setting, the difference comes from the memory mechanism rather than from access to sharp
routing. Diffuse attention remains one-hop and therefore suffers dilution. Failed-freeze-time Mamba remains
chain-structured and therefore exhibits exponential attenuation. Sessa is also studied in a diffuse regime, but its
feedback solve aggregates influence over multiple hop counts and, in dense settings, over many temporal paths.
This is the structural source of its slower long-range decay.

The main separation is not only in the polynomial tail, but in the selective-retrieval result. In the same family-
over-H regime, deep Sessa realizes flexible selective retrieval profiles, whereas diffuse fixed-depth Transformers
and failed-freeze-time fixed-depth Mamba do not realize frozen or increasing profiles. Thus the separation is
not merely quantitative at the level of decay rates; it is qualitative at the level of what retrieval behavior the
architectures can realize under the same matched breakdown of sharp retrieval.

The broader point is that long-context behavior depends not only on how routing coefficients are produced, but
also on how they are composed over time. When sharp retrieval fails, as can become increasingly likely as context
length grows, this distinction becomes decisive. In that regime, Sessa can still support flexible selective retrieval
through its multi-hop feedback structure.
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Appendix

A Definitions and notation

A.1 Sequence norms and bounded-input sets
Definition 7 (Sup—¢, norm and bounded-input balls). Fix a horizon T € N* and token width D € N*. For a

finite sequence z = (zy, ... ,zp_;) € (RP)T define

oo i= x|l

For R > 0 define the ball
Xp={r e (RP)": |z|y. < R}

For infinite sequences ()~ we use the analogous norm [|z] 5 := sup,. [|lz.]» € [0, 00].
| X2 < 1XIp S VT | X2  for X e RT*P. (35)

A.2 BIBO stability on /_,

Definition 8 (BIBO stability on £, ). A map N : £, (N,R”) — £_ (N, RP) is BIBO-stable with respect to |- |, »
if for every B > 0 there exists C'5 < oo such that

|zl < B = [N (@)|ec2 < Cp-

B Jacobian tails under diffuse feedback routing

B.1 Sessa feedback solve as a parametric linear system

Fix a horizon T € N* and token width D € N*. Let x = (z¢,...,77_;) € (RP)T be the input token sequence.
Let f(z) = (fo(n),..., fr_1(z)) € (R")T be the forward sequence, where 7 is the value space dimension, and
let o®(z) = (a?jj(gc))ogjdngl be the strictly-lower attention weights. Let vy(z) = (yo(2), ..., yp_1(z)) be the
feedback gains.

Define the strictly lower-triangular matrix By (z) € RT*T by

0, Jj=>t.
The mixer output s(z) = (s4(), ..., 571 (z)) € (R")T is defined as the unique solution to the causal solve
(I — By(z)) s(x) = f(x). (36)

Equivalently, by forward substitution,
t—1
s = fo s =Ffi+% Zai’?jsj, t>1. (37)
=0

We measure long-range sensitivity by the Jacobian blocks

t,‘r(‘r) = a(‘;t;x)

€ R™D, 0<7<t<T-—1.

T

34



Throughout this appendix we focus on the long-range case 7 < ¢t and lag £ :=¢ —7 > 1.

B.2 Assumptions for diffuse routing and smoothness
Fix a radius R > 0 and work on the ball X 5 from Definition 7.

Remark B.1 (On the use of t+1 and ¢ in dilution bounds). In this appendix the feedback attention is strictly-lower,
meaning that j < t, so |W,| =t for t > 1. We write O(1/(t + 1)) to avoid a special case at t = 0 and to match
harmonic-series bounds; for ¢ > 1 this is equivalent to O(1/t) up to absolute constants.

Assumption 15 (Row-stochasticity and diffuse envelope of feedback attention). For every x € X'p and every
t>1,

ap,(@) = 0, Z% af(@) <2 Vi<t

Jfor some constant cy = cy(R) € (0,00). We set af. = 0.

Assumption 16 (Bounded feedback gain and nontrivial diffuse regime). For every x € X'y and every t,

|’Yt<x)‘ S Vmax < 17

and the diffuse feedback mass satisfies

1= YmaxCo < 1, Btail =1—-n¢€ (07 1)

Assumption 17 (Token-wise local feedback gain). On X'y, the feedback gain is token-wise: for each t one has
v () = v(x;). In particular, for T <t,

0 (z)
=0.
Oz,
Assume additionally the token-wise Jacobian is bounded:
0y(x,)
H oz, H2 <L, for all |z, < R.

Assumption 18 (Causality of forward branch and routing). For each time k, the quantities f;(x), oz%’,,(x), and
i (x) depend only on the prefiz xy,,. Equivalently, for any ™ > k,

0fi(x) dayt () . Oy (x)
Oz, ’ O (V5 <), O,
Assumption 19 (Local, same-token smoothness bounds). There ezist finite constants L;o = L;o(R) and

Lo =L, o(R) such that for all x € X' p and all t,

0 0
P <y P, <

Assumption 20 (Bounded forward sequence). There ezists Fp < 0o such that

1f(@)]oc,e < Fr Vo€ Xp.

Assumption 21 (Forward-branch dilution of cross-token Jacobians). There exists L; = Ly(R) < oo such that
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forallz € Xp, allt > 7, and all T < 1,

O,
e

Here || - |, is the operator norm of the matriz RP — R”.

Assumption 22 (Smooth routing: a-weighted logit sensitivity). Let i’ (z) = softmax(], o(x),...,2,; 1 (2))
denote the feedback-attention row at time t, over j < t, with pre-softmax logits 1, ;(x) that may depend on the full

prefiz xq.,. There exists L = L, yute(R) < 00 such that for allz € X and allt > 7> 0,

route

Consequently, by Lemma B./,

&2 0ap;(2)
>S5, < e

Remark B.2 (When Assumption 22 holds). If the feedback query is token-wise, ¢, = ¢(x,), then for 7 < ¢ the
dependence of al,?i on x,. typically enters only through key-side logits involving k., so only a small subset of logits
have nonzero 91, ;/0z,. In that case, Assumption 22 reduces to the corresponding localized logit-sensitivity
bound. More generally, if g,, or other components upstream of logits, has cross-token sensitivity, Assumption 22
requires that the resulting a/P-weighted logit sensitivities still dilute as O(1/(t + 1)) on X g.

B.3 Auxiliary lemmas

Lemma B.3 (Bound on the mixer state). Under Assumption 16-20, for all v € X,

_Fr
—2

’YIH&X

[s(@)loc,2 < Sg =
Proof. Since each af}i is a convex distribution and |v;| < Vax
Isells < 1 ell2 + s max I3,

A standard induction on maxkgt HSkHZ yields ”SHOO,Q < (1 - 71nax>71”f“oo,2 < (1 - 7111ax)71FR' O

Lemma B.4 (Softmax row derivative: total variation bound). Let o = softmax(21) € R™ with logits 2 € R"
depending on a parameter z. Then
Sl < 22

Proof. The softmax Jacobian satisfies da;/02; = a;(1[j = i] — «;). Thus

291 90,1 <2
Z’a:}’* az( _a1> Q;
J=1 ¢
By the chain rule, 3 [0a;/0z] < 32,(3_;10a;/02;)[02;/02|| < 232, o;]02;/0=]. O

Lemma B.5 (Polynomial tail of the inverse kernel entries). Fiz 2 € X' and let K(x) := (I — By (x))"t. Under
Assumptions 15-10, there exists a constant

CK =ne'l = (1 — ﬁtail)eliﬁmﬂ
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such that for all0 < k<t <T —1,
Ky k(@) S Cre (t—k)™%, and K, ,(2) = 1.
Proof. Fix x € X', and abbreviate
By, =By (x), oy i=afy(r),  K:=K(z)=(—By)"

Since By, is strictly lower-triangular on the finite horizon {0, ...,T — 1}, one has BE = 0, hence

K=(I—-By)"'=> Bp.

T-1
=0

m
Therefore K is lower-triangular with unit diagonal:

K,=1, K., =0fort<k

It remains to prove the off-diagonal estimate.

Fix a source index k € {0,...,T — 1}, and define
uy =Ky | (t=k).

Then uy, = |K}, | = 1. Also, since (I — By,) K = I, equivalently K = I + By K, for every t > k we have

Kt,k = Z [be]t j Kj,k-
j<t ’
Because K ;, = 0 for j < k, this reduces to
t—1 -1
Kt,k = Z [Bﬂ)]t,j Kj,k = () Zat,j Kj,k-
=k =k

Taking absolute values and using Assumption 16,

t—1 t—1
up < (@) )05 S Y Y juy t> k.
=k =k

We now compare u to an explicit impulse-response sequence. Define (Ufek))tzo by

0, t <k,
1, t =k,
o)
t—1 "
WmaXZat’j v;, t>k,
3=0

where the coefficients &, ; are the following extension of the finite-horizon row weights:

. a5, 0<j<t<T-—1,
Q=

0, t>T,0<j<t
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Then &, ; >0, >, & ; <1 for every ¢ > 1, and by Assumption 15,

dt,jg%? (t>1,0<j<t).

Thus the scalar recursion defining v(*) satisfies the hypotheses of Corollary E.4 with impulse position j = k,
attention envelope constant c,, and feedback bound 7,,,,. In particular, with

= TmaxC2> ﬁtail =1— ne (07 1)a
that corollary yields

¥ < pen (¢ — k) Per for all t > k. (2)

It remains to show that u, < ’Uik) for all t € {k,...,T — 1}. We prove this by induction on ¢.

Fort =k, one hasu, =1= vgf).

Now let ¢ > k, and assume u; < v;k) for every j € {k,...,t — 1}. Using (1), the nonnegativity of the coefficients

a, ;, and the induction hypothesis, we obtain

t—1 t—1 )
k
Uy < Ymax E at,j uj < Ymax E at,j Uj .
Jj=k Jj=k

(

Since vjk> =0 for j < k and o?t’j =y ; for ¢ <T —1, this is exactly

1
=~ (k) _ (k)
ut S ’Ymax Z at,j Uj - Ut .

t7
=0
This closes the induction.

Combining the comparison u, < vim with (2), we conclude that for every 0 < k <t <T —1,
K p(@)] =y < 0 < e (8= k)P,

Thus the claim holds with
OK = 77677 = (1 — Btail)e 17:3mi1.

Together with K, , = 1, this proves the lemma. O

Lemma B.6 (A convolution bound). Let B,y € (0,1). There exists Cy < 0o such that for all integers £ > 1
and all 7> 0,

TH—1 1 1
. < Cy £ Pai(1+1og(l+0)).
kE:; (T+£—k)ﬁtail k+1 — Brai ( + og( + >)
One may take, for instance,
2Bl
C, = 2P 4 .
Biain 1— ﬁtail

Proof. Write k =7+ m where m =0,...,¢ — 1:

{—1 1

1
(£ — m)PBran rtma+1

m=0

Split into m < [£/2] and m > [£/2].
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If m < £/2, then (£ —m) Puir < (£/2) Puir = 28w =P and
1£/2] £/2
1 d
3 §1+/ M 1 b log(140).
= Ttm+1 h Tt+tm+1

Thus this part is < 28w f=Bui(1 4 log(1 + £)).
Ifm>¢/2, then T+m+1>¢/2 s0o (r+m+1)"! <2/¢ hence

1£/2] £/2 1B B
3 1 <2 Z 2( / . dr) <2 1 (ﬁ) 2 b
m>0/2 (e - m)ﬂml T+m + K rﬁ““l / 1 £ 1— Btail 2 1-— ﬁtaﬂ
Combine the two bounds. O

B.4 Polynomial Jacobian tail

Theorem 23 (Polynomial Jacobian tail under diffuse routing). Assume Assumptions 15-22, 17, 18, and 19 hold
on Xg, and let By = 1 — YaxCa € (0,1) as in Assumption 16. Then there exists a constant C(R) < oo such
that for every x € X and every pair 7 <t with lagl =t —7 > 1,

Hast H C(R) P (1 + log(1 + £)).

In particular, long-range sensitivity decays at least polynomially in the lag, up to a logarithmic factor.

One may take explicitly

C<R> = OVK (AO(R) + (1 + CBLaﬂ) AI(R))’ évK = maX{l’ CK}’ CK = 7767]7 = TmaxC2>

where Cﬁtan is as in Lemma B.6 and

F
Al(R> = Lf +27max SR Lroutm AO('R) = Lf,O +L’y SR + Ymax SR La,Oa SR = ﬁ
Proof. Fix © € X and a source index 7. Differentiate the solve (36) with respect to x.:
Os 0By, of
[—By) — — =
( ) Oz, Oz, ox..
Multiplying by K = (I — By))~! gives
0Os of 0By
=K . 38
Ox_ <8xT * Ox., S) (38)
Taking the ¢-th row and operator norms yields
0s 0 f 8B
[, = Yo a5 + (52 (39

By Assumption 18, if k < 7 then df, /0z, = 0 and 0By, ;. ./0z, = 0, hence the sum starts at k = 7.

Bounding the forcing term. We treat the single index k = 7 separately from the range k > .
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Case 1: k> 7. For k > 7, Assumption 21 gives

0
e

It remains to bound ||(0By,/0x,)s|. For k > 7 we use the full decomposition

8[be]k.’] . a’yk o 80%,;‘
Oz N '

—E a4
0x.. Vg TV Ty

T T

By Assumption 17, 0v,/0z, = 0 for k > 7, so only the second term remains. Therefore, using Lemma B.3 and
Assumption 22,

G20, o SR, ot < s S, < e S 3

Thus for all &k > 7,

H afk 8be Al(R) = Lf + 2’Ymax SR Lroutc'

<
)kH2 ~k+17
Case 2: k = 7. Using Assumption 19 and Lemma B.3, we bound

5

S Lf,O'

. _ fb .
Moreover, since [be]m’ =,y forj<r,

}:a %Hz+|%

8%

pu

[C=DN ]

5 ' ”S]H2 < L’y SR T Vrmax La,O SR'

Hence

H anb

=),

9 < AO(R)’ AO(R) = Lf,O +L'y SR +7max SRL 0

Kernel tail and convolution. Plugging the forcing bound into (39) and using Lemma B.5 yields

25 < A + 3 el D < i + (7 Zz;f“_ )

Letl=t—72>1.

We keep the k =t term explicit and show it can be absorbed into the final tail factor:

1 1 1 »
< < </
t+1 - 74+0+1 " (+1

Since B,y € (0,1) and £ > 1, we have ¢} ~Pu1 > 1, hence
0 Buir = 1B =1 > p-1

Therefore,

1
1 < < B < gfﬁ‘ail(1+1og(1+g))7 (40)

A(R)
t+1

so the k =t contribution is dominated by the same ¢~5ui(1 4 log(1 + £)) envelope, with constant 1.
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For the isolated term, Lemma B.5 gives |K, .| < Cj ¢~Pu1. For the remaining sum, apply Lemma B.6 Note that
R ’
Zk:T+1 - Zk:r'
Z(t — k)P . _1 < Cy 0 Pui(1 4+ log(1+0)).
E+1 = Pui
Therefore

0
[Gacll, < G AoRY 5+ A4y (R) €1+ Tog(1+0)) + Ci Gy Ar(R)EP(1 -+ log(1+0)

Since £~Pui < =P (1 +log(1 + £)) for £ > 1 and Cr = max{1,C} > 1 and Cp > Cj, we obtain

H s, H < CK< ( ) (1 + Cﬁmﬂ)Al(R)) E*ﬁml(l + 10g<1 + [))7

which is the claim with the stated C(R). O
B.5 Jacobian tail for block outputs
Consider the simplified block output of the form

Yy = 14 + Wout (st 0 gt) + bout,

where g, = g,(z,) is token-wise and serves as a gate, and W°" is a fixed matrix.

Corollary B.7 (Jacobian tail for block outputs). Under the assumptions of Theorem 23, suppose additionally
that [g(z)| 2 < Gg for allz € Xp. Then for every T <t with lag{ =t —71 > 1,

0
LD < G O P g1+ ), Vo€ Ty

Proof. For T < t, Ox,/0x,. = 0, and since g, is token-wise, dg,/0x, = 0. Thus

dy, 0s

— Wout Di t .

TS iag(g;) s

Taking operator norms and using ||Diag(g;)|s < ||gls < G plus Theorem 23 gives the result. O

C Proofs for Section 4.2

Lemma C.1 (Bounded logit spread implies near-uniform softmax weights). Let J be a finite index set with
n:=|J|, and let (1;);c5 C R be logits. Define the softmax weights

63-7 . j
S 1€ J.
Zieﬂ '
If the logit spread is bounded by
A = max1], — mln:l < Ap < oo,
e eJ
then for every j € J,
e o efo 41
< a; < .
n 4= n (41)

Equivalently, for all i,j € J one has e 0 < ozi/ozj < ePo. In particular, if A is uniformly bounded while n
grows, then a; = ©(1/n) uniformly over j € J.
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Proof. Let 1, = min;c; J;. Then 1J,;, <2, <2, + A for all j € 7, hence enin < i < eumtBo and
nejmin < Z eji < nejmin"'AO.
icT
Dividing e? by these bounds yields (41). O

C.1 Proof of Lemmma 4.3

Proof of Lemma 4.3. Fix a time ¢ and an index 7 < t. Write

afi(@) = softmax(3, o (@), o 2y, (@), ;= aPi(@), =3, (x), 0<j<t

_ t+1 _
Thus « = softmax(3) € R"™! and ngt a; =1
Recall the standard softmax Jacobian identity: for all j,4 € {0, ...,t}, the softmax partial derivatives satisfy

805j .
a5, = a;(1[j = 1] — o). (42)

By assumption, for each j < t,
5]' = Dt,j(x) = (q(zy), k(xj»,

where ¢,k are token-wise maps. Since 7 < t, the quantity ¢(x;) depends only on x,, hence 9q(x;)/0x, = 0.
Similarly, k(z;) depends only on z;, hence 0k(z;)/0z, = 0 unless j = 7. Therefore,

B,
ox

0
=0 foralliz#r, and potentially afT # 0. (43)

T

Consequently, by the chain rule and (43),

Oo; 02508, _ 92,08, 9B,

= = =a.(ll7 = —
v, 4+ 0p, 0x, 0B, ou, (1l =rl=a-) 5m

where we used (42) in the last step. Taking operator norms gives

a2, = st =1 =5

(44)

Summing (44) over j < t yields

Z o N 05,
=t HTxiH? B <;|“j(1“ =7 al)|5.71,
To evaluate the scalar sum, note that

Z‘Of 1[j=71]—a,)|= —|—Zaa =a, l—aT)—|—aTZaj:2aT(l—aT)SQaT,

jst ]:‘r JFT J#T
e

JFT

since Z#T a;=1—a, and 1 —a, < 1. Therefore,

S, < 2ot |5

)

2
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which is the first claim.

In particular. If |02, (2)/0z, |, < Ly on X'y, then
datv
S| i H < 2L afd(x).
J<t

In the diffuse regime of Definition 4, Lemma C.1 implies a“‘d( ) = 0(1/|W,|) uniformly over 7 € W,, hence the
right-hand side is < 1/|W,|. For full-prefix attention |W,| =1t + 1. O

C.2 Proof of Proposition 9

Proof of Proposition 9. Fix a horizon T" and work with the fixed-routing Jacobians from Section 4.2.1.

(1) Transformer: attention one-hop dilution. By definition of the value influence Jacobian under realized
attention weights, by Eq. (26),

dy
attn _ It — o fwd
Jt’T B Ov, i &, L.
Taking operator norms and using ||I| = 1 gives

172471 = lafsiT] = ol

Assume the shared diffuse (low-separation) regime of Definition 4 with full-prefix visibility W, = {0,...,t}, so
|[W,| =t + 1. The bounded logit spread over W, implies, by Lemma C.1, that for every 7 < ¢,

e A e

< de<
T

hence af“’d =0O(1/(t+ 1)) and therefore

el=e(=) <o

For a fixed old source 7 = O(1) and lag { = ¢ — 7, we have

1
attn fwd _ -
HJT+Z T” - a'rJrZ,'r - @<T + 0+ 1) (1/€)

since T is fixed and ¢ — oo.

(2) Mamba under failed freeze time. By definition of the fixed-routing impulse Jacobian for an SSM, by
Eq. (28),

t
‘]tq,sfl = Cssm,t( H ASSHI,T‘)BSSIII,T’ 0 S T S 2

r=7+1

Assume the realized recurrence has diagonal transitions
Assm,r = diag(exp(_anAr))v 29 > A> 07
and bounded input/output factors

Sup HBHSHI 7"” BIIl‘dX7 Sup ||CSSIH,T'H S CHIE].X'
s
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Then
t

H ﬁ Agsm,r :mflxxexp(fan i Ar) gexp(f)\ Z AT>.

r=1+1 r=7+1 r=1+1

Under the failed-freeze-time condition

t
Z Ar 2 CA(tiT)a
r=7+1
it follows that
”JSSHIH < C Bmax eXp( - )\CA (t - T))

t,T max

Setting ¢ := C,,. B

'nax Brmax and € :=1 — 7 gives

[ < cemdeat,
(3) Sessa: diffuse feedback routing. For a realized feedback matrix By, the solve Jacobian is the resolvent
given by Eq. (27)

JS = (1= By, T = (- By) Y

Since By, is scalar-valued, J;* € R is a scalar coefficient shared across features.

Fix 7 and consider the impulse in the forward stream f at time 7: f. = 1 and f, = 0 for ¢t # 7. Let s be the
solution to (I — By,)s = f. By linearity, s, = J;** for all . Moreover, by forward substitution (equivalently
(31)), s, =1 and for ¢t > 7,

t—1 t—1
_ b o _ fl
sp=fotm ) atys; =y als;,
=0 =
since f, =0 for t # 7 and s; = 0 for j < 7 in a strictly causal solve.

Under Assumptions 6-7 we have a{'?j < ey /tforall j < tand |y, < Ypax < 1, and defining B, := 1—Yp.C2 € (0, 1],
with 7,,.«Co < 1, Theorem 8 applies to this impulse recursion, shifted to start at 7, and yields that for all lags
L>1,

T = |8 el < C P,

for an explicit constant C, e.g. C = (1 — B, )e Pui.

Tightness. In the explicit uniform-routing regime

0, t=0,
By, .= € (0,1),
[ fb}td %1[j<t], £>1, 7€ (0,1)

one has o”; = t'1[j < t] and constant gain v, = v, hence f,y = 1 —~. Appendix Corollary F.2 gives, for every
fixed source position T,

T = O,

T+0,T
Moreover, Appendix Corollary F.3 yields the stronger uniform statement that for every 7. < oo there exist

constants ¢, ,¢f > 0 such that

nax

= (P < |J:_‘$%4T| < C:: {0 PBrail

THI‘(‘LX max

foral0 <7< T

max

every bounded source family, in particular on every fixed finite horizon. O

and all £ > 1. Thus the one-layer envelope is tight for each fixed source and uniformly on

C.3 Proof of Proposition 3

Proof. The claim is about the input—output map and is independent of the chosen realization. By the controllable
and observable decomposition, also known as the Kalman decomposition (Antsaklis and Michel, 2006), there exists
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a similarity transform that isolates the controllable and observable subsystem (Ay, cos Bism,co» Cssm.co) Such that
for all ¢ > 0,
¢ —
C@%mAqqm C@@Hl co QQm Cco Bssm,co'
Moreover, (Ag co» Bssm,co» Cssm,co) 18 @ minimal realization of the same transfer function, so it admits no pole-zero

cancellations and its poles coincide with the reachable and observable eigenvalues of A, ., (Dahleh et al., 2011D).
Since the transfer function is BIBO stable, all its poles lie strictly inside the unit disk (DT case) (Dahleh et al.,
2011a); hence Py (Agm,co) < 1. It follows from standard finite-dimensional matrix power bounds that there exist
¢ > 0and k € (0,1) such that |AL, .|| < cx’ for all £, and therefore |C,,, A Al | <

Ssm,co SS1m SS1m bbln“ || Ssm,co SSIH,LO bbl’ﬂ Cco

KL, O

C.4 Proof of Proposition 4

The key point is that, under ZOH discretization, the state-transition product is controlled by the accumulated
discretization time
t
> AW

r=7+1

since each channel contributes a factor exp(—a, A,.(x)). Accordingly, the proof first obtains an end-to-end Jacobian

bound in terms of .
M, o(@) =exp( =2 Y A @),

r=71+1

and only then converts this into exponential-in-lag decay under failed freeze time.

Proof. Fix x € X' and indices 7 < ¢, and set £ := t —7 > 1. Write J', := dh,(x)/0z, and Ji% := Oy, (x)/0z,.
We use the product convention
t t
H Assm,r = Assm,tAssm,t—l Assm,7—+17 H () = 1.
r=7+1 r=t+1

State bound via ZOH convexity. In a ZOH-diagonal channel, each mode n evolves as the scalar recursion

1_ _anAt
(B = €2 (hy )y + ————(b)yy @y = A A, 20,

ay,

where we take

—

bt = Bssm,t(xt)ut(xt)'

By the bounds on B, ; and u; on X' g, we have

”th S Gma‘xURa
and hence [(b,),,| < G,,..Ugr for each mode. Since h_; = 0, Lemma 4.4 applied componentwise with a,;, = A
gives

GIH(‘LX

sup| hi)nl < 5\ for every mode n.
Therefore "
il < v/ el < /s Gl gy
)\
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Jacobian recursion for ¢t > 7. For t > 7, locality implies

6Assm,t(xt) _ 6Bssm,t(xt> _ aut(xt) _ 8Gssm,t<mt) =0
= = 81’T = U.

Ox_ Ox,. Ox

T

Differentiating

—_—

hy = Assm,t(xt) hy_y + Gssm,t(xt) Bssm,t(xt) uy ()

with respect to z. yields
Jt}f‘r = Assm,t(xt) JZLL.,—, t>T.

Tterating gives

= (TI Awnrlan)) 2.

Source-time derivative bound. At ¢ =7, write b, := By, (v, )u, (z,) and differentiate the ZOH update:

= (P P (P o+ Gl
Moreover, -
o R ]
Since

we have the operator bounds

1 aC;ssm T('TT) 1 aféls;sm T(x‘l')
”GSSHl,T(xT)” S Xa H 8.1; S X“ 817) .
Using
Hh‘rfl” < HR’ ||bTH < GmaxUR’

together with the derivative bounds gives

L 1
”Jf,‘r” < LA HR + TA GmaxUR + X(LB UR + Gmax Lu) = JR'

Transition product bound by accumulated discretization time. Since each A, . is diagonal with entries
exp(—a,A,) and a,, > A,

” ﬁ Agmr(2,)|| = mﬁx«ﬂxp(—an Et: AT($)> < exp(—)\ Zt: A,,(x)) =: I, 4(7).

r=7+1 r=7+1 r=7+1

Therefore
[Bx

| <TI0, (@) [T < Tp 0 ().
Output Jacobian. For 7 < t, locality implies 0C, ,(7,)/0x, = 0, so

Iy

ax = Cssm,t('rt) ‘]tl-,L'r

T
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Hence 5 ( )
y, (x
|22 < o NI < C T T ().

Thus the claim holds with
C(R) := CrJg.

C.5 Proof of Lemma 4.4

Proof of Lemma J.4. Fix t > 0 and define 6, := e %?+ € [0,1], since a > 0 and A, > 0. Then 1 -0, = 1 —e 4+ €
[0,1], and the update can be rewritten as

b
h, = et hy_q + (1 - gt) Et-

Taking absolute values and using the triangle inequality yields

b
Il < 6ylh |+ (16

Since 6, € [0, 1], for any u,v > 0 one has 6,u + (1 — 0,)v < max{u, v}, hence

b b
ol < e gl 20) < e {1, 20,
a a

min
using a > a;,.

Define )
B, := max{|h71|, max LAl .

0<s<t amin

We claim by induction that |h,| < B, for all ¢ > 0. For ¢ = 0 this follows from the previous inequality. If
|hy_1] < B,_;, then

b b
A R e N L
Amin Amin
proving the induction. Taking sup,., gives

b,
sup | < mase {Jh . sup 1221},
t>0 s>0 Qi

which is the general bound.
If additionally |b;] < M for all £ and h_; = 0, then the right-hand side is at most M /a,,, proving sup, |h,| <
M/amin' O

the bound holds
More

Remark C.2 (Vector and diagonal case). For diagonal A = —diag(a,,) with min, a,, > a,;,,
componentwise for each mode and channel, and hence yields the uniform bound ||, < sup, ||b,]../a

generally, for any monotone norm | - | one has ||k, < ||1]| sup, b, /a

min*

min*

C.6 Proof of Corollary 4.6

Proof. Proposition 4 gives

Hag;(f)u < C(R)I, (), I, ,(z) = exp( - Z AT@;))_

47



Under failed freeze time,
t
> A(z) > calt—7).
r=71+1
Applying Proposition 5 yields
I, o(2) < exp( — Aca(t — 7)),

and therefore

H Ay, (@

‘<C’ Jexp(— Aea(t —1)).
O

Remark C.3 (Local windows). If Ay, By ts O es 4 depend on a fixed window z; ., the same argument
yields

2| <cmen(-2 > aw@)  wsrim),

r=T+K+1

so the same failed-freeze-time conclusion holds up to a finite-window slack.

C.7 Proof of Proposition 5

Proof. By definition,
t

I, , = exp(—)\ Z AT).

r=71+1

Under the failed-freeze-time condition

we obtain

This is exactly the claim. O

C.8 Details for Proposition 10

Proof. (1) Transformer attention in the no-freeze setting. Let y,(x) = Zjew a, j(z)v(z;). For 7 < t,
. 4,
differentiate:

Jy, dv(z,) i Z MU@;)

=
t, T
Ox_ Oz, i, Ox_

Taking operator norms and using |[0v(x,)/0x. | < L, and |[v(z;)|| < Vj yields

o el

| < sy + Vi Z [

Under the shared regime in Section 4.2.2, o, . < ¢y /|W,| and Zjewt l0a, ;/0x. | < L,/IW,|, hence |0y, /0. | <
1/|W,|. For full-prefix attention |W,| =t + 1, recovering |0y, /0x.| < 1/(t+ 1).

(2) Mamba under failed freeze time. Item (2) follows by combining Proposition 4 with failed freeze time,
namely

Y A@) Zealt—m),

r=7+1
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that is, by Corollary 4.6. O

D BIBO stability on infinite horizons and uniform-in-7" bounds

We extend the finite-horizon BIBO statement to infinite sequences under an explicit row-contraction condition,
and to uniform-in-T" bounds for truncated length-7" networks without appealing to compactness.

D.1 Sequence norms and stability definition

We use the norm | - |, » and balls from Definition 7. For finite tensors we also use the comparison (35).

D.2 Feedback matrix and row-contraction condition

Fix a causal width-m Sessa block G as in Section 3.1, but now acting on infinite sequences in £, (N, R™). We
emphasize that the block input and output live in R™, while the triangular solve (I — By,)s = f is performed in
a value space R": in our definition, s, € R", f, € R", g, € R", and z, = 5, © g, € R", and the output projection is
token-wise affine o : R™ — R™.

Causal feedback-attention weights. For each input z, the masked softmax in the feedback branch defines
strictly lower-triangular weights (of> (), ;- with

o (z) >0, ol (z) =0 for 7 > t, Zaf};(m) =1fort>1, (45)
T<t

with the empty sum = 0 for ¢ = 0. These properties hold as follows: for ¢ > 1 each row ¢ is a softmax over the
finite set {0,...,t — 1}, hence o’ > 0 and Dot o =1; for t = 0 we set o). = 0 for all 7, i.e. the context is
empty, so the empty sum equals 0.

Feedback attention matrix. Define Ay (z) := (a2 (2)); -

Feedback coefficient and the Sessa matrix By. By definition of the Sessa block, the feedback coefficient
is
v(z) = tanh(u,(z)) € (—1,1),

computed token-wise from the block input, via affine maps and element-wise nonlinearities. Define the diagonal
operator I'y (z) := diag(v;());>o and the strictly lower-triangular matrix

By () =Dy, (2) Ap () = [be]t,T(x) =% (z) agy(z). (46)

Assumption 24 (Uniform feedback margin and row contraction). For every radius R > 0 there exists p(R) €
[0,1) such that for all inputs x € £, (N, R™) with |z| o, < R,

sup |, (z)] < p(R). (47)
>0
In particular, using (45)—(46), for every x,
sup S |[By], (@) =sup 3 1[Bal, (2)] = sup by, ()] < sup ()] < p(R) < 1. (%)
>0 : t>1 . t>1 >0

T<t =+ 1<t

Remark D.1 (An explicit choice of (R)). If u,(z) is produced by a token-wise feedforward stack of affine maps and
element-wise nonlinearities o satisfying |o(z)| < |z| coordinate-wise; this holds for GELU. Affine and linear maps
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are handled separately via spectral norms as in Lemma D.2. Then for some explicit constants ¢, >0, L, .. >0
depending only on the block parameters,

sup |’U,t($)| < C'y + L%pre”x”oo,? (48)
20

Hence on the ball |z|., , < R one can take
p(R) := tanh(c, + L., ,,R) < 1. (49)

The strict inequality holds since ¢, + L., R < o0 and tanh(-) < 1 for finite arguments.

;pre

D.3 Causal triangular solve on /_

The only operation that truly changes nature at 7" = oo is the lower-triangular solve. We treat it as a causal
linear system.

D.4 Proof of Lemma 4.2

Proof. Let By, = ([By,), ) ,0 be strictly lower-triangular and define the causal operator (Bg,s), := > __, [By]

a finite sum for each fixed ¢, acting on R"-valued sequences. Here [Bﬂ,]t L€ R is scalar and multiplies s. € R", i.e.

S
tr T

scalar—vector multiplication. Assume

Then for every bounded input f € ¢ (N, R") there exists a unique bounded solution s € £, (N,R") to
s = f+ Bys equivalently, (I — By,))s = f,

and it satisfies the explicit bound

1
Islo2 < =, 1flloe,2- (50)
Existence and uniqueness follow by forward substitution: for t =0, s, = fy; for ¢t > 1,

sy =fi + Z [Bﬂ)]tﬂ_sr

T<t

depends only on previously defined (s, ) Thus a unique sequence s exists.

Tt
For the bound, define the partial maxima

M, = t>0).
¢ ggggtIISkHz (t>0)

For t = 0 we have s, = fj, hence My = [so[y < [|fllo 2- For ¢t > 1, using the row-sum estimate and M, ; > |s |5
for all 7 < t,

Isila < 1£la+ D _1[Bal, s-la < Ifloo2 +p M, .

Tt

We now prove by induction that for all ¢ > 0,

1
My € =l

The base case t = 0 holds since My < [f[.2 < ﬁ”f”oo,z' Assume the claim holds for t — 1 with some ¢ > 1.
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Then the previous estimate gives
1 1
Isilla < 1floc2 + P My < [ floce+p 1fpl\f\lmg = E\Iflloo,z

Hence M, = max{M,_,, [s;]l»} < 1%prHOO,Q, completing the induction. Taking sup,. gives [s],, o = sup, ||s,]2 =
sup, My < 175 flo 2, which is (50). O

D.5 Explicit one-block bound without compactness
We now bound one Sessa block on ¢ balls by tracking constants explicitly.
Lemma D.2 (Token-wise affine bound). Let y, = z,W +b with W € R and b € R, where the same W and

b are used for all tokens. Then for any sequence x, finite or infinite,

[9loc,2 < IWlla |20 2 + 1012,

where | - ||y is the spectral norm for matrices and Euclidean norm for vectors.
Lemma D.3 (Causal attention is £, -nonexpansive). Let Ay = (a!2) satisfy (45). Then for any value sequence

v, the sequence y defined by y, == Y. _ oPv_ satisfies

T<t
[9loo,2 < M0l 2-
Proof. For t > 1, y, is a convex combination of {v,},,, hence
lyella < sup ozl < vl 2-
T<t
For ¢t = 0 the sum is empty, hence y, = 0 and [yoly < [v] o as well. Taking the supremum over ¢ > 0 gives
HyHoo,2 < HU||<>O,2' O

Proposition 25 (One Sessa block: explicit ball-to-ball bound). Consider one width-m Sessa block G : £ (N,R™) —
o (N,R™). Assume:

o the feedback matriz is By, (x) = Ty (z) Ag (z) with Ag (x) satisfying (45) and v,(x) = tanh(u,(z)) as above;
o the block produces sequences f(x),g(x) € L (N,R") and an output projection o : R™ — R™ given token-wise
by
O(Z)t — thout + bout7 Wout c [Rrxm’ bout c [Rm;

o the block output is G(x) = x + o(z) with z, = s, © g, € R" and the solve is in value space:

2 =5 Qgt € lRT? (Iﬁbe(‘r))S = f(l’), s € EOO(INJRT)

Suppose there exist explicil constants cg, ¢, ¢ >0 and Ly, Ly, L
such that for all inputs x,

ypre = 0, depending only on the block parameters,

1/ @)ooz < €5+ Lillthoozr 19(@) ooz < €9+ Lgllos,or sup [y ()] < €3+ Ly pref#]oc 2- (51)
Define, for R >0,
pg = tanh(c, + L, ,.R) €[0,1), Fp:=c;+ LR, Gri=c,+ L,R.

,pre
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Then for all x with ||z], o < R, the block output satisfies the explicit bound

FrG
[G@)locz < R+ [Wy T2+ [0 (52)
— PR
Proof. On |z], o < R, (51) gives |flo o < Fp and |9l o < Gg. Also sup, [uy(z)| < ¢, + L, R, hence
sup, |7 (z)| < pg. Using (x), we get sup, > __, \[Bﬂ)]t (@) < pg < 1. Lemma 4.2 then yields
1 F
502 < 7ol < 72—
~ PR — PR
For the element-wise product in R”, for each ¢,
I2el2 = llse © gella < lsell2 lgell2s
since
Is © g, = D s2igh < D2 ( Do 67) = Isil3lanl3.
i i j
Hence
ol < Wl lolloc < T2 G
z :
00,2 = 00,2 900,27 1*03 R
Finally, by Lemma D.2 for o(z) = zW_ + b, and the residual G(z) = = + o(z),
1G@) o2 < 2002 + lo(2)lc.2 < R AW o)1z 00,0 + 1672,
which gives (52). O

Remark D.4 (Explicit dependence of the constants in (51)). Each branch, including the query, key, and value
maps and the MLPs producing f, g, and u and related components, is a finite composition of token-wise affine
maps, RoPE, rotations that are orthogonal and norm-preserving, masked softmax attention as in Lemma D.3,
and element-wise nonlinearities whose growth is at most linear on bounded sets. The solve (I — By,)s = f and
the Hadamard product z = s © g take place in the value space R”, while the output projection o : R" — R™ is
token-wise affine. Thus one can always choose ¢, and L, explicitly from the operator norms of the weight matrices
involved and the norms of the biases, by repeated use of Lemma D.2 and the inequality |GELU(v)||y < |v]5.

E Polynomial decay of token influence in the feedback recursion

E.1 Scalar recursion and impulse response

We work on discrete time ¢ € N = {0,1,2,...}. Let (7)o be a sequence in R, and let {a}’}io; o<jr be
nonnegative weights such that, for every ¢ > 1,

t—1
a??j >0, oz??j <1 (53)
=0
Given an input sequence (f;);~q, consider the recursion
t—1
Yo = fo Yt =ft+%zagijj7 t>1. (54)
§=0
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To isolate the influence of a single token, we consider the impulse input at time 0:
fO:17 ftZOfOrtZL

so that (54) reduces to the impulse response recursion
yO = 17
-1
Yt =V Za?jyja t>1
3=0
In the full vector model, y, can be interpreted as a scalar influence coefficient, e.g. an entry of (I — By,)~ .

E.2 Assumptions

Assumption 26 (Upper envelope on attention). There exists a constant ¢, € (0,00) such that for all t > 1 and
all0 < j<t,
ol < %2, and (53) holds. (56)

Remark E.1 (On the size of ¢;). Under (53) with Z;é aﬁ’j < 1, the conclusion ¢, > 1 no longer follows. If one

additionally has Z;;é a??j =1 for all ¢, then ¢, > 1 is necessary.

Assumption 27 (Bounded feedback). There exists 7, € [0,1) such that for all t >0,

|rYt‘ S Vmax- (57)
Define the feedback mass parameter
= YmaxC2s (58)
and assume the nontrivial feedback regime
0<n<l. (59)
Equivalently, define the tail exponent
Btail =1- n= 1-— Ymax€2 € (07 1]7 (60)

so that n =1 — B,,;-

Remark E.2 (Degenerate case n = 0). If n = 0 then ~,,, = 0 and hence «, = 0 for all £. The recursion (55) has
no feedback and the impulse response is trivial: y, =1 and y, = 0 for all t > 1. We therefore focus on 0 <n <1
when stating a genuine power-law tail.

E.3 Bounded logits imply near-uniform softmax weights

Bounded logits imply near-uniform softmax weights. This is an immediate specialization of Lemma C.1.
Indeed, fix t > 1 and take the index set 7 = {0, ...,t — 1} with n = |J| = ¢. If the logits satisfy 1, <2, ;<2

min — max

for all j € J, then the spread is Ay = 2, .« — Juin> ad Lemma C.1 gives, for all j < ¢,
o™ D
e min max fb e max min
— < o < — (61)
Dpnax—2

max ™~ ~min |

In particular, Assumption 26 holds with ¢, =€
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E.4 Polynomial decay theorem

Theorem 28 (Polynomial decay of the impulse response). Consider the impulse recursion (55). Suppose As-
sumptions 26 and 27 hold and 0 < 1) = YyaCo < 1; equivalently By =1 —n € (0,1). Then for allt > 1,

Ye| < il where one may take = (1 — Dy ) €7 Pl = ne'.
| < Ct P h tak C:=(1—B) e " n 62
In particular, since B,y > 0, we have lim, , y, = 0.

Proof. Assume 0 < 1 < 1. The degenerate case n = 0 is covered by Remark E.2. Let z, := |y,|. From (55) and
Assumptions 26-27, for ¢t > 1,

t—1 t—1 -1
2y = "Yt Z O‘?ijj| < vl Z aﬁ‘?ﬂyﬂ < Ymax Z O‘g,)jzj'
3=0 3=0 3=0
Define the comparison sequence (%,),>q by
t—1
gO = 17 th = Vmax ZO{?’)]?], t=>1. (63)
=0

By induction on ¢, using aft,)j > 0, we have z, < g, for all ¢, hence

| = 20 < B vt. (64)
Let s, := ZZ:O ¥, Since g, > 0, the sequence s, is increasing and s, > 1. Using (63) and ozg’j < ¢y /t we obtain,
fort > 1,

t—1
} : ¢ n

~ _ b ~ 2~ _

Y+ = VTmax Oét,jyj < Ymax 7 7 Z St—1-
=0 /

<
Il
o

Therefore,
Sp =81+t <s 1+ gstfl = St1 (1 + ¥>, t>1 (65)

Taking logarithms and using log(1 + z) < z for x > —1,

log s,, <log s, +Zlog(1 + g) < ZQ =nH,,

t=1 t=1

where H,, = Zn L is the n-th harmonic number. Using H, <1+logn for n > 1 gives

t=11
s, < el Vn > 1. (66)
Finally, for t > 1 we use s,_; <'s, and (66):
o < gst,l < gst < ge"t" = e tn1L,

Since n — 1 = —(1 — 7)) = —B,,y, We obtain §, < ne”t Pui. Combining with (64) yields (62) with C = ne™. O

E.5 Finite-horizon formulation

Corollary E.3 (Finite-horizon bound). Fiz T' € N* and consider (55) only fort € {0,1,...,T —1}. Assume that
Assumptions 26 and 27 hold for all 1 <t <T — 1 with the same constants ¢y and V., and 0 < N =y ..co < 1;
equivalently By =1 —mn € (0,1). Then (62) holds for all t € {1,...,T — 1} with the same constant C = ne" =
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(1 — Bya)e P

Proof. This is an immediate restriction of Theorem 28 to 1 <t < 7T —1. O

E.6 Impulse at an arbitrary position j
Corollary E.4 (Decay from an impulse at position j). Fiz an index j > 0. Consider (54) with the impulse input
at j:

f]:17 ftZOfO’I"t?éj,

and with y, = 0 for t < j. FEquivalently, y, = 0 if 5 > 0 and the recursion is started from t = j. Assume
Assumptions 26-27 and 0 < 0 = Y.Ca < 1; equivalently By =1 —mn € (0,1). Then for all t > j,

ly,| < O (t — §) P, where one may take C:=ne" = (1 — B,y)e Pua,
Proof. Define u,, := |y;,,| for n > 0. Then uy = |y,;[ = 1. For n > 1, since y;, = 0 for k£ < j and O‘?in,k >0,
jn—1 jn—1 n1
_ _ b fi b
Uy = |yj+n| - ’A/jJrn Z ajJrn,kyk‘ S "Vj+n‘ Z ajin}k|yk‘ S 'ymaxzajJrn,jJrr Up
k=0 k=j =0
Moreover, by Assumption 26,
fb Co Ca
Xjn jtr < it+n < ; (77, > 1)7

since j + n > n. Thus the sequence u,, satisfies the same comparison inequality as in the proof of Theorem 28,
with the same ~,,, and the envelope ¢, /n, so repeating that argument yields

un S /r]en n"fl — (77677) nfﬁl.ail.

Substituting n = ¢t — j yields the claim. O

F Tightness of the polynomial tail in a realizable regime

This section complements Theorem 28 with the upper bound O(¢~%ai) by exhibiting a concrete diffuse routing
regime in which the impulse influence is exactly polynomial, that is, ©@(¢~Aui). This eliminates the semantic
ambiguity that an upper bound alone does not preclude faster decay, for instance exponential decay.

F.1 Gamma-ratio inequality of Gautschi

Lemma F.1 (Gautschi inequality for 0 <y < 1). Let vy € (0,1) and t > 1 be an integer. Then

I'(t
t+1) < 2 < L 67
S S (67)
Equivalently, with B,,; :=1—v € (0,1),
Lt +7)
t4+ 1) B < 2~ L < ¢ Bran,
(t+ )™ < 7y S

Proof. By Gautschi’s inequality (Gautschi, 1959), for x > 0 and 0 < v < 1,

P(z+1) < (z+ 1)

Y <
T(z+7)
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Setting = = ¢ and taking reciprocals yields

which is (67). O

F.2 Uniform routing yields a ©(¢#u1) tail

We consider the scalar impulse recursion from Section E:

t—1
Yo = Jo Yo =1 +%Za§)jyja t=>1 (68)
=0

Proposition 29 (Tightness under uniform routing). Assume uniform routing, which is mazimally diffuse, and
constant positive feedback:

1.
ofy =71 <t, % =7€(01),

Consider an impulse at time 0: f, =1 and f, = 0 for allt > 1. Then for every t > 1 the impulse influence

admits the closed form

I A X (s o))
T+ T+l (69)

Consequently, letting P, :=1—~ € (0,1), one has the two-sided bound

gl

B Y 8.
- (t+1 Brail < < —L1 ¢ Brail t>1 70
r(1+7)( ) =% =T ’ - (70)

(1+7)

and in particular
y, = O(t Pan) and hence 1y, = Q(t Pui).

Proof. Define partial sums S, = 22:0 Yi- Under the stated assumptions and for ¢ > 1,

t—1
Y Y Y
ytzfzyjzfstfh Sp=5_1+uy = t71(1+?)ﬂ
=0

with Sy =yo = f, = 1. Thus

t

T v trity Tt+1+47)
St*i[[l<1+f>*£[1 i T(l4+)Dt+1)

Using y, = 75, ; and I'(t + 1) = tI'(t) gives

=2 M+ v T+9)
Pt TA4+y)T() T(A4r) T(t+1)
which is (69). The two-sided bound (70) follows directly from Lemma F.1 with 5., =1 —~. O

Corollary F.2 (Uniform routing with an impulse at an arbitrary source position). Assume the same explicit
uniform-routing regime as in Proposition 29:

1.
ofy =71 <1, %=7€(0,1),
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Consider an impulse at time 7 > 0, i.e.
fr=1  fi=0fort#r,
with y, = 0 fort <. Then for every { > 1,

B (r+1) .F(T+€+’Y)
y7”_7r(7+1+7) D(r+0+1) (71)

Consequently, with B,,; :=1—~ € (0,1), for every fized source position T,
Yrio = e‘r(eiﬁml) (£ - OO)
Moreover, the prefactor depends on T and satisfies

rir+1) _ .
’yF(T_’_l_i_,y)f\T (1 — 00).

In particular, there is no positive lower constant c_ > 0 such that

Yrpg = € L7 Pun
for all source positions 7 and all £ > 1 on an unbounded horizon.
Proof. Define partial sums

¢
Sy = Zyk, t>T.
k=1

Then S, =y, = 1. For t > 7 4 1, the recursion gives

Yy =

1=

t—1

2 i
Zij?St,l, Sp=5_1+u = t71(1+;)'
=

Hence, for every t > 7+ 1,

t .
_ 7Y _ i+y T@E+1+~)(1+1)
St_izlll(1+i)_i:1:£1 i T(r+1+9T{t+1)

Using y, = 75, ; and I'(t 4+ 1) = t I'(t) yields

D(r+1+7)T(¢) 7F(¢+1+7) rit+1)

= 7 T+ +1) L(r+1) T(t+7)
bt

Setting t = 7 + ¢ gives (71).

For fixed 7, the factor
I(r+1)
TTr+1+7)

is a positive constant depending only on 7, while Lemma F.1 gives

D(r+L+7)

< *ﬁmil.
Trrern =0

(7- + {+ 1)7ﬁmil <
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Since 7 is fixed, this implies

T 12
Llr+t+y) O, (4B,
L(r+£+1)
hence Yrgo = @T(éfﬁrail).
The Gamma-ratio asymptotic gives
D(r+1)
T o 1)~
Mrrity o th (r = 00),

so the source-dependent prefactor decays polynomially with 7.

Moreover, taking ¢ = 1 in (71) gives

D(r+1) D(r+1+7) ~y

Y= 41+ T(r+2) 741
Hence y,,, — 0 as 7 — oo. Therefore no positive lower constant independent of 7 can satisfy
Yrip > C_ {0~ PBrail

for all source positions 7 and all £ > 1 on an unbounded horizon. O

Corollary F.3 (Uniform two-sided heavy-tail envelope on a bounded source family). Fiz T,

wax € N. Under the
regime of Corollary F.2, there exist constants ¢ iy .y > 0 such that for every source position 0 < 7 <
and every £ > 1,

! CTm Tmax

Cr giﬂml S y'rJré S C+ giﬂml’ Btail =1- -

Tmax>Y Tmax>Y

In particular, the explicit uniform-routing regime realizes a uniform two-sided heavy-tail envelope on every bounded
source family, and hence on every fized finite horizon.

Proof. Write

I'(r+1)
a’T =Y 5 -
D(r+1+7)
Since the set {0, ..., 7} is finite and each a is positive,
TmaxsY = OSI‘PSIEHM Q- > O? TonasY = Ogl?gai‘(mx a, < 0.
By Corollary F.2,
L(t+44+7)

Vet = O TG 1)
Lemma F.1 yields
D(r+L+7)

04+ 1) B <« 2 17 7 1
(r+£+1) S Tr+i+

< (7- + £>*Bmi1.
Therefore
Yrio < Mfm,v (T + gyﬁmn <M, N 0 Brair

max >’

AISO, since 0 <7 < Tax

and £ > 1,
7-+£<">1§7—Hlﬂ.x<">£+]‘S (Tmax+2)€?

hence
(7- + 0+ 1)*5&.” > (Tmax + 2)*5“.” 0 Brair
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Thus
Yrio > m, (T4 €+ 1)_Btail > m, (Toax + 2)_Btail {0 Brair

So one may take
Cr, =my (Tmax + 2)75“1”’ ct =M

max > max > Y Tmax>Y Tmaxs>”Y

O

Consequence for the influence kernel In the lower-triangular solve s = K f with K = (I — By)™!, choos-
ing
0, t=0,

[Bal,; =i {Zl[j<t], t>1,

yields that the column K  is precisely the impulse response (y,),>o above. Hence,

|Kt,0| = @(t*ﬁum),
so the polynomial envelope in Theorem 8 is sharp, and the rate is attained by a concrete heavy-tailed memory
mode.

Remark F.4 (Impulse at time 7). Assume v € (0,1). The same computation applies to an impulse at time 7. If
fr=1f,=0fort#7,andy, =0fort <7, thenfort>7+1

T+ +1)
Ui E v oy e e LG

L(t+7)
T(t+1)

with C(7,7) := yT(7 +1)/T(1 + 14 ) > 0. Hence, for £ =t — 7, the lag- tail is again (¢ Pui) by Lemma F.1,
in agreement with Corollary E.4.

G Heavy-tail convolution estimates

Definition 9 (Discrete convolution on positive lags). For nonnegative sequences a,b : N* — [0, 00), define
n—1

(axb)(n):= Z a(n —m)b(m), n>2,

m=1

and (a % b)(1) := 0. Inductively define a*V) := a and a*® := a**~1) x g for k > 2.

Lemma G.1 (Discrete power convolution). Let o,p > 0, and define

u,(n) :=n"1, u,(n) :==nf", n € N*.
Then there exist constants c, ,,C, , € (0,00) such that
Copn” TPt < (u, xu,)(n) < C, ,n7P71 n>2.

Proof. Fix n > 2.

For the upper bound, split the sum into the two regions

1gmgL%J and LgJ—l—lgmgn—l.
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If 1 <m <n/2 then n—m € [n/2,n — 1], hence

(n—m)° "t <C n"t C, = max{1,2177}.
Therefore
Ln/2] ln/2]
Z (n—m)°tmr,l <C not Z mPL.
m=1 m=1

Since p > 0, the standard integral comparison gives

[n/2] n/2
Zmp’lgl—l—/ x"’ldmgC;np
m=1 1

for some constant C; depending only on p. Hence

[n/2]
Z (n—m)7tmP~t < C,CHn7tP

m=1

If [n/2] +1 <m <n—1, then m € [n/2,n — 1], hence

mP~t < C, Pt C, == max{1,2'"}.
Therefore
n—1 n—1
Z (n—m)° tm,~t < C nr! Z (n —m)oL.
m=|n/2|+1 m=|n/2|+1

After the change of variable r = n — m, the inner sum becomes

[n/2]—-1
Z 7.071 < C;.TLJ
r=1

for some constant C/ depending only on o. Hence

n—1
Z (n—m)tmP~t < C CLn7tP L
m=|n/2]+1

Adding the two estimates proves the upper bound.

For the lower bound, restrict the sum to the central block

2] <me %]

For every such m and every n > 4 one has

n <m< S—n n <n—m 3—n
4= 7 47 4 — 4
Hence
mP1 > ¢, nPL, (n—m)°~t >¢, no "
where one may take
c, = min{1,4'*}, ¢, == min{1,477}.

Indeed, if p < 1, then m < n implies m#~! > n?~1; if p > 1, then m > n/4 implies m?~! > 417PnP~1. The same
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argument applies to (n —m)° 1.
Therefore every summand in the central block is bounded below by

o+p—2
CoCp T .

The number of integers in the central block is at least n/2 — 2. Consequently, for all n > 8,

n (e
(uo * up)(n) > (5 - 2) CsCp notp—2 > % notr—1,

Since only finitely many values 2 < n < 8 remain, their minimum ratio to n°**~! is positive. Adjusting the

constant completes the proof. O
Theorem 30 (Heavy-tail convolution class). Fiz S, € (0,1) and define

fa,,(n) = nPui, n € N*.
Then, for every fived k > 1, there exist constants ck,ﬂm,ckﬁm” € (0,00) such that

Cpp, WP E < fF () < 0y kBT > g (72)

tail

Proof. Set
o:=1—= P, € (0,1).

Then
fﬁ'ﬂ.il (n> = niﬁ"“jl - ngil = uo‘(n)'

We prove by induction on k that there exist constants ay, b, > 0 such that

a,nFot < ugf*k)(n) < by nkot, n > k. (73)
For k =1, this is exactly
uy(n) =no1

Assume now that (73) holds for some k > 1.
Fix n > k + 1. By definition,

n—1

ug ) = 37w (0= myug (m)
m=1

For the upper bound, note that u k>(r) = 0 for r < k, since it is a k-fold convolution of positive-lag sequences.
Hence, after enlarging b, if necessary, we may write

u((,*@(r) < by, kot for every r > 1.

Therefore

n—1
ug:(k-"l))(n) <b, Z (n— m)kaflmafl.
m=1

Applying Lemma G.1 with exponents ko and o yields
ugf*(’ﬁl))(n) < b nlk+1)o—1

for some constant b, > 0.
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For the lower bound, rewrite the sum using r :=n —m:

WG EHD) () = § 0

o

Since ug*k)(r) = 0 for r < k, this becomes

n—1
,(:(}Hl))(n) > a, Z rk“_l(n N T)a—l
r=k
Now write
n—1 n—1 k—1
Z rkafl(n _ ,,,)071 — Z Tka'fl(n _ ,r)ofl _ Tkafl(,n, _ ,r.)a'fl
r=k r=1 r=1
By Lemma G.1, the full sum is bounded below by
c n(k+1)0'71

for some constant ¢ > 0 depending only on k£ and o.

On the other hand, since k — 1 is fixed,

E

—1
Tkafl(n _ T)o'fl < Cnofl

i
Il
-

for some constant C' > 0 depending only on k and o. Because ko > 0, one has
no~! = o(nk+to-1) as n — 00.

Hence there exist constants ¢’ > 0 and N, such that, for all n > N,

n—1
Z Tka—l(,n _ ,r)a—l > nlktho—1
r=k
Therefore, for all n > N,
ug,*(kH))(n) > ClkC/ n(k-ﬁ—l)o—l.
It remains to treat the finitely many values k +1 < n < N,. For each such n, one has ulr <k+1>>(n) > 0 because n

can be written as a sum of k£ + 1 positive integers. Hence the ratio

ugj<k+l)> (n)

nlk+t1l)o—1

is positive for each of those finitely many n. Taking the minimum of these finitely many positive ratios and a;c’
gives a constant a;_; > 0 such that
uff*(kﬂ))(n) > ay,q nktto—t forall n > k+ 1.

This closes the induction.
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Since fg =wu, with o =1— f,,;;, we obtain
f(*k') (n) = nk(lfﬂtail)fl, n 2 k

This is (72)

H Deep Jacobian estimates

H.1 Setup

Fix a depth Ny, > 1, a finite horizon T', and a compact input set X. Let

O =z e X, hMaye) — F (h(nw,-*l))7

Mayer

].7 eey Nlayer?

nlayer =

where each F), is causal and continuously differentiable on the relevant compact set

"°F1(xo>-

= (<3N
Npayer—1 Njayer—1

For each layer nj,, and each 0 <7 <t <T — 1, define the one-block Jacobian block

(Payer) aFnla}'el'7t (U) DxD
Jt,T. (U) = T S [R 5 u e xnlay(tril.
Define also the full end-to-end Jacobian blocks
(Nayer)
h ayes
J:ie7(Nlayex'>(m> — (3' t o) (x> c [RDXD.
’ ohy" (x)

For scalar lower-triangular kernels A, B on
{(t,7): 0 <7<t <T—1},

we use the standard kernel product

(AB)(th) = Zﬂ(t,j)ﬁ(]ﬂ')

=7

H.2 Residual calculus

Theorem 31 (Residual calculus). Assume that for each layer n,., there exist constants

>0,

Mayer —

>0,

Mayer —

and a scalar lower-triangular kernel

:{(th):O§T<t§T71}*>[O,OO>

Mayer

such that for everyu € X,, | and every 0 <7<t <T—1,

7 ()] < d,, L[t = 7]+ A (t.7) 1fr < 1.

Mayer = Mayer
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Then, for every x € Xy, every 0 <7 <t <T —1, and every depth Ny, > 1,

Nager
i M@l <y - ( - dm)

k=1 1§nlaycx,1 <"'<nluycr,k§Nlaycr m%{nlayer,l 7~~~7nlayer.k}

k

Z H )\nls\y(tr,r K”la_vcr,r (7'7” erl)'

T:i0<i1<---<ik:t r=1

Moreover, for the diagonal blocks one has

26, (Npo) Niayer
cze, ayer
”Jt,t l} ()] < H dnlayc;

nlaycrzl
Proof. For each layer ny,,, define the scalar diagonal kernel

Dnlam(ta 7_) =d l[t = TL

Mayer

and the scalar strictly lower-triangular kernel
9"1;\\'(‘,1‘ (t7 T) = )\nl;worKnlnvur <t’ T) l[T < t]'
Then (74) says precisely that

(Mayer)
;=" (W) < D

,T

(t’ T) + ‘9”1nm (t’ T> Vu € X”luyorfl'

Mayer
We prove by induction on the depth p € {1,..., N}, ., } that

o (z)
on' (z)

For p =1, (76) is exactly (74) evaluated at u =z € X,.

Assume now that (76) holds for some p — 1 > 1. By the chain rule,

ony () Zt: OF, (WY (x)) on Y (x)
o (z) = onlV(x) on (z)

Taking operator norms and using submultiplicativity gives

oy (x) <zt: OF, (b V(@) |lony " @)
on ()| T = onlr V() oY (z)

Since AP~ Y(z) € X the one-block bound (74) applies:

p—1

OF, ,(h'*~V (x))

= < Dy(t,5) + 9,(t:9)-
ahgp 1)(:10) P P
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Using the induction hypothesis for the second factor, we get

onP) (z) L , .
m S;(Dp—’—\gp)(t’j) [(pp—l+9p—1)”'(91+91)](]77—)'

This is exactly

[(Dp + -gp) (Dl + \91)]<t3 7_))
which proves (76) for depth p.
Taking p = Nj,ye, yields

e2e,

7 N ()| < (D, + G, ) (Dr + G (7).

We now expand the right-hand side. Since each Dmm is diagonal and equals dnlmI as a kernel, one has the exact
product expansion ‘ '

N
(leavcr + 9Nlavcr) o (Dl + ‘91) = Z ( H dTﬂ) H 9’”’1&»’01"
) ) SQ{I,...,NMW‘,} )

m¢s €s

Mayer

where the ordered product is taken in increasing layer order. For 7 < ¢, the empty-set term vanishes because it
is purely diagonal. Thus

Niayer

Qa(Navcr)
| @) < Y > ( 11 dm) (G G )T
m%{nlayer,l7“‘7nlayer,k'}

k=1 1§nlnycr, 1 <'“<nlayur, k S]\/vlaycr

Finally, by repeated expansion of the kernel product,

k
(‘9nlaye;,k gnlayer,l ) (t’ T) = Z H )\nlnyer,'r' Knlayer,r (ir’ inl)’

T=ig<iy < <ip=t r=1
which gives (75).
For the diagonal blocks 7 = ¢, only the empty-set term survives, hence

26, (Nyo) Niayer
e2e, er
e @l < T day,-

Nayer=1

H.3 A harmonic-kernel bound

For diffuse Transformer blocks the one-block kernel depends on the query time ¢. The next lemma gives the
corresponding convolution bound for

H(t,T):= [T <t

—1
t+1

Lemma H.1 (Nested harmonic bound). Fiz k > 1 and define

1

65



Then for every 0 <7<t <T—1,

where

m—
is the t-th harmonic number, with the convention Hy := 0. Consequently, for every fized k,

(log(1 + )"

(ﬂk)@ﬂ') Sk t+1

Proof. For k =1 the claim is immediate:

1 1
Htr)= —1r<t] < ——.
(t7) =gt <<

Assume now k > 2. By the kernel-product expansion,

o
een= > Il

T:i0<i1<'“<ik:t r=1

Since ¢, = t, the last factor is exactly t%l, hence

1 |
(H")(t,7) = — > 11-

1 . 4
t+ T <<ty <t r=1

Dropping the lower bound 7 only enlarges the sum, so

k—
ens— Y I

0<iy<<ij <t =1

(Sa)

m=1

Now expand

Every strictly increasing (k — 1)-tuple
0<iy << q <t

appears exactly (k— 1)! times among the ordered monomials in this expansion. Therefore

k—1
e | 1 ti 1 _ HF!
LS+ 1T (B=1)! m+1 ~ (k=1

0<ig <<y 1<t 7 m=1

Substituting this into the previous display gives

(F*)(t,7) < o

~
+
—_

—
o~

|

—_

~—

which is (77).
Since H, < log(1 +t), the logarithmic form follows.



H.4 Model-specific bounds

Proposition 32 (Deep Transformer bound). Assume the hypotheses of Theorem 31. Assume in addition that
for each layer ny,y., there exists a,, >0 such that

nlayer

T <t.

K"layex (t7 T> S t + 1 ’

Fix a bounded source family 0 < 7 <7,

Proof. Fix an ordered layer subset

Then for every x € Xy and every £ > 1 with 7+ ¢ <T —1,

nax -

(log(1 + £))News!
Nier 1+¢

e2e,(Nyyer)
JT+€,TL (!E)” s

Tmax b

1< nlayer,l << nlayer,k < Nlayer'

Define

1
.7[(25,7) = ml[T < ﬂ

By the assumption on K,,

layer ’

Nayer, r (ir? irfl) < a‘n]aygr)T}[(irv irfl) vr.
Therefore
k k
Z H )\nlavcr.r Knlaw'r.r (7:7/-7 iT_l) S (H Anlavc)’.ranlav(‘r,v‘) <}[k) (t’ T>.
T=ig<<ip=t r=1 o o r=1 V )
By Lemma H.1,

(log(1 + t))k’ll

(I (6 7) 5 B

Insert this estimate into Theorem 31:

Nisyer
e2¢,(Njyyer)
e @) S, D > ( 11 dm) (
m¢{n]aycr,l seesMayer, ke t

k=1 lgnlayer,l<"'<nlayer,k§Nlayer

=n
>

(log(1 +t))~1
Mayer,r Mayer,r t+1

Since Ny, is fixed, the finite sum is bounded by

(og(1 -+ ) e
Niayer t+1 :

Now restrict to the bounded source family 0 < 7 < 7,_. and set t = 7+ £. Then

max

t+l=7+L+1x_ 1+4¢, log(1 +t) =, log(1+1),

max

uniformly for 0 <7 < 7, Hence

nax-*

(og(1 + )
max > V) layer 1 + e :

e2e,(Nyyer)
‘ JT+€,T o (‘7")” S'r

O

Proposition 33 (Deep Mamba bound under failed freeze time). Assume the hypotheses of Theorem 31. Assume
in addition that for each layer ny,y., there exist a, >0 andc, >0 such that

(1) <y, & T <t

Mayer
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Set

Then for every x € X and every 7 < t,

Proof. Fix an ordered layer subset

Jte,ere7<N1am><x)H SNmer (1 +t— T)Nlaye).—le—c*(t—T).

1< Mayer,1 << Mayer,k < Nlayer

and write £ :=t — 7. For every temporal path 7 =i, < -+ < i, =, one has

k k k k
. —c
H Knlwu r by Uy 1) < H nlu(r r exp Z c"l\m v by 7‘*1) < H a/nla_v(tr,'r e

r=1 =1 r=1 r=1

The number of strictly increasing temporal paths
T=1g <t < <fp=1
is the number of compositions of ¢ into k positive integers, namely
(o)
k—1)’

with the convention that this is 0 if £ < k. Therefore

k 0_
Z H Mayer,r hyor,r( L ZT 1 (H Mayer, 7‘ hycr,rr) (k? _ ]1-> efc*é.

T=ig<-<ip=t r=

Insert this estimate into Theorem 31:

Nlavcr k
629 (Nager) - f—1 )
sy o ( a) (fee ) ()
k=1 1<ny,50 1< <Nayer k<Niager  \ME{ Nayer, 155 Mayer, k| r=1

Since Ny, is fixed and
-1
< (14+/ k—1
(121) =e0+0

the finite sum is bounded by a constant multiple of
(1 + [)Nlayexilefc*z.

O

Proposition 34 (Deep Sessa bound). Assume the hypotheses of Theorem 31. Assume in addition that for each
layer ny,ye, there exist .. >0 and a common exponent By € (0,1) such that

(7)< a,, (t=) Pl +logl+t-7),  T<t.

Mayer

Then for every x € Xy and every T < t,

e2e,(Niager - ’
T ) @) S 3 (8 PO 1 o1 1)
k=1
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In particular, since Ny, is fized,

Proof. Fix 7 <t and write ¢ :=t — 7. Fix an ordered layer subset

e2e,(N,

04C cer N‘LV(?T
I 1’““‘>(x)H Sny g (B 7 Vi 0B =L (1 4 Tog(1 + ¢ — 7))

1< Mayer,1 << Mayer,k < Nlayer'
For every temporal path 7 =145 < -+ <1, =1t, set
m, =1, —1,_; € N"
Then
my + -+ my, =L
Using the bound on K, o

layer

k k k
11 Ko (i q) < (H anwﬁr> Hm;ﬁ“‘”(l +log(1 +m,)).

r=1 r=1 r=1

Since every m, < ¢, one has
1 +log(1+m,) <1+ log(l+¢).

Therefore
k k

r=1

Summing over all temporal paths from 7 to ¢ gives

Z H Mayer,r nll\(rr(lr’ZT 1>

T=ig<<ip=t 1=

k
k 8. 'y
< (H )\n]wmanlmm> (1+log(1+9)) Z m; Brait .. mkﬁcml'

r=1 my,..,m>1
my+-t+mp=~L

The remaining sum is exactly the k-fold positive-lag convolution

*k o
fgtagl) (€>a fﬂtail (n) =n Brail .
By Theorem 30,
f/étan) <€) Sk,ﬁmﬂ R(1=Ba) -1

Hence

k
Z H Nayer, r nl\yer,r <ZT’ZT*1) Sk,ﬁwn

T=in<<ip=t 1=

H )\"mve; 7'anlaver 'r') Ek(l_ﬁtaﬂ)_l (1 + IOg(l + €)>k

r=1

N
=

Insert this estimate into Theorem 31 and sum over
k=1,.., Nyayer-

Since Ny, is fixed, the finite sum yields the stated bound.
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The final simplified estimate follows because, for g,,; € (0, 1), the exponent

k(1= Bun) —1

is increasing in k, so the k = N, term dominates the smaller-k terms up to a constant. O

H.5 Horizon-uniform bounds
We now state the horizon-uniform version used in Section 4.2.7.

Theorem 35 (Horizon-uniform residual calculus). Fiz a depth Ny, > 1. For each horizon T > 1, let

ROT) — o ng>7 B (Mager, T) — D) (h(nlwfl,T))’

MNayer

nlayer = 1, ceey Nlayer’

where .ZL’E)T) C ([RD)T is compact and each F,(L?;y)er is causal and continuously differentiable on the relevant compact
set

T T T T
xillaz'or_l = F7(7’lay>01’_1 oo F1< )(IE] >)'
Define the full end-to-end Jacobian blocks by

e2e,(Niayer)

(Nla 'crvT>
Ohy ™
TN 1) o ()

€ RPxD, 0<r<t<T-—1.
on" (x)

Assume that for each layer ny,.. there exist constants

>0,

Mayer — Mayer —

independent of T, and a scalar lower-triangular kernel
Knlaw A, 7):0< 7 <t<oo} —[0,00)

independent of T', such that for every horizon T > 1, every u € l’ _sondevery0 <7<t <T —1,

T
OF,) ,(u)

6“7— < dnlaycr

1t =7]+ A, K, (7)1 <t

Mayer

Then for every horizon T > 1, every x € IBT), and every 0 <7<t <T—1,

A B S S O dm)

=1 1<0p0,1 < <Pyer, ks SNlayer  \ME{ Nayer, 15+ Mayer, & }

Z H Nayer, r nhwrr( rolr— 1)' (78)

T=1g<iy <-<ip=t r=

Moreover,
Nla yer

th

"1 ayer

‘ e2e,( Nlm. H
nh)cx

In particular, the right-hand side of (78) is independent of T.
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Proof. Fix a horizon T' > 1. Apply Theorem 31 to the horizon-T" stack

(T)
70T Nigyer

PP

on the compact input set X E)T>. The hypotheses of Theorem 31 are satisfied with the same layerwise constants
A and the same kernels Knhm’ because these are assumed to be independent of T'. Therefore, for this

Mayer” * Mayer

fixed horizon T, Theorem 31 gives exactly the path-sum bound (78) and the same diagonal estimate.

Since the displayed right-hand side contains no dependence on T, the same bound holds verbatim for every horizon
T>1. O
Corollary H.2 (Horizon-uniform decay bounds). Assume the hypotheses of Theorem 35.

(i) Transformer. Assume that for each layer n,., there exists .. >0 such that

K t < anlmjur t
nluyer<77—)7 t+17 T<Tt.
Fiz a bounded source family 0 <1 < 7,... Then
2e,(Nayer) <10g(1 + g))Nlayer71
sup sup  sup_ ‘ Jife,T (T )H S N T _

T>Tax+H0+1 07700 zGI(OT

= "max

(ii) Mamba. Assume that for each layer n,.. there exist Uy > 0 and Crpr > 0 such that

“Coayer (7T
nmf(t, 7)< Uy, € , T <t
Set ¢, = min, ¢, . Then
e2e,(Npyer) 1
sup sup sup ‘]T+Z,T o (17; T>H SNlayﬂr <1 + €>NIRW le ok,

T>04+1 0<7<T—l=1 4D

(iii) Sessa. Assume that for each layer ny,. there exist ., > 0 and a common exponent Bian € (0,1) such

that

(t,7) <a,, (t—7)Pa(l4+logl+t—7)), T<t.

nlayer - nlayer

Then

layer

Je2e,(N1aycr)(x;T)H SN A Z (F0=Bu)=1(1 4 log(1 +£>)k.
) k=1

T+, T

sup sup sup
> <r<T—4— (T)
T>l+1 0<r<T—l-1 cq

In particular, if Nyyye, (1 — Bian) < 1, then the right-hand side tends to 0 as £ — oo.

Proof. Apply Theorem 35 and then repeat exactly the kernel-class estimates used in the proofs of Propositions 32,
33, and 34. Because the layerwise envelope parameters are horizon-uniform, the resulting constants are indepen-
dent of T'. Taking the indicated suprema over all admissible horizons therefore leaves the bounds unchanged. For
the Transformer case, the passage from ¢ = 7 + £ to 1 + £ is uniform on bounded-source families 0 < 7 < 7.
For the Sessa case, the final asymptotic decay to 0 occurs exactly when the largest power

KNlayer(l_Btail)_l

has negative exponent, i.e. when Ny, .. (1 — By) < 1.
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I Universal approximation for Sessa with adapters

I.1 Preliminaries and notation

Fix T > 3 and d_, € N*. Inputs are

ext
= (Tgy e, Tp_q) € (RAext)T o RT*dext,

and outputs are in RT*%x, For X € RT*%x define
T-1
X013 = > 103
t=0

Let D C RT*%x be compact and
My :=sup |z||p < o0.
zeD
Hence |z,]ly < My, for all © € D and all ¢.

Definition 10 (Causality). F : D — RT*dx is causal if for every ¢ and all z,2’ € D, z, = x{, implies
F(z)y = F(a'),.

Lemma 1.1 (Prefix factorization of continuous causal maps). Let
D C RT*dex

be compact and let
F:D — RT%dex

be continuous and causal. For each t € {0,...,T — 1}, define
P D — (Ret)tH Pe(2) = Ty,

and
Pyt i=p,(D).

Then there exists a unique continuous map
— ¢
F, : P — Ren

such that

—~

Fy(zg.,) = F(x), Ve e D.

Proof. Uniqueness is immediate because p, is surjective onto P}

Causality ensures that F, is well defined: if p, () = p,(z’), then x4, = x{,,, hence

F(x), = F(2'),.

Let
pr, s K7 5 R, pr, () =,
and define
gy =pr,of D — Rebext
Then

—~

g = Fyop,.
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Let C' C R%x be closed. Since g, is continuous, g; 1(C) is closed in the compact set D, hence compact. Applying
D;, the image
by (9; 1(C>)

. . f of
is compact in P¥", hence closed because L™ is Hausdorff. Moreover,

—

FHCO) = pi(g,7H(0)).

Therefore F, is continuous. O

I.2 Architecture and function classes

Sessa blocks of width m Fix an even query—key width d,, € 2N, a model width m € N*, and a tokenwise

pre-normalization map
Norm : R™ — R™

applied independently to each token. We consider two choices:

Norm =1Id and Norm = LN, (g, > 0).

A width-m Sessa block is the block of Section 3 specialized to model width m, and we use the following RoPE
convention throughout this section.

Write every z € R% as
2= (20,20 /271, 2" € R2.

Fix a RoPE base ¥ > 1 and define the standard pairwise frequencies
w, =92/ r=0,..,d./2—1.

In particular,

wy = 1.
For every 7 € R define
RoPE, (2) := (R, .29 R, 2V .. R, zld/21))
0 1 dp,/2-1
where R, denotes the planar rotation by angle 6. In the architecture, 7 =¢ € {0,...,7 — 1}; in the constructions
below we also allow shifts such as 7 = —¢. All diagonalization arguments use only the first rotary pair. Hence,

whenever ¢, k € R% are supported on that first pair,
<ROPEt(q)7ROPEj(k)> = (Ryq1.2, Rjk1:2>-

The comparison RoPE-Transformer class uses the same convention.

Parameters and dimensions
Win c [Rm><2m7 bin c [RQm’ Wout c [Rmxm7 bout c [Rm,
WQf7WKf, WQb,WKb € Rmxdi, Wy, e Rm*m,

w' €ER™, b ER.
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Tokenwise preprocessing Given z € RT*™:

Z, = Norm(zx,) € R™,

u, = Z,Wm bt € R?m

uy = (ag, 94), ag, g9, € R™,
a, = GELU(a,) € R™.

Attention-feedback operator We fix the attention scale to
o = d;l/ 2,

Define
gl =a,Wqy, Ko=aWip o= a,Wy, a; = a,Wy, ki = a,Wi,

with
al k[, qd ke R%, v, e R™.

For the causal forward branch (j < t), define
@ =RoPE,(¢]), &/ =RoPE,(k]),

and define

fwd __
At =

exp (ol B) )17 < 1] ,
, fi= Z advdy .
~f 7.f 4 5] 7D
ETEt exp (Uk <qt ) k7'>) J<t

For the strictly lower feedback branch (j < t), define

b kb )1 <t
L exp(opdar, k) )1l < 1 a0

“i = b b
>,y OXD <0k<Qt ; kr>)

v, = tanh((a,, w?) +b7) € (—1,1).

[Br]

— D _ :
by = e [Bﬂ’]tu‘ =0 for j > t.

The mixer output is defined by the exact solve
(I —Bg)s=f.

Since By, is strictly lower triangular, the system has a unique solution.

Residual update
yp = + ((5, © g )W + 7).

Function classes Let
ConcreteSessaBlocksy oy, (dj, M)

denote the set of all width-m concrete Sessa blocks above with the chosen pre-normalization map Norm. De-
fine

Qggssa’Norm(m) = {G Nyo 0 oG G € ConcreteSessaBlocksy,,, (dy, m) for all ny, ., Nyyor € D\I*}.

aye
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Tokenwise input and output adapters Fix the external data dimension d,, and a model width m > d

Define tokenwise affine adapters

Embed(z), := z,Wmb + pemb € R™m, Unembed(h), := h, W™ + b € R,

Parameters and dimensions

Wcmb c |Rdm><m’ bcmb c Rm7 Wun < Rmxd(,xt’ pun < Rd(txt.

Unembed o Embed = Id on RT*dex

We consider Sessa networks of the form
z + Unembed(G(Embed(z))),

with
d;,
Ge QSéssa,Id(m)

in the main LN-free theorem, and
d
Ge QSﬁssa,LNsm (m)

in the LayerNorm extension.

ext*

Causal RoPE-Transformer class We also define a causal decoder-only RoPE-Transformer class of functions

from RT*dex — RT*dex with internal model width m and adapters.

A width-m RoPE-Transformer block is a standard decoder block operating on R7*™: it consists of causal self-
attention with j < t, RoPE applied to queries and keys in the logits, and fixed scale o, = d,;l/ 2, together
with a tokenwise FFN of hidden width r and residual connections in R™. An absolute positional embedding

H,d,,r

E € RT*™ is added once at the network input. Let QRopETr can () De the set of finite compositions of such blocks

on [RTxm_

Finally define the adapted function class

Ut can (e 1 = diyy) = {@ > Unembed (§(Embed(x) + E)) = § € Qe ca,

1.3 Softmax lemmas

(m), E € [RTX”‘}.

Lemma 1.2 (Softmax concentration). Letv € R"™ and let i* = argmax; v; be unique. Let A = v;. —max; ;. v; > 0

and fix § € (0,1). For o), > 0, define p = softmax(o,v).

—1
P >1—06 whenever oA >log r 5

Proof.

> .., €Tk (n —1)ex =)
+ n )e _
1 _pl“ = v ’Leo'kvi S ea'k'ui* = (’I’L — 1)6 UkA.
Zi

Thus 1 —p;. <9 if 0, A > log ”T71.

Corollary 1.3 (Sharpening at fixed attention scale). Let v € R™ and let i* = argmax, v, be unique.
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A = v, —max; ;. v; >0, fix § € (0,1), and fix the attention scale o), > 0. For ¢ > 0, define
pl9) := softmax (o}, c?v).

Then

—1
pgf) >1—46 whenever oy c2A > log i 5

Thus, in the concrete architecture where o), = d;l/ % s fized, arbitrarily sharp softmax rows are obtained by scaling
the query and key vectors by a common factor c.

Proof. Apply Lemma 1.2 to the logits c?v. O

Lemma I.4 (Error of an almost one-hot mixture). Let (w;);c; C R™ and let p; >0, Zj

then
D" pyw; — w0y <26+ Vi
GeJ 2

;=1 1Ifp. >1-0

where V.

max ‘T MaX ey ||ng2

Proof.
ijwj —w; = (pj — Dwy + ijwj.
J I+
Since Z#j* p;=1—p; <4,

H ijwj — W
J

= max; |w,],.- O

2+ ijlle\lz < 26 Vipax
J#T*

U}j*

<|1—p.
2_| D;

where V.

max

I.4 RoPE diagonalization and triangular solve

Lemma 1.5 (RoPE-diagonalization). Fixz T' > 2 and an even query-key width d;, € 2N. For any ¢ € (0,1) there
exists a parameter choice with one head and this d,, such that for allt,

afd>1-6, > o <.
<t
it
At the architectural scale o), = d;l/Q, it suffices to scale the active query/key pair by a common factor cg,, > 0
such that

T—-1
Ok ChiagDr > log 5 Ap:=1— se{lr,n__%_l}cos(s) > 0.

Proof. Under the RoPE convention above, RoPE, acts pairwise on consecutive 2-dimensional coordinates with
frequencies (wr)fi{f_l and
wy = 1.

Activate only the first 2-dimensional pair by choosing
g = (1,0,0,...,0) € R%, ko = (1,0,0,...,0) € R,

and then setting
q= Cdiaqua k= CdiagkO'
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With RoPE, §, = RoPE, (¢) and k; = RoPE,(k) satisfy

<qt7 kj> = Cc2liag COS(t - j)7
since all coordinate pairs except the first are identically zero, and the first pair rotates with frequency w, = 1. For

fixed t and j < t, the unique maximum equals Cgmg at j=t. Forj#t, s=t—je{l,...,T—1}socos(s) <1—Aj.
Hence the logit gap is at least cgiagAT. Apply Corollary 1.3. O

Lemma 1.6 (Mixing error under diagonalization). Assume |[v;]y < Vi If ot > 16, then

H Z ai‘fjdvj - th < 26Vmax7 Hf - UHF < 26Vmaxﬁ'
i<t 2
Proof. Lemma 1.4 with j* = ¢, then sum over t. O

Lemma 1.7 (Lower-triangular inversion). For every input z, By () € RT*T is strictly lower-triangular. Hence
By, () is nilpotent, with By,(z)T = 0.

T-1

(I =By ()" =) By(a)".

k=0
Proof. A strictly lower-triangular 7' x T' matrix is nilpotent of index at most 7. Hence Bf{ = 0, and the Neumann
series terminates after 7' — 1 terms. O

I.5 Generating positional codes via feedback

Corollary I.8 (A Sessa block can generate separated positional codes). Fiz any tokenwise pre-normalization
map
Norm : R™ — R™

(applied independently to each token), any even query/key width dy, > 2, and any model width m > 1. Then there
exists a single width-m concrete Sessa block

G?* € ConcreteSessaBlocksym (di,, m)

and vectors pg, ... ,pr_1 € R™ such that:

(i) for all h € RT*™ and all t,
GP*(h)y = hy + py;

(ii) for any prescribed unit vector u € R™, one may choose
Py = (Ac)u

with pairwise distinct scalars (Ct>tT:51 and some A > 0, so that on any compact X _set C RT*™ the scalar
sets

I, i={{hy +p;,u): h€X_set}

are pairwise disjoint after choosing A large enough.

Proof. Fix a prescribed unit vector u € R™.

The construction does not depend on Norm: setting W™ = 0 gives

ut — i’.tWHl + bln — blIl7
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for all ¢.

Choose W = (0 and choose b™ so that for every token
a, = a.eq, 9 = eq,

for some a, > 0. Set
A := GELU(a,) > 0.

Then
a, = Ae; vt.
Choose

Then all forward logits vanish, so each forward row is a causal probability vector. Choose W3, so that

v = € vi.
Therefore
fi= Z ai“Jdv] =e; vt
j<t
Choose

Then for ¢t > 1,

ap;=-1[j<t], af =0
Fix any constant vy € (0,1), and choose
w? =0, bY = arctanh(vy).
Then
0, t=0,
=7, B =
= Bl Tfj<t, t=1

Since f, = e;, we have

St = €y,
where
- t—1
¢ =1, g=1+-> ¢ t>1)
t &
Let
t
Sy
St:ZCja 'ut_t—l—l
7=0
Then
Sy = (1+%)St 1+ 1
hence
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1

Since py =1 < an induction gives

1—v?
1
< — Vi,

lut 1_’}/

SO
fy — py_q >0 vt > 1.

Now

c=14+7>1=c,,
and for ¢t > 1,

S S,

Ct+1*Ct:’Y<t+t1* ttl) =y(py — f4—1) > 0.

Therefore (c,) is strictly increasing.
Choose W™ so that its first row is Au" and all other rows are zero, and set v°** = 0. Since
51O gy = (cre1) O €1 = ey,
the residual update equals
(8: © g )W = ¢y (Au) =: p,.
Hence
G**(h)y = hy + py.

Let X set ¢ RT*™ be compact and set

R:= sup max|h, < co.
heX _set t

Then
[(hy,u)| < R Vh € X _set, Vt.

Since the ¢, are pairwise distinct, let

A = mi — > 0.
c IgglIcs ¢l

Choose
A > %
A

c

Then the shifted scalar sets
T, ={{h; +pp,u): he X _set} ={{h,u)+Ac,: h €KX _set}

are pairwise disjoint. O

1.6 Composition error control

Lemma 1.9 (Composition error on thickened compacts). Let (X,d) be a metric space such that closed neighbor-
hoods of compact sets are compact, for example, X = R™ with the Euclidean metric. Fiz a compact X_set; C X
and continuous maps f; : X = X fori=1,..., L.

Fiz p11q > 0 and define recursively

X _set; =K _sety, X _set; . q = f;(X_set,), K_set; | = N

Pubhd (K _set;q) ={x € X : d(z,X_set;;1) < pypnal-

Then each X _set, is compact.
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For every € > 0 there exist tolerances 6,...,0;, > 0 such that: for any continuous maps g; : X_set, - X
satisfying, for each 1,

sup d(fz('r>7gz(x)) < 51 and 61 < Pnbhd>

reX_set;

the compositions F := f oo f; and G := g oo gy are well-defined on X _set, (and in fact g;(X _set;) C
X_set;,,), and
sup d(F(z),G(z)) <e.

reK_sety

Proof. Well-definedness is immediate. Fix i and @ € X _set;. By definition, f;(x) € X _set,,; = f;(X _set;),
hence d(f;(z), X _set,;, ;) = 0. Therefore

d(g;(x), X _set; 1) < d(g;(x), fi(x)) +d(f;(x), X _set; 1) <6 < pupnas

so g;(xz) € X _set, ;. Thus g,(X_set,) C X _set, , and all compositions are defined.
The remainder of the proof is by induction on L. For L =1 it is immediate.

Assume the claim holds for L — 1. Let
Fop=fri0-°f, Gop=gr1°°6-
Since X_set ;, is compact and f; is continuous, f; is uniformly continuous on K _set - Pick 7 > 0 such that
d(u,v) <n = d(fp(u), fL(v) <e/2  Vu,ve X _set,.

Set 07 := min(p,pq,€/2). By the inductive hypothesis applied with target accuracy 7, choose ¢, ...,0;_, > 0 so
that
sup  d(F_p(z),G p(z)) <n.

zeX _sety

Then for x € X __set,, noting that G_;(z) € X _set; by well-definedness,

d(F(z),G(x)) < d(fr(Fp(2), fL(Gop(2)) +d(fL(Gp (%)), 9, (G (7)) < /240, <e.

O

Lemma 1.10 (Tokenwise GELU approximation). Let S C R™ be compact and let © : S — RP be continuous.
Then for every n > 0 there exist r € N* and affine maps

A:R™ — R", B:R"— RP

such that

sup IB(GELU(A(2))) — ©(2)[, < n.

zE
Moreover, if a larger width v’ > r is prescribed in advance, the same conclusion still holds with r' in place of r,
by padding the hidden layer with unused coordinates.

Proof. Apply the standard one-hidden-layer universal approximation theorem for non-polynomial activations
coordinatewise to the components of ©, and concatenate the resulting hidden units into a single hidden layer.
Since GELU is continuous and non-polynomial, the theorem applies; see, e.g., Hornik et al. (1989); Leshno
et al. (1993). The padding claim is immediate by adding hidden coordinates with zero incoming and outgoing
weights. O
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Lemma I.11 (Tokenwise GELU approximation with zero-padding). Let S C R™ be compact, let © : S — RPo be
continuous, let n > 0, and let ry € N*. For each r > 1, let

E, : RPo < RP(V)
be a coordinate zero-padding embedding, where p(r) may depend on r. Then there exist r > r, and affine maps
A:R™ = R", B:R" — R
such that

sup |B(GELU(A(2))) — E,(0())|

z€S

2377‘

Proof. By Lemma 1.10, there exist s € N* and affine maps

A:R™ — RS, B:R* — Rpo

such that - -
suEHB(GELU(A(z))) — @(z)”2 <n.
zE
Set
r:=max{rg, s}.
Let

I, :REOR

be the coordinate zero-padding inclusion into the first s coordinates, and let
II,_,,:R" = R*

be the projection onto those first s coordinates. Define

A:=1I,,,0A, B:=E oBoll

T T—8°

Then A is affine and B is affine. Since GELU(0) = 0 and GELU acts coordinatewise,
IL,_,,(GELU(A(2))) = II,_,,(GELU(L, ,, A(2))) = GELU(A(2).

Hence

B(GELU(A(z))) = E,(B(GELU(A(2)))).

Because E, is coordinate zero-padding, it is an isometric embedding for the Euclidean norm, so

IB(GELU(A(2))) — E,(6(2))|, = | BIGELU(A(2))) — ©(2)|.

Taking the supremum over z € S gives the claim. O

1.7 Stability of finite-horizon RoPE attention

For fixed T, causal RoPE attention depends continuously on the query, key, and value arrays. The next two
lemmas collect the continuity and near-diagonal transport estimates used below.

Lemma I.12 (Stability of finite-horizon RoPE attention). Fix a horizon T > 1, number of heads H > 1, even
key/query width d;, > 2, value width d,, > 1, attention scale o), > 0, and an output matriz

WO c RHd,xm
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Let X_set C RT*™ be compact, and define the compact token set

Sx et =Hug s ue X _set, 0<t<T—1} CR™.

For each head a =1,..., H, let
qav ka’q‘a7 /];‘a : Sﬂ(ﬁsct — Ide? ,Ua’ {}a : Sﬂ(ﬁsot — leU
be continuous. Let A, A: X _set — RT*™ be the corresponding causal RoPE-attention maps: for u € X _set,

A(u), = (concatf[:1 zg(u))WO, 28 (u) == Za‘;’j(u) v (u; ),

j<t

where

exp(,(ROPE, (4" (1)), RoPE, (k* (u;))) )1[j < 1
5, exp( o4 (ROPE, (¢ (u,)), ROPE, (k*(u.))) )

and similarly A is defined from (q°, ke, 0%).

af j(u) =

2J ’

Then for every e > 0 there exists n > 0 such that

sup - max ([lg?(2) = @ () + k() = R (=)l + [o°(2) = (=) ) <

ZESJ( set 1<a<H

implies

sup [ A(u) — Aw)|p < e.

ueX _set

Proof. Define the finite-dimensional array space

T

2= ((R) x (Re)H) x ((RE)H),
and equip it with the max norm

1@y K V) s 2= max { max g, max [, max o], }.

Let
A: X — RTxm

denote the finite-horizon causal RoPE-attention operator defined by the displayed formulas above. RoPE attention
is continuous as a composition of continuous finite-dimensional operations.

Now define continuous maps

by collecting the tokenwise arrays:
E(u) = ((qa(ut))t,(n (ka<ut))t,a7 (va(ut))t,a)7
(((i“(ut))t,a, (%a(ut))t,a, ({)a(ut))t,a)'

)
£
I

Then

N
I
%

1
o)
I
S
{1
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The image Z(X _set) C X is compact. Fix 1, > 0; then its closed n,-neighborhood

Ny, (E(K _set))
is compact as well. Hence A is uniformly continuous on this neighborhood. Therefore, for the given € > 0, there
exists § > 0 such that
z,a' € N, (E(K_set)),

”Jj - x/Hmax < d =

A (z) — A(z")|F < e
Set 7 := min{n,, d}. If the stated tokenwise bound holds, then for every u € X _ set,

HE(U> - E(u)”max < n,

because each of the three summands is individually bounded by 7. In particular,

Eu) € N, (E(X_set)).

Applying the uniform continuity estimate to =(u) and E(u) gives

| A(u) — A(u)|p = | AE(u) — AEW)|p < €

Yu € X _set.
Taking the supremum over v € KX _ set proves the claim.

O
Lemma I.13 (Near-diagonal attention transports values). Fiz a horizon T' > 1, an output width s > 1, and a
compact set

X set’ c RTxm,
Let

Sy s ={us ue X _set’, 0<t<T—1} CR™
Let ¢,v: Sy v — R® be continuous, and define

M¢::

sup [[¢(2)] < oo

2S5

Suppose a one-head causal attention mechanism on K _set’ produces weights at,j(u) and outputs

fi(u) == Z at,j(u) v(uj),

j<t
Assume that for some 6 € (0,1) and n >0,

u€e X _ set.

a4(u)>1-6  VwueX set', Vte{0,.., T -1},
and

sup  [[u(z) = ¢(2)] < -

z€ SJ(”,set/
Then

— < .
Sup e [ fe(w) = ¢lu)lla < 20(My +n) +1

Proof. Fix u € X _set’ and t € {0,...,T —1}. Set

w; = v(u;) € R, 0<ji<t.
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Then (a, ;(u)),;<; is a convex distribution and

fe(u) = Zat’j(u) w;.

j<t

Moreover,
lw;lla < llé(us)lle + [v(u;) — d(u;)ly < My +n Vi<t

Since ay 4(u) > 1 — 0, Lemma 1.4 yields

1 (u) —w,lly < 26(My +n).

Also,
lw; — @)y <.
Hence
1Fe(w) = @(up)la < [1fi(u) = willy + Jwp — du,)]ly < 20(My +n) + 1.
Since this bound is uniform in u and ¢, the claim follows. O

1.8 Universal approximation for causal RoPE-Transformers with adapters

Lemma I.14 (Universality of causal RoPE-Transformers with adapters). Let
D C RT*dex

be compact and let
F: D — RT%dex

be continuous and causal. Then for any € > 0 there exist finite (H,d,,,r,m) and

H,d,,r
gc QROPETncau<d - m — dext)

ext

such that

sup | F(z) — g(z)|p <e.
zeD

Moreover, the construction in the proof allows an arbitrary choice of distinct scalars (¢,)1-3' in Paragraph 3, hence
an arbitrary absolute embedding E supported on the pos-scalar coordinate of slice h = 1 with distinct entries.

Proof. Fix ¢ > 0.

0. Causal factorization For each t € {0,...,T — 1}, define the compact set of attainable prefixes
:})Eref = {(zg, ..., 7)) :x € D} C (ﬂ?dm)ﬂ—l'
By Lemma 1.1, there exists a unique continuous map
F,: PP S Rée,  Fy(zg,...,2,) = F(z), (x€D).

Since PP is compact in Euclidean space, it is closed in (R%< )1, By Tietze extension applied coordinatewise
(Tietze, 1915), extend F, to a continuous map

F, ¢ (Rex)t+1 — Rbex

such that F(z), = Fy(zg,...,x;) for all z € D. Let My, := sup,_,, [2|p.
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1. Model width Set the number of heads to be
H:=T+1, dj, =2,

and choose the per-head value width
dv = dext + 2.

Define
m = Hdv = (T + 1)(dext + 2)

We index coordinates of R™ by head-slices:
H
R = DR
h=1

and within each slice R% we separate content coordinates, the first d,,, coordinates, a constant coordinate with
index d. + 1, and a pos-scalar coordinate with index d + 2.

2. Adapters We now fix concrete adapters Embed, Unembed of the form introduced in Paragraph 1.2. This
choice satisfies Unembed o Embed = Id on R7*%x . Define the sequence-level affine adapter

Embed : [RTXdext N |RT><m

tokenwise by placing x, into the content coordinates of slice h = 1, setting the constant coordinate to 1, and all
other coordinates to 0:

H
Embed(z), = ((% L0); 0505 O) € P RIxt2,
h=1

This is an affine map z, - 2, W™ + b for suitable WP and 5P,

Define Unembed : RT*™ — RT*de tokenwise by reading out the content coordinates of slice h = 1:

Unembed(h), = (h"~") =~ € R,

ext

which is exactly a coordinate projection (equivalently, an affine map with "* = 0) and satisfies UnembedoEmbed =
Id on RT*%x . Thus Unembed is linear and non-expansive in Frobenius norm:

[Unembed(U) — Unembed(U’) | < |U = U’ | YU,U’ € RT*m,

Let  := Embed(z) € RT*™. The set D := Embed(D) is compact.

3. Absolute positional code Choose distinct scalars ¢, ..., cp_; € R and define E € RT*™ by:
E, is zero in all coordinates except the pos-scalar coordinate of slice h = 1, where it equals c,.

Thus for all z € D and all ¢,
- h=1
(:L't + Et)fjm+)2 = Gy,

i.e. the pos-scalar is exactly c,, independent of z.

4. Prefix encoding Fix a diagonalization tolerance 6 € (0,1), to be chosen sufficiently small later. Under the
standing RoPE convention fixed above, when d;, = 2 there is only one rotary pair and wy = 1, so

RoPE,(z) = R,z
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with R, the planar rotation by angle ¢ radians (Su et al., 2021). Construct a single causal RoPE-attention sublayer
whose output at time ¢ stores

Tyy Ty1y -0y Lo
in the content coordinates of slices h = 2,3, ...t + 2, respectively. Equivalently, lag £ = 0, ...t is stored in slice
h =/ + 2, and all active slices h = 2, ..., H are controlled uniformly via the one-hot estimates below.

Because slice h = 1 has a constant coordinate equal to 1, we may choose the linear maps W}% W,{( so that for
every token representation wu:

h h=1 — — h h=1 7. 7.
" ="y d™ =q R, kY =@, o k=ke R

ext

for fixed vectors ¢, k € R2. Fix a scaling factor Cpack > 0. We set k=c,,(1,0) and for head h € {2,..., H} set

pack
7" = ¢, ROPE_(j,_5)(1,0) € R2.
Under RoPE inside logits, for j < ¢,
(ROPEt(cj(h)), RoPEj(ic)> = cfmck cos ((t — (h—2)) —j).
Define for each (¢, h) the maximizer

J(t.h) € arg mas cos ((t = (h —2)) — )

For h < t + 2, the unique maximizer is j*(t,h) = t — (h — 2), since the maximum value 1 is attained only at
argument 0. For h > ¢t 4 2, all arguments (¢t — (h — 2)) — j are distinct negative integers, and the corresponding
cosine values are pairwise distinct (since cos(a) = cos(b) implies a = +b + 27k for some k € Z, and for integers
a, b this forces k = 0 because 2 is irrational, hence a = +b). Thus the maximizer is unique for every (¢, h).

Let
V() =cos((t—(h—2))—j),  j€{0,...,t},
and for ¢ > 1 define

A, =, (5t h)) — max v, ,(7) > 0.
t,h t,h(]( )) 0 NG (£} 0 (d)

Since the set of pairs (¢, h) is finite, the uniform gap

A = min A
T ety bl
he(s, . H)

is strictly positive. For t = 0, the row is exactly one-hot.

Choose ¢, such that

T—1
akcgackA* > log 5

Then by Corollary 1.3, for every x € D, every t > 1, and every head h € {2, ..., H},

fwd, (h)
@,y =10
For ¢ = 0 the distribution is exactly one-hot on j = 0.
For heads h = 2, ..., H, choose W}Y so that the value vector copies the content coordinates of slice h = 1 (and has

zeros in the last two coordinates of the head output):

WM = (2, 0, 0) € R%x 2,
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For head h =1, set W} =0, so head 1 contributes 0.

Let f, € R™ denote the concatenation of head outputs. Choose W© = I, . Since slices h > 2 are initially zero,
the residual update
hy < hy + 1

injects the head outputs directly into these slices.

Let V.

max

i= sup, ., max; [z, < My. For each ¢ and each head h € {2,..., H}, by Lemma 1.4,

H(ft(h))l Aot xj*(th)Hg < 20 Vi < 20 Mop.

Hext

In particular, for h < ¢+ 2 we have j*(¢,h) =t — (h — 2), hence slices h = 2, ..., t + 2 recover (x,,z; 1, ..., %) With
per-slice content error at most 20 V.

max-*

5. Ideal encoded state and target map Fix H := T + 1 heads indexed by h = 1,..., H, with head h = 1
unused as before. For each (¢, h) with t € {0,...,T — 1} and h € {2, ..., H} define the deterministic index

J(t.h) € arg max. cos ((t = (h—2)) = j)

With the same ¢, chosen in Paragraph 4 so that

T-1
A, > log

2
Oy Cpack = 5

Corollary 1.3 gives, for every x € D, every t > 1, and every head h € {2,..., H}, the causal attention distribution

over j <t satisfies (
fwd,(h)
@

Littn 2 170

For ¢ = 0 the attention is exactly one-hot.

Define h,(z) € R™, where m = (T+1)(d,,+2), by letting slice h = 1 equal (z,,1,¢,) in coordinates (1:d,,, d+1, do+2)
and zero elsewhere, and for each slice h = 2, ..., H placing ;. (; 5 in the first d,; coordinates and zeros in the last

two; and set R R
Si={h(z):xeD, te{0,.., T —1}} CR™.

Then S is compact as a continuous image of a compact set.

For each fixed t € {0, ..., T — 1}, define the affine map, in fact linear,
Read, : R™ — (R )t+1

by reading the content coordinates of slices h = 2, ..., t + 2 in reverse order:

Read, (1) := (<u(t+2>>1:d 7 (“(Hl))m e <“(2))1=d )

ext

Equivalently, for £ =0, ...,

(Read,(u)), = (u*"*2))

ext

By construction of the ideal encoded state and because j*(t,h) =t — (h — 2) for h <t + 2,

Read, (h,(z)) = (2, .., 2,) Vz e D.

Thus the pos-scalar coordinate identifies ¢, while the encoded slices determine the prefix (xg, ..., x;).

Decompose S as the finite disjoint union S = |—|th701 S, where 8, := {h,(z) : « € D}. Each 5, is compact and
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contained in the affine hyperplane {u € R™ : (u(h:D)de =¢,}. Since the scalars ¢, are distinct, the sets S, are
pairwise separated. Therefore ® is continuous on S once each restriction $| g is continuous. Now fix ¢. For every
t

U = izt(x) € 5’;, by the defining property of F, from Paragraph 0 and by the readout identity above,
b (u) = F(z), = Fy(zg, ..., 7,) = F(Read,(u)).

Therefore
q)|§t = Ft o Readt|§t.

Read, is a linear map, and F, : (R« )it 5 Rée is continuous, so ®|z is continuous. Thus ® is continuous on S.
t ) t > s,

By Tietze extension applied coordinatewise, extend ® to a continuous ® : R™ — Rdex,

6. FFN approximation Let h{"(z) € R™ denote the token state after the first RoPE-attention block, con-
structed in Paragraph 4, with WY = I, head h = 1 set to zero, and the FFN set to zero. Slice h = 1 is
unchanged by the residual, since the concatenated head output has zero slice h = 1, so (h$"(x))"=Y = (z,,1,¢,)
exactly.

For each head slice h € {2,..., H}, by the encoding construction in Paragraph 4 we have ||v§-h) I, < V.. and

max

iw;l;((%) > 1 — 4. Therefore Lemma 1.4 gives, for each # € D, each t, each h € {2, ..., H},
enc (h)
H(ht (:L.>)1:dcxt, _$j*(t,h)“2 < 25%11&){’

and the last two coordinates of each slice are exactly zero on both sides. Therefore, for each (z,t),

H
() = hy(@)ll, < | D (20V)? = 20V, VT

h=2
In particular,

Sup max ||h§nc(13) — ilt(I)HZ < 25‘/maxﬁ'
zeD

Let
Sepe :={h"(z):x €D, t=0,...,T—1} CR™

(compact). Since S is compact, for every radius ropng > 0 the closed neighborhood

_ ~ ~

N’“nbhd(s) = {u eR™: diSt(u’ S) < rnbhd}

is compact. Fix such an r ;4 > 0.

—~

By uniform continuity of ® on the compact set Wm,l.d( ), there exists a continuity tolerance

such that

~

wveN, (8), Ju—vly<de = [|B(u) = B(v)]y <e/BVT).
Now choose the diagonalization parameter ¢ € (0,1) above small enough so that

26‘/;nax\/f < min{rnbth 5UC}’
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Then S,,. C W,.HM(S ), and for all z € D and all ¢,

|5 () = Ry ()2 < Syc

Hence

[® (k5 (2)) = By (2)), < £/(BVT).
Since ®(h,(z)) = ®(h,(x)) = F(z), by construction, it follows that

[® (ki () = F(2),], < £/(3VT).

Define the continuous map ¥ : S, — R by

W) = Bla) — (),
i.. the increment needed (in slice h = 1 content) to turn the current content into ®(u). By the universal
approximation theorem for tokenwise GELU FFNs (Leshno et al., 1993; Hornik et al., 1989), there exists a
tokenwise FFN (hidden width r large enough) whose output FFN(h), € R™ is supported only on slice h = 1

content coordinates and satisfies

(h=1)

sup H(FFN(U))dext

u€es,

enc

v(u)| < £/BVT),

2

and FFN(u) equals 0 on all other coordinates. Applying this tokenwise, define the sequence-level FFN by
FFN(h), := FFN(h,). Using the residual connection in the second block (with its attention set to zero), the
slice h = 1 content becomes

(h=1)

. (h=1)
(h§"(2)) 4

+ (FEN(hg™(2))), ' ~ B(h§™(2)) ~ F(),.

ext ext

Combining the encoding and FFN errors yields for each ¢

ou (hzl)
[y, = P <e/VT,
hence |F(z) — g(z)||p < € uniformly on 2 after applying Unembed. O

1.9 Direct Sessa building blocks

Storage decomposition Fix a model width
m= (T + 1)d + 2.
Write R™ as the orthogonal direct sum of coordinate subspaces
R™ =Uy@U; @+ @ Up_y @ Uy ® SPan{e ongs €pos }»

where each U, is a coordinate copy of R%x and U, is a coordinate copy of R,

Fix linear isometries

JyiRbe 5 U,  (0=0,...,T—1),  J Rt =0,
and let
RZ = JZI : UZ — Rdem7 Rout = Jc;ljf : Uout — Rdex"

Let m, : R™ — U, denote the projection onto U,, let m , : R™ — U,, denote the projection onto U, and
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let

Tt * R™ — UO DD UTfl 52 Span{econsw epos}
denote the projection onto the storage slice.

For each £ € {1,...,T — 1}, let
Tyei=Jgo Ry : Uy = U,

denote the fixed coordinate-copy isomorphism, and let

TOHout = Jout ° RO : UO = U,

out

denote the corresponding copy map into the output slice.

Let
byt * 7Tst<|Rm) - R™

denote the linear lift obtained by restoring the output slice as the copy of U, i.e.
ﬂ—st(Lst(Z)) =z, 7Tout(Lst(Z)) = TOHout(WO(Z))'
Lemma I.15 (Uniform small-signal linearization of GELU). Let K C RY be compact. Then

2
- GELU(eu) — |

sup
ue K

— 0 ase | 0.
2

Consequently, for every compact K C RP, every linear map L : RP — R4, and every n > 0, there exists € > 0 such
that

2 GELU(eLz) — Lz

sup <n.
2eK € 2
Proof. GELU is C' and GELU’(0) = 1/2. Hence
1
GELU(u) = =u + r(u), Ir(wl, —0 asu—D0.
2 lull2
Apply this uniformly on the compact set eK. The second statement follows by substituting u = Lz. O

Lemma I.16 (A single Sessa block copies one lag into a dedicated slice). Fiz ¢ € {1,...,T — 1} and a compact
set X_set C RT*™ . Define the compact source-token set

S i={my(hy): he X _set, 0<t<T—1} CU,.
Then for every n > 0 there exists a width-m concrete Sessa block
Glgag € ConcreteSessaBlocksy (2, m)

such that:

(i) feedback is turned off identically, i.e. v, = 0;

(ii) for every h € K _set and every t, the block can be chosen so that its input projection depends only on the
source slice U, (and fized biases), i.e. it ignores all coordinates in U,. for r #+ 0, as well as Uy, €
e

const and

pos!'
WT(Gllag(h’)t) = Trr(ht) fO’f’ all v € {Oa aT - 1} \ {6}7

and the coordinates in U, e

out’ “const’ CL’I’Ld epo

. are unchanged;
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(iii) if
i (t,0) € arg pax cos ((t—=20)—17),

then
lag _ . )
hesylclietOSIPSaY)ile<Gé (h)¢) = my(hy) To%(%(%*(t,e)))HZ <7
In particular, for t > £ one has j*(t,£) =t — ¢.
Proof. Reserve one coordinate of a, for a constant bias so that the corresponding coordinate of a, is strictly

positive. Fix a diagonalization tolerance ¢ € (0, 1), to be chosen sufficiently small later. Choose Wor Wiy so
that only the designated constant coordinate of a, contributes to the forward queries and keys, and set

q,{ = q((igg =G ROPE7€(17O)7 k{ = kdiag = cé(l’ 0) € IRQ’
for some scale ¢, > 0. Then for j < ¢,
(RoPE, (q/ ), RoPE; (k) = c2 cos ((t — £) — j).

For each ¢, the maximizer of j  cos((t —¥¢) —j) on {0, ..., ¢} is unique; denote it by j*(¢,¢). Uniqueness is proved
as in Lemma [.5: for ¢ > ¢, the maximizer is j = t — ¢, while for ¢ < ¢ the arguments are distinct negative integers
and therefore yield distinct cosine values. Hence, by the proof of Lemma 1.5 together with Corollary 1.3, after
choosing ¢, large enough we obtain

at,j*(t,l) 2 1—-96 Vt:07,T—1

Use d,, further coordinates of a, to encode the source slice via

ext
ai’® =emy(h;) € Uy.

By Lemma I.15, after choosing € > 0 small enough, these coordinates of

a, = GELU(a,)

can be linearly mapped by Wy, to approximate T,_,,(my(h,)) uniformly on the compact source-token set S,.
Choose Wy, so that the resulting value vector lives only in the destination slice U,. Set g = 1, set W°" to be the
identity on U, and zero on all other coordinates, and set 4*"* = 0. Choose the feedback branch identically zero.

Define the compact token set
Sx st =Aihyt he X _set, 0<t<T—1} CR™,
and let

¢(Z) = TO—)Z(WO(Z»? z € Sﬂ(fset'

Set
M, = sup [¢(2)], < oo.

ZGSX set

Choose the small-signal approximation so that the induced value map v : Sy ., — U, satisfies

sup [v(2) = ¢(2)l2 < Myar-

2ESx et
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Then for every h € X _set and every ¢, Lemma 1.4 applied to

fi(h) = Z Q5 U<hj)

J<t

with distinguished index j*(¢,¢) gives

[[£:(h) — U(hj*(t,é))Hz <26 (Mg + 1ga)-
Therefore
[[£:(h) — ¢(hj*(t,l))||2 <20 (Mg + Mga) + Nyar-
Since
Do) = Tome(mo(Rjoie,))s
choosing § and 7,,, sufficiently small makes the total error at most 1. All remaining coordinates are unchanged

by construction. O

Lemma I.17 (A diagonal Sessa block realizes a block of tokenwise GELU units). Let
A7y (R™) — RY
be affine, with
ge{l,....,m—1},
and let
B:R!I =T,

out

be linear. Fix a compact set
S C gy (R™).

Then for every n > 0 there exists a width-m concrete Sessa block

G"h ¢ ConcreteSessaBlocksy, (2, m)

such that:

(i) feedback is turned off identically;
(ii) the storage coordinates are preserved exactly:

7Tst<GbatCh(h)t> = g (hy) Vh, Vi;

(iii) the input projection ignores the current output slice, i.e. it depends only on my(h,);
(iv) for every sequence h whose tokenwise storage states lie in S,

SlipHWout(GbatCh(h%) — Tout (By) — B(GELU(A(Wst(ht)D)HQ <.

Proof. Let the first ¢ coordinates of a, encode the affine preactivations

A(my (hy))-

Reserve one additional coordinate of a, for a constant bias so that the corresponding coordinate of a, is strictly
positive. Choose Wy, Wi so that only that coordinate contributes to the forward queries and keys, yield-
ing constant queries and keys that make the forward attention arbitrarily close to diagonal uniformly in ¢ by
Lemma [.5.
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Choose Wy, so that the resulting value vector equals
B(alcq) € Uout

in the output slice and is zero on the storage slice. Choose g = 1, choose W°" to be the identity on U, and
zero on the storage slice, set b = 0, and set the columns of the input projection corresponding to the current
output slice U, to zero. Choose the feedback branch identically zero.

Let
@¢(z) :== B(GELU(A(z))), z €S,

and set
M, = sup [¢(z)], < 0.
zeS

Because the input projection ignores the current output slice, the preactivations a, depend only on m (h,), hence
for every sequence h whose tokenwise storage states lie in S, the resulting value vector is exactly

Uy = d)(ﬂ-st(ht)) € Uout'

By the diagonal forward-attention construction, after choosing the diagonalization tolerance § € (0, 1) sufficiently
small we have
gy >1—9 Vt=0,..,T—1.

Therefore, for every such sequence h and every ¢, Lemma [.4 applied to
fe= Z Qy jU;

with distinguished index j* =t gives
Ify — vl < 20M,.

Choosing ¢ so that 20M,, < (trivial if M, = 0) yields

sup [ f; — & (m(he))ll; <,

Since the residual update is added only in U,

outs bhis gives the desired conclusion. O

Corollary 1.18 (Tokenwise GELU approximation by stacked Sessa blocks). Let
S C my(R™)

be compact and let
0:5 = U,y

be continuous. Then for every n > 0 there exists a finite composition
Gk = Ghateh o ... o Ghateh Ghh € ConcreteSessaBlocksy (2, m),

such that:

(i) every G‘ga“h preserves the storage slice exactly and ignores the current output slice in its input projection;
(ii) for every sequence h whose tokenwise storage states lie in S,

Tt (Gmk(h)t) = Ty (hy) vt,
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and
Slipuwout(Gmk(h>t) - 7Tout<ht> - e(ﬂ.st(ht))Hz < .

Proof. By Lemma 1.10, for every 1" > 0 there exist a width R € N*, an affine map
Atot : Trst(lRm> - IRRv

and an affine map

Btot : [RR — Uout

such that
sup | Biot (GELU (Ao (2))) — O(2)[, < 7'
Write
Biop (1) = Lyt + by

where

Ltot : [RR - Uout
is linear and

btot € Uout'

Partition the R hidden units into batches of size at most m — 1:
R=q;+ -+ qu, 1<g <m—1.

Write accordingly
with each

affine, and decompose the linear map L., as

M
Ltot(u(1)7 au(M)) = Z Lbu<b>7
b=1

where each
Lb : R — Uout
is linear.
Choose 1" > 0 so that
n <n/2

and
sup | Biot (GELU (Ao (2))) — O(2)[, < 7'

Apply Lemma 1.17 to each pair (A, L,) with accuracy

"
2(M +1)

This yields concrete Sessa batch blocks

G‘gat"'h € ConcreteSessaBlocksy, (2, m), b=1,....M
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such that each block preserves the storage slice exactly, ignores the current output slice in its input projection,
and contributes

Ly (GELU(4,(-)))
to the output slice up to error at most n/(2(M + 1)).

It remains to represent the constant term b, . Choose the scalar constant hidden map

A : ﬂ-st(Rm) - |R7 Aconst(’z) = 17

const

and the linear map

_ ¢
out? Lconst(£> T GELU(l) btot'

Then
Lconst (GELU(Aconst(Z)>) = btot vz € S

Apply Lemma 1.17 once more to (A L , again with accuracy

const? ~const )

n
2(M+1)

Since each batch block preserves storage exactly and ignores the current output slice in its input projection, all
blocks act on the same storage input and their contributions add in U, . Hence the cumulative implementation

error of the M linear batches together with the one constant batch is at most

Ui n
M+1) ———— = —.
M+ 53751 ~ 2
Combining this with the approximation error n” < n/2 gives the total error bound 7. O

I.10 Sessa universality for causal maps

Theorem (Universal approximation for Sessa with adapters). Let 2 C RT*%x be compact and let
F:D — RT%dex

be continuous and causal. Then for any £ > 0 there exist a model width m € N*, an even key/query width d;, (in
fact d;, = 2 suffices), tokenwise adapters

Embed : R — R™, Unembed : R™ — R,

and a finite-depth network
d
Ge QS:ssa,Id(m)

consisting only of the concrete Sessa blocks from Section 3, such that

sug HF(x) - Unembed(G(Embed(m)))HF <e.
xe

Proof of Theorem 1. Fix e > 0.

Step 0: causal factorization. For each ¢t € {0,...,T — 1}, define the compact set of attainable prefixes

P = {(2g, . )t € D} C (R )EHL,
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By Lemma 1.1, there exists a unique continuous map
F PP 5 R, Fy(zg,....z,):=Fx), (x€D)

Since .’}’fmf is compact in Euclidean space, it is closed in (R%x)**1 By Tietze extension applied coordinatewise,
extend F} to a continuous map
Ft H ([Rdoxt)t+1 — [Rdcxt

such that
F(x), = F(zg, ..., x;) Vo e D.

Step 1: width and adapters Set
m = (T 4+ 1)dy + 2.

Use the storage decomposition introduced above.

Define the tokenwise embedding by
Embed(‘r)t = JO(xt) + Jout(xt) + €const?

that is, place x, in both U, and U,

outs Set the constant coordinate to 1, and set all other coordinates to 0.

Define Unembed tokenwise by
Unembed(h)t = Rout (Trout<ht)) € Rd"“~

Then
Unembed(Embed(z)) = « Vo € RT*dext |

Embed(D) is compact, and Unembed is linear and non-expansive in Frobenius norm.
Step 2: positional code Apply Corollary 1.8 with u = e,,; to obtain a block
GP* e ConcreteSessaBlocksyy (2, m)
and pairwise distinct scalars cg, ..., cp_; such that
GP®(h)y = hy + ¢1ep0 Vh,Vt.

By construction, G leaves Uy, ..., Up_; and U,,, unchanged.

Step 3: prefix encoding Fix a packing tolerance
Opack > 0,

to be specified later in Step 4. For each lag £ = 1,...,T — 1, apply Lemma .16 successively on the compact set
obtained after the previous blocks to construct a concrete Sessa block

G’lgag € ConcreteSessaBlocksy (2, m)
that preserves all coordinates except U, and writes an approximation of the lag-¢ token from U, into U,.

Fort e {0,....,T—1} and £ € {1,...,T — 1}, define

J*(t,0) € arg e

é{tcos((t—f) — 7).

For ¢t > ¢ one has j*(t,{) =t — ¢.
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Define the ideal encoded state h,(z) € R™ by:
7"0(}%(33)) = Jo(zy), Wz(ﬁt(z)) = Jé(zj*(t,é)) (I<i<T-1),
Trout(ﬁt(x» = Jout(24), <ht<x)a Ceonst) = 1 GLt(m), 6p0s> = G-
Since each lag block depends only on the exact source slice U, and fixed biases, while writing only to its own

destination slice and preserving all previously written slices, the packing errors do not propagate to later lag
blocks. Hence, choosing per-lag accuracies 7, > 0 with

!
_

2
pack>

~
Il
—_

we obtain for
Grack quaigil 0o Gllag o (GPOS

that

ack 7
:E‘g Og{{?]}“{—l HGP (Embed(x))t - ht <I)H2 < 5pa(:k'

Step 4: target map For each ¢, let
S ={hy(x):zeD}crR™,  §:=[]8§,

Each S\'t is compact. Since the e, .-coordinate equals ¢, on S’\t and the scalars ¢, are distinct, the sets S\t are
pairwise disjoint and positively separated.

Define the linear readout
Read, : R™ — (R )t+1

by
For u = h,(z), one has

and for 1 </ <t,

Define

by
®(u) == J, (Fy(Read,(u)))  forue S,

This is well defined because the index ¢ is uniquely determined by the e  .-coordinate of u, and if

pos
U = 77‘1&(5(:) = 7115(56/),
then

Read,(v) = (zg, ..., x;) = (2, ..., T}),
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so the value of J,

(Fi(Read,(u))) does not depend on the choice of x.

Moreover, on each S, one has

Bz =,

out

§t = OFtOReadthA'tv
hence @ is continuous on each S,, and therefore continuous on S.

Apply Tietze extension coordinatewise to the R%x-valued map

Ry © D : S — R,
This yields a continuous extension B
@ : R™ — Rbex
of R,y ®. Set )
bi=J od:R™ = U

out out*

Then & extends .

Fix p > 0 and let o
N:=N,(5) CcR™

Then N is compact, so d is uniformly continuous on N. Choose dy¢ > 0 such that

3

20T

w,vEN, Ju—vy <dye = [Pw) = 2(v)]; <

Choose 4, > 0 small enough that
5pack < min{p, 5UC}

and that the encoding construction of Step 3 yields

sup max HGI’“k(Embed(x))t — Bt(x)Hz <4

weD 0<t<T—1
Then for every x € D and every t one has
GP**(Embed(z)), € N,

and
€

H’(f(Gpde(Embed(x))t) - Jn\lt(F(‘T)t)”g S 2

3

Step 5: tokenwise readout Define the compact storage-token set
Sy = {7y (GP**(Embed(z)),) : 2 €D, 0<t<T —1}.

Define
O : Sst - Uout? @(Z) = q)(Lst(z» - TO—)o11t(7TO(Z>)'

Since ty is linear and D is continuous, © is continuous. Moreover, for every x € D and every t,
Lst(ﬂ'st(Gpack(Embed@))t)) = Gpack(Embed(x))w

since Embed initializes the output slice as a copy of U, and Gk preserves U, ... Hence

out*

&y, (GP* (Embed(z)),)) = S(G»*(Embed(x)),) — Ty (GP** (Embed(z)), ),
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so © is exactly the tokenwise increment that must be added in U,
yields a finite composition

Apply Corollary 1.18 to S, and ©. This

ut *

Gtok — GR@[LtCh 6.0 G}l)atch

of concrete Sessa blocks such that every batch block preserves the storage coordinates exactly, every batch block
ignores the current output slice in its input projection, and for all x € D and all ¢,

3

0T

o (G (G (Embed(z))),) — B(G™* (Embed(x)), )|, <

Step 6: conclusion Set
G:= GtOk ° GpaCk € Q%essa,ld(m>‘

Since
Unembed(h); = Ry (ou (M),

combining the two error bounds and using that R, is an isometry gives

ou

[Unembed(G(Embed(x))), — F(2),l, = | R (Mo (G(Embed(z)),)) — F(a), ], < V€ D, V.

L2

3l

Hence

sugHUnembed(G(Embed(z))) — F(I)HF <e.
xe

J Universal approximation in the pre-norm LayerNorm setting

We now extend Theorem 14 from Norm = Id to the pre-norm LayerNorm case Norm = LN, ~with ¢, > 0 (Xiong
et al., 2020), after a width expansion via a fixed scaffold.

J.1 Tokenwise LayerNorm

Fix a width m > 2 and ¢, > 0. For z € R™, define

1 1 < _,un(z)l
:uln(z) = E<Z7 1>, O'ln(Z) = \/m|z - N111(2)1||§ + > LNElu(Z) = W

With ¢, > 0, LN, is well-defined and continuous on all of R™, in particular, there is no singularity at nearly-
constant tokens.

J.2 Zero-mean scaffold embedding

Fix a “dynamic” width my > 1 and let m,, > 2 be an even scaffold width. Let m := my + m,. and define, for
¢ > 0, the fixed zero-mean scaffold vector

= (Cy ey € — Cy ey —C) € RMse, (Sems L) =0.

s¢

my./2 My /2

Define the scaffold embedding
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Let myy, ¢ R™ — R™0 be the projection onto the first m, coordinates, and let 7. : R™ — R™= be the projection
onto the last m, coordinates:

7Tdyn(zl’ ) ZmOerbC) = (Zl7 te Zm0)7 Trsc(zh ’Zm0+msc) = (Zm0+17 ’Zm0+msc)'

Lemma J.1 (Approximate linearity of LayerNorm on scaffold sets). Fiz my, > 1, g, > 0, a compact set
K _set CR™o, and 6 > 0. Then there exist an even my, > 2, a scalar ¢ > 0, and a constant a > 0 such that

sup
ueX _set

ﬁdyn( LNal,,((I)amw(“))) - auH2 <.

Moreover, 7, (P, (u)) = s, is constant on K _set.

Proof. Let R :=sup,_, . [ulz < oo and fix an even m, > 2. Set m := mg + m,.. For u € X _set write

z:=0, ., (u) =(u,s.,, )€R™

sC 7 Te,myg.
Since (s, ,1,, ) =0, we have
m m,
1 z 1 2 mg mg
() = 3w =l < 23| < TRl < TRR

Define the mean-centered dynamic vector u := u — P L, - Then the dynamic slice of LayerNorm equals

7Tdyn (LNEI“ (Z)) =

Define the reference scale

1 1 1
Op = Uln<q)c,mm (0)) = \/7,n|sc,msr % +e, = \/m (mSCCZ) + € a = ;0
We estimate
U U—Uu 1 1
R = R
Uln(z) 2 Ulll(z) 2 Uln(z) Oo 2
For the term T (mean leakage), Since 4 —u = —p,1,, ,
T — H/Lu1m0||2 < \/m0|ﬂ“u‘ < VALY, mOR* mOR
1= S BS : = .
Uln(z) V €ln \% €ln m m V €ln
for the term T, (variance perturbation), Note that oy,(2)? = [z — u,1]3 + &), and, because (s, ,1,, ) =0,
we have the exact decomposition
0 sc sc sc

and the cross term vanishes since (s 1 = 0. Therefore

C,Myg. ) My >

m2

=

(lull3 + myep) <

1, 1 mg R 2R?
T(2)? = o = - (fal} + ) < - (724, ") < 200

since my, < m implies m_my/m? < my/m < 1 for m > m,.
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USing ‘\/Z_ \/E‘ < ‘A_B‘/(\/‘Z_F \/E) and 0111(Z>7UO > \/Elna

2 _ 2 2 2
|o_1n(z)70_0| < ‘O—ln(’z) O—O‘ < <2R /m) — R

01n<2) + ) 2\/ €ln m\/ €ln '

Hence
1 1| fow(2) — o R 1 R
Uln(z) ) Uln(z)JO - m\/ €n €I m 61?;/2 .
Therefore 5 3
1 1 R R
Ty < |uf S
2 2 ln(z) o meil/2 msﬁl/g
Combining,
myR R3

sup Hﬂ-dyn(Ll\Ialn((I)c,'mgC (U))) - auH2 < o 3)2
ueX set

+ .
myeEm m 53/2

In

Choose mg, (hence m = my + my.) large enough so that the right-hand side is < ¢. This proves the claim; note
that ¢ > 0 can be arbitrary and only changes the scaling a. O

J.3 Simulating identity-normalized Sessa blocks with pre-norm LN-Sessa blocks

We call a pre-norm LN-Sessa block a Sessa block with Norm = LN_ in the tokenwise preprocessing stage, i.e.
Z, = LN, (z,), and residual y, = z, + o,.

Lemma J.2 (Simulation of an identity-normalized block by a pre-norm LN block on a scaffold). Let G : RT*™o0 —
RT*™o be a width-m, concrete Sessa block from Section 3, with Norm = Id. Fir a compact set X_set C RT*™o
and €4, > 0. Then there exist an even my > 2, a scalar ¢ > 0, and a width-m pre-norm LN-Sessa block
G : RTx(mo+my) _y RTX(mo+ma) yyith Norm = LN, = such that, with m :=mg + mg,

~ ~

’/Tdyn(G((I)c,m“(‘T») - G(x>HF < Esim> and ’/TSC<CTV((pc,mSC (’I))) Sc,msr'

sup
reX _set

Here @ ,,, (x) denotes the tokenwise application of @, .

C

Proof. Define the compact set of attainable tokens
Sx et =iz v€ X _set, t =0,.., T —1} C R™o.

Choose once and for all
~1/2
a € (0,{-:1Il )
Define the continuous map
A : [RTXmo N [RTX"LO,

i.e. given v € RT*™0 run the Sessa block from the stage after normalization, with the dynamic weights scaled
by 1/a, i.e. with first input projection on the dynamic slice le‘y‘n = ¢ 'W™, b := b and all other dynamic
parameters copied from G. Then, by construction,

G(z) =z + A(az) Vo € RT*mo,

Since X _set is compact, so is aX _set, and A is uniformly continuous on a compact neighborhood of aX _set.
Choose 1y¢ > 0 such that

[v—2"p <nue = [|AW) —AW)|p < &g, for all v,v” in that neighborhood.
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N = WUC/\/T'

Fix an even mg. > 2 (to be chosen large enough), set m := my + m., and define
m
ci=,/—I(@?2—¢g,) > 0.
m ( 111)

sc

Then the reference scale in Lemma J.1 equals exactly

2
m..C B 1
o=\ ——+e,=a’, hence — =a.
m o

Inspecting the proof of Lemma J.1, the approximation bound depends on m = mg +m, (and on Sy ., €},) and
tends to 0 as m — oo; therefore, after increasing the even m. if needed, we obtain

sup ”Wdyn( LN, (®.,, (u))) — GUH2 < 7MLN-

UES K et

Write the width-m, input projection of G as

wr = [Wa WgL bt = (baa bg)a
with
W,, W, € RmoxMo, by, by € R™o.

Decompose the widened coordinates as
Rm = IRmO @ IRmsc,

where the first summand is the dynamic slice and the second is the scaffold slice.

Define

a g

~ o'W 0 ~ a W0
= a g
W [ 0 O] ’ W [ 0 0

:| 6 Rmxm7

and -
Win — [Wa Wg] c |R7‘rl><277’7/7 bin — (b O b 0 ) = [R2m.

) Mg Tgr UM,

For the mixer parameters define

WQf — [Wé?f} ’ VNVKf _ [Wéﬁ] ’ WQb — |:VI/(‘)Qb:| ’ Wiy = [M/(v)Kb:| € Rmxds
WV = [V[(;V 8} e Rm™™, = (w,0,, ) €R™, bY = b7
For the output map define
o = [ 0] cqmen, g e

All remaining scaffold rows and columns are set to zero.

Thus, once the pre-norm token
2y = LN:;'],, (Xt>

is formed, every learned linear map in G reads only 7y, (2;), while the residual increment has zero scaffold
coordinates.
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For X =@, (z), define
U = 7Tdyn( LNaln(Xt)) € R™o.

Then the widened block has
a, = (a to,W, +b,, Omsc)’ g = (a_lthg + by, Omsc)’

hence
GELU(a,) = (GELU(ailtha +b,), Omhc).

Therefore the forward logits, feedback logits, gains, dynamic mixer output, and dynamic residual increment of
G coincide exactly with those of the width-m block defining A(v), whereas the scaffold part of f, s, and of the
residual increment is identically zero. Consequently

~ ~

Tan(G( Do (1)) =2+ AW), oGP, (2))) = Sem, -

1m sc b sC

s¢

For x € KX __set, the tokenwise bound above implies

ﬂ-dyn(LNEln(q)c}mbc (l‘))) - amHF < nLN\/T = Nycs

hence

[ragn(G(2, (7)) — G(a)

~
s ose H

P = HA(Tden(LNem((I)c,ms(,(m)))) - A((I"E)HF < Egim-

~

Finally, since the increment has zero scaffold coordinates, the scaffold stays constant: m (G(®.,, (2))) = s,

J.4 Universal approximation for pre-norm LIN-Sessa

Corollary J.3 (Universal approximation for pre-norm LN-Sessa). Let D C RT*%« be compact and let
F: D — RT%dex

be continuous and causal. Fix e, > 0 for tokenwise LayerNorm. Then for any € > 0 there exist a model width
m € N*, an even key/query width d,, tokenwise adapters

Embed : R — R™, Unembed : R™ — R,
and a finite-depth pre-norm LN-Sessa network

dy,
Gln € QSessa,LNEln (m)7

such that
sup HF(x) - Unembed(Gln(Embed(x)))H <e.
zeD F
Proof. By Theorem 14 for Norm = Id, choose adapters
Embed,, : R%x — R™, Unembed,, : R™0 — Rex

and a concrete Sessa network with Norm = Id

d <,
G e ngé:a,ld<m0)
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of depth Ny, such that

sug7 HF(x) — Unembed,, (G*(Embed, (x)))HF <eg/2.
xe
Write

G = GNlavcr oo Gl

as a composition of concrete Sessa blocks with Norm = Id on RT*™o,
Let X _set; := Embedy(D) (compact). Fix pynq > 0 and define the thickened compacts recursively as in
Lemma 1.9:

X _set; =K _sety, X 7setnwr =G, (X_set X _set

Nayer Nayer ) ’ Nayer 1 "7 77 Pupha

Since V., is finite, the union of attainable token sets
layer

S = U {u, : wve X set

Nyer=1

t=0,..,T—1} C Rmo.

nlaycr ’

is a finite union of compact sets and hence compact.

sim
Naye

By Lemma L9, choose tolerances e}, > 0 such that if each block G, is approximated on X _set,,  within

esm then the composed approximation error on X set; is at most /2.

Mayer

Moreover, by the same lemma we may (and do) choose them so that

sim

Tayer < Prnbhd> nlaycr = 17 A Nlaycr'

Fix once and for all a scale
—1/2)

In

aec(0,e

sim
nluye

For each layer ny, ., apply the construction from the proof of Lemma J.2 with target accuracy &3," and prescribed

scale a. This yields a required tokenwise LN-approximation tolerance ngi}“y"r) > 0 such that the layer simulation

error is < g8im

sm - whenever
layer

(Tayer)
- sup Hﬂ-dyn( LNshl ((I)c,m“ (u))) - GUH < nLI\} oo
ue{v,: veX _set t=0,...,T—1} 2

5
Mayer

Set

Applying the proof of Lemma J.1 to the compact token set S, choose one even my. > 2 and one ¢ > 0 such that:

o the induced reference scale equals the prescribed a, and

7Tdyn( LNEh]((I)c,m (u))) - CLUH2 < LN-

s¢

sup ‘
ues

Let m := mg, + my, and write ®:=®_ .

s¢

For each ny,y.,, apply the construction of Lemma J.2 with this common scaffold (myg,, ¢) to obtain a pre-norm LN
concrete Sessa block

~

€ ConcreteSessaBlocks; y  (d, o, m)
€ln ’

Mayer
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viewed as a map
. [RTxm N [RTXm

Mayer
such that
E}_l/p Hﬂ-dyn (C:’nlm,cr ((I) (h) ) ) - Gnlavcr (h) ‘ ‘F < Es’rll::w[ :
heXx _set Mlayer M V A
and

~

ro(@, (®(h)=s,,,  VheX et

Define the induced dynamic maps

!

dyn 72 m dyn
Gy, + K _set,, = R0 Gl (h) = T (G, (R(R))).
Then
dyn sim
swp  GEN (h) = G, (W) <&

nlayor nlayer :
heX _set

Tayer
Moreover, by scaffold invariance,

~

G, (B(h) =BG (h)  Vhe X e, .

layer er

Applying Lemma 1.9 to the maps G,, and G%ﬁ‘} on the dynamic space RT*™o yields

sup

p G (Bunbedy (z)) — (GH" oo G‘liy“)(EmbedO(x))HF <e/2.
xTe -

Define .,
e ~ e ~ kYO
Ghl T GN]aym. ° ° Gl € QSessa,LNsln (m)

Finally, define new adapters
Embed(z) := ®(Embed,(z)) € RT*™, Unembed(u) := Unembed(yy, ().

Since
Unembed(h), = Ryy (Mo (hy))s

with 7, an orthogonal projection and R, an isometry, Unembed,, is non-expansive in Frobenius norm.

ou

Unembed (G, (Embed(x))) = Unembedo((G?\%im o0 GPM)(Embed,(x))) Vo e D.

Therefore,
sup |[Unembed, (G*(Embed,(z))) — Unembed(Gln(Embed(x)))H <eg/2.
zeD F
Combining this with the approximation error £/2 from the Norm = Id case gives the claim. O

K Proofs for flexible finite-horizon selective retrieval

Lemma K.1 (Predecessor focusing from ordered codes). Fiz T' > 1 and p € (0,1). Let Iy < I; < - < Ip be
pairwise disjoint compact intervals in R, and assume all of them lie in (0,00). Then there exist scalar linear
feedback-query/key maps on a single coordinate such that for every token sequence u satisfying

<U’t7€pos> € Itv 0 <t< Tv
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the resulting strict-past feedback attention row satisfies
t—2

Ay =1—p, Yook <p,  1<t<T.
§=0

Proof. If T'= 1, the claim is trivial, since the strict past of ¢ = 1 contains only the index 0. Assume henceforth
that T' > 2. Let

Ry = <ut7 ep0s>a 0 S t S T.

By assumption,
z, € I, Iy <1, < < Ip C(0,00).

To implement the focusing inside an actual LN-free Sessa block, we first realize a single dedicated post-GELU
scalar coordinate carrying a strictly ordered positive code. Choose one a-branch coordinate to be

a” =cz
with some fixed ¢ > 0. Since z, > 0 on all intervals and the exact GELU satisfies
CELU (z) = ®(z) + z¢(x) >0 (2 > 0),
the scalar map = - GELU(cx) is strictly increasing on (0, 00). Hence the post-GELU coordinate

& = GELU(cz,)

ranges in compact intervals
J, := GELU(cl,)

satisfying
Jo < Jp < < Jp C(0,00).

Now define scalar feedback queries and keys from that post-GELU coordinate:
q; = A&, k?:A€j7

with A > 0 to be chosen. All unused heads and coordinates are set to zero.

Let
m, := infJ,, M, = sup J,.

For 2 <t < T, compactness and strict ordering give
At = mtil — Mt*2 > 0.

Set
A := min A, >0, m, := min m, > 0.

2<t<T * 0<t<T

For every 2 <t < T, every j <t — 2, and every admissible input u,
qgkfﬂ - qfk? = A% (&1 — fj) > A%*m,A.
Hence each non-predecessor strict-past logit is smaller than the predecessor logit by at least

A%m A,
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Therefore
t—2
S exp((ah kD) — (ab, W) ) < Tehoma,
=0

Choose A so large that
T efAzm*A < H
S
Then the softmax formula yields

1
b
Qpi 1= 3 2 1- H,
tt—1 14+ Z;;(z) e(q?,kp—(qi,kiﬁﬁ
and consequently
t—2
afj < p:
§=0
For ¢ = 1 the strict past contains only the predecessor 0, so the claim is trivial. O

Lemma K.2 (RoPE self-focusing). Fiz T >0 and p € (0,1). Let Iy < I; < -+ < Ip be pairwise disjoint compact
intervals in (0,00). Then there exist forward query/key maps realized inside a single actual RoPFE forward branch
of an LN-free Sessa block such that for every token sequence u satisfying

<ut76p0s> € It’ OgtSTv

the resulting full-prefiz forward attention row satisfies
t—1
04{,,:21—/% Za{,jg,u, 0<t<T.
§=0

Proof. If T'= 0, the statement is trivial. Assume henceforth that 7' > 1. Let
2y = <ut76p0s>7 z € 1.
As in the proof of Lemma K.1, choose one dedicated a-branch coordinate
pos

a; =cz

with ¢ > 0, and let
&, = GELU(cz,).

Because z, > 0 and GELU is strictly increasing on (0, 00), the ranges
J, := GELU(cl})
are compact, strictly ordered, and positive:

Jog < Jp < < Jp C(0,00).

Let
m, = inf J,, M, :=sup J,.

Since the intervals are strictly ordered and compact,
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Set
0 := min J, >0, m, := min m, > 0.

1<t<T * 0<t<T

Now realize the forward query/key pair on a single RoPE plane by setting, before RoPE,
qtf:[\gtel, k;-c:Afjel
inside the first 2-dimensional RoPE plane, with all other coordinates and heads set to zero. Let
0, ; == 0, (RoPE(q] ), RoPE(K?)).

Then for every j < t,

b= UkAthfj cos(¥, — ;)

for the corresponding RoPE phases 9;,9; on that plane. Hence for every j <,

gt,t - gt,j = UkA2§t (ft - fj cos(¥y — 19;‘))
> 0, A28, (& — &) since cos(+) <1
> 0, A*m, 6.

Therefore, for every 1 <t < T,

-1
Z exp(ly;—Lyy) <T kA0,
=0

Choose A so large that

T e—okA*m.8 < B .

ST
Then the softmax formula gives
1
f
« =
t,t 1+ Z;;(l) eet,ji‘et,t

21_:“’7

and consequently

t—1
> oal;<n

J=0

For t = 0 the statement is trivial.
Lemma K.3 (Scaled GELU uniformly approximates ReLLU). Assume the exact GELU activation
GELU(z) = z ®(x).

For L > 0, define
1
R (u) := 7 GELU(Lu).

Then
sup| Ry, (u) —u,| <

1
ueR L\/ 27T7

Proof. Since GELU(z) = 2®(x),

u, = max{u,0}.

R (u) = u®(Lu).
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If u > 0, then
R;(u) —u, = u®(Lu) —u = —u(l — ®(Lu)).

By the Mills bound

1—<I>(v)§$ (v>0),

we obtain for u > 0,
o(Lu) _ 1
L L

[Rp (1) = uy| = u(l = @(Lu)) <

The same bound is trivial at © = 0.

If u <0, then u, =0 and
Ry (w)] = Jul ©(Lu) = |u] (1 — (L)),

Applying the same Mills bound with v = —Lu > 0 yields

Ryl < 2500 o) L

Combining the two cases proves the claim. O

Lemma K.4 (Symmetrized scaled GELU equals the identity). Assume the exact GELU activation
GELU(z) = z ®(x).
For L > 0, define
1
R;(x) = 7 GELU(Lzx), Id; (z) := Ry (x) — R (—x).

Then
Id;(z) == Yz e R.

In particular,

2
sup|Id;(z) —z|=0< .
up |1 () — o] =0 <

Proof. Since GELU(z) = x®(z),
R, (z) = 2®(Lx).

Hence
Id; (z) = 2®(Lz) — (—2)®(—Lx) = 2(®(Lz) + ®(—Lz)) = x,

because ®(—z) =1 — &(z). O

Corollary K.5 (Exact channel read on the a-branch). Fiz a unit vector e € R™ and L > 0. In an LN-free
concrete Sessa block, if two a-coordinates are chosen as

a1(5+> = L<ut7 €>’ ai_) = _L<utv 6>7

then the corresponding post-GELU coordinates satisfy

1 _
Z(Zzi” —di )) = (uy, €) v t.
Hence any scalar input channel can be read exactly by a linear value projection from two a-slots.

Proof. Apply Lemma K.4 pointwise with = (u,, €). O
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Lemma K.6 (Plateau window from four scaled GELUs). Fiz T > 0 and pairwise disjoint compact intervals
Iy <I; < <Ip C(0,00).
Fiz a target index 7, € {0,...,T} and an accuracy parameter n € (0,1). Then there exist real numbers
a_<a, <b_<b,
and a scalar function W, : R — R of the form

Ry(—a)—Ry(z—ay) _ Ry(@—b)—Ry(xz—by)
a, —a_ b, —b_

for some L > 0, such that
W,(z) =1 <n forzel,,

W,(z)| <n forze | ]I,
t+T,

and
sup \Wn(x)| <1l+n.

zeR

Moreover, W, is realizable exactly as a linear combination of four a-branch GELU coordinales inside a single
LN-free Sessa block.

Proof. Because the intervals are pairwise disjoint, compact, and strictly ordered, one can choose
a_<a, < ianT* < supIT* <b_<b,
such that
I, Clag,b_], U I, C (—o0,a_]U[b,,00).
t#T,

Define the exact piecewise-linear plateau window

(z—a_ ), —(z—a,), . (x—b_ ), —(z— b+)+.

a, —a_ b, —b_

w(z) =

By construction,
w(z) =1 onfa,,b ]DI,

w(z) =0 on (—oo,a_]U[b,,00) D U I,
t#T,
and
0<w(z)<1 Vr e R.

Now replace each ReLLU ramp by the scaled-GELU ramp from Lemma K.3:

Ry (u) = % GELU(Lu).

Set
Rp(x—a )—Rp(zr—a;) Ry(z—b)—Ry(z— b+).

W =
L) a, —a_ b, —b_
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Using Lemma K.3 on each of the four ramp terms,

Wy —wlo <

2 ( 1 n 1 )
LV2r \a,—a_ b, —b_)"
Choose L so large that the right-hand side is at most . Then on I, , where w =1,

|WL - 1| < m,
and on Ut# I,, where w = 0,
WLl <n.
Also, since 0 < w < 1,
(Wr(@)| < w(@)|+n<1+n V.
Set .V[/,,7 = WL'

Finally, W, is realizable exactly inside one LN-free Sessa block because each term

Ry(xr—c)= %GELU(L(x —c))

is one a-branch GELU coordinate applied to an affine function of the tokenwise scalar x, and the displayed linear
combination is absorbed into the value projection. O

Lemma K.7 (Writing a window into an auxiliary channel). Fiz T > 0, 7, € {0,...,T}, and € € (0,1). Let

K_set C (R™)THL be compact. Assume that for some unit vector €pos € R™,

L= {{uyep0) : w€ X _set}, 0<t<T,

are compact and strictly ordered:
Iy <I, < <IpC(0,00).

Fix orthonormal directions

€ €

pos’ esig? aux

and let E ., C R™ be any fived subspace orthogonal to all three. Assume moreover that m > 6. Then there exists
a single LN-free Sessa block
W¥ritc . (Rm>T+1 N (Rm)T+1

77—* )8

such that the feedback branch is switched off, the e, €g,-, and E,,. -channels are preserved exactly, and, writing

carry

a’t(u) = <W%,r;'zc,e(u)t7 eaux)’

one has uniformly on X _set,
|a‘r*(u)_1| <e |a’t(u)| <e (t#T*%
and

sup  sup |a,(u)| < 2.
u€X _set 0<t<T

Proof. Choose n € (0,¢) so small that
n+nl+n) <e.

Apply Lemma K.6 to obtain a scalar function W, satisfying

W@ —11<n @el), Wy@l<n @eJL), suplW@)|<1+n
t+T, z
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Next apply Lemma K.2 with parameter p := 7. This gives a forward branch whose full-prefix row satisfies

af,>1—-n, Y al,<n (0<t<T).
<t
We now build the block.

Values. Choose a positive constant ¢; such that
GELU(¢;) = 1.

Realize the first value coordinate by a constant a-branch coordinate equal to ¢, so that

Realize the second value coordinate as
1
Ui ) = Wn(<ut7epos>)7

using Lemma K.6.

Gate and output on the auxiliary channel. Choose two gate coordinates

0
gi ) = <ut7eaux>7 9 = L.

Choose the output projection on the e, -channel with coefficients (—1,+1) on the two gated coordinates and
zero on all other channels. Because the row sum of attention is exactly 1,

si()):Za{j-l:l.

j<t
Hence the auxiliary output becomes

(0) (1) _ (1)

at(u) = <ut7 eaux> — S¢ <ut7 eaux> +s =5

where

1
st =3 ol W ((u), epe))-

j<t
Thus the block overwrites the auxiliary channel by the forward average of W,

and E_, ,.-channels are preserved exactly.

All other output columns are zero, so the €., €,-, carry

It remains to bound a, = s,il).

Target time t = 7,. All indices j < 7, are off-target, hence

‘Wn(<uja 6p«')s>)| S n.

At the target index,
Wn(<u7-*? epos>) € [1 - 1+ 77}

Therefore

ar (u) = (1 =n)(l—=n)—n-n=1-2n,
and

ar (u) < (X =n)(I+n)+n-n<1+1n
Hence

a u)— S S €.
la, (u) —1] <21 <
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Off-target times t < 7,. Then all visible indices j < t are off-target, so

la,(u)] < <e.

Off-target times t > 7,. Then self-mass is on an off-target index, so the self contribution is at most 7 in magnitude,
while all nonself mass is at most 7 and every visible value has magnitude at most 1 + n. Thus

la,(w)] <n+nl+n) <e.

Finally, from
1
lagtu)| = 15| < 3o sup W (o) <14+ <2,

J<t
we obtain the uniform bound. O

Definition 11 (Signal-fiber saturation). Fix T > 0, a unit signal direction eg, € R™, and a set X_set C (R™)7"".
For § > 0, define

Satf;ig(.%iset) = {u +2: u€ X _set, 2z, = asey,, ogltime’:' < 5}.

Equivalently,
T
Saty® (X _set) = {u + Zatesig1[~ =t]:u € X_set, max la,] < 5} .
=0

If X set is compact, then Sat?g(JC __set) is compact.

Definition 12 (Exact signal transport). Fix 7' > 0, a unit signal direction €5 € R™, and a control subspace
E CR™ with ey, L Eg,. Let 1, denote the orthogonal projection onto E,, and let

C

ﬂ-sig(/u) = <UV esig>'

For u = (u,)l, € (R™)T*1, write
C? = Hctrlutv 1’%" = ﬂ—sig(ut)‘

A causal map
B: ([Rm)T-H N ([Rm)T-H

is said to have ezact signal transport along ey, over E.., on a set X _set C (R™)T+1 if:

sig

(i) B preserves the control channels exactly:
IM,.,B(u), = ¢} VYueX _set, VO<t<T;
(ii) there exists a scalar lower-triangular kernel
T%(1,7), 0<j<i<T,

depending only on the control stream c¢* = (c*)L_, such that
g (B(u);) =Y Th(i,j)at  Vue X set, VO<i<T.
7=0

E., and a compact set X _set C (R™)T+1,

C

Lemma K.8 (Transport calculus on signal fibers). Fiz T > 0, e
Fixz § > 0.

sig’
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(i) Jacobian extraction. Assume B is continuously differentiable on a neighborhood of Sat“g(jfiset), and

that B has signal-blind exact scalar transport along ey, over E ., on Sat5 (K _set), with kernel T%. Then

sig ctr
for every u € KX_set and every 0 < j<i<T,

0B(u), .
I e =T .
es1g 8uj 681g B(Zv.j)

(ii) Composition. Assume By has signal-blind exact scalar transport along ey, over E, on Satf;ig(jfiset),
with kernel T%l, and preserves the control channels exactly there. Assume By has signal-blind exact scalar

transport along ey, over E, on B (Satblg(%_set)), with kernel T , and preserves the control channels

ezactly there. Then Byo By also has signal-blind exact scalar transport along ey, over E ., on Sat?g(%_set),

and its kernel is the lower-triangular kernel product

T Byon, () ZTB <u) (4,r) Tg, (1,]).
r=j

Proof. For (i), fix u € X _set, j < i, and define
ulh o=+ heg,1[- = j].
For |h| < 6, one has u® € Satblg(JCiset). Because ey, L E.y,
Hctrluih) = Hctrlut v t’

so the control stream is unchanged. Since the transport kernel depends only on the control stream, the same
kernel T% applies to both u and u™ . Therefore

Trsig(‘B(u(h))i) - Trmg(‘B(u)z) = Z T%(Zﬂ T‘) (‘rg(h) - 1’?)
= h T (i, ).
Divide by h and let h — 0. Since B is C*,

B(u).
e Me, = T%(i,j).

S1g auj S1g

For (ii), let u € Satf;g(.% _set). Because B, preserves the control channels exactly,
HctrlBl (u>t - Hctrlut7

so the control stream of By (u) equals that of u. Hence

o8 ZT B, (rod) @
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Applying B, and using exact control preservation again,

Trsig( ZT blg(Bl( ) )

Il
=
s
-
q
HU:J
=
<.

O

Il
<Y
£

=
3

<Y
e
=
N

N———

This is exactly the stated kernel-product formula. O

Definition 13 (Transparent preprocessing). Fix T > 0, a unit signal direction ege € R™, and a control subspace
E,, CR™ with ey, 1L E,. Let

sig

Hctll R™ — E ctrl
be the orthogonal projection and
Trsig(”) = <U7 6§1g>
A causal map
R: ([Rm)T+1 N (Rm)T+1

is said to be signal-transparent along ey, over E ., on a set X _set C (R™)THL if for every u € K _set, every

7 €{0,...,T}, and every sufficiently small scalar a such that

w7 =t aeg 1l = 1]

remains in the domain under consideration, one has
HctrlR(um’T))t = HctrlR(u>t \V/t7

and
7T-sig(R(u(aﬂ—))t) = ﬂ-sig(R(u)t) +a 1[t = T] vt

Lemma K.9 (Transparent preprocessing and Jacobians). Fiz T > 0, ey,, and E . Let

sig”
R . ([Rm)T-'ﬂ N ([Rm)T+17 B . (Rm)T+1 N (lRm)T+1

be continuously differentiable on neighborhoods of K __set and SatSIg(R(ﬂfiset)), respectively, for some § > 0.
Assume:

(i) R is signal-transparent along ey, over E ., on KX _set;

over B, on Saty®(R(X_set)), with kernel

sig

(i) B has signal-blind evact scalar transport along ey,

T%(i,9), v e Sati¥(R(K_set)), 0<j<i<T.
Then for every u € KX _set and every 0 < j<i<T,

d(BoR u); R(u)/. .
egg(auj)()esig:frg >(l’=7)'

Proof. Fix u € X_set and 0 < j <4 < T. For sufficiently small a, define

W) = ut acy 1l = j).
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Set
v:= R(u), 0@ = R(ul®).

By signal-transparency of R,
Hctrlvia) = Hctrlvt v t?

and
g (0) = Mgy () +allt =4 Vit

Hence v(@) € Sat?g(R(jC __set)) for all sufficiently small |a|, and v!*) and v have the same control stream. Therefore
the same kernel 7% applies to both v and 0@ s0

T (B(01®);) = 7y (B(0):) = D T (0, 7) (my (o)) — mgy(0,))
r=0
=aT%(i,75).
Divide by a and let @ — 0. Since B o R is continuously differentiable,

T 0(Be R)(u);

esig ou. esig
J

=78, j).

O

Corollary K.10 (Signal-fiber stability of the control-driven blocks). Fiz § > 0. In each of Lemmas K.11, K.12,
K.15, K.17, and K.20, replace the base compact set X _set (or K_sety) by its bounded signal-fiber saturation
Sat§® (K _set) (or Saty®(K _sety)). Then the same concrete block or network satisfies the same conclusion, with
the same constants.

In particular, whenever one of these lemmas yields signal-blind ezact scalar transport along eg,, that exact transport
statement also holds on every bounded signal-fiber saturation of the same control-side compact set.

Proof. In each listed lemma, the hypotheses and parameter choices depend only on channels orthogonal to eg,:
ordered positional ranges, two-sided tail/profile bounds, exact vanishing of designated scratch/profile channels,
and carried control channels. These quantities are unchanged when X _set is replaced by Sat;®(X _set).

Moreover, the concrete constructions preserve the relevant control channels exactly and treat the ey,-channel
linearly. Therefore the original proofs apply verbatim on the saturated set, with the same constants. O

Lemma K.11 (Local multiplier). Fiz T > 0 and § > 0. Let X_set C (R™)T*! be compact. Assume that for

some unit vector e, € R™,

It = {<ut7epos> PuE .7(786‘6}7 O S t S T’

are compact and strictly ordered in (0,00). Fiz orthonormal directions

(& €

pos? €

sigr  “aux

and let E C R™ be any fired subspace orthogonal to all three. Assume moreover that m > 4. Assume moreover

carry
that the auxiliary channel is uniformly bounded:

sup  sup |(uy, e < M

weX _set 0<t<T

aux

for some finite M.
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Then there exists a single LN-free Sessa block

j\4%9)c5 . (Rm)TJrl N (Rm)TJrl

such that the feedback branch is switched off, the e
has signal-blind exact scalar transport along e

e and E.,...-channels are preserved ezactly, and M;”%

pos 7 “aux "’ carry

sig over
Ectrl = Span{epos7 eaux} @ Ecarry?

with diagonal kernel
|DE (t) — (uy )| 0 Vue X _set, VOt <T.

loc

In particular,
3M10C (u)
TN, pu ()16 = 4
emg auj 651g 10c<l) [Z ]]'
Proof. Choose a parameter
w € (0,1)
to be fixed later, and apply Lemma K.2 with this u.

Choose a positive constant ¢; such that
GELU(¢;) = 1.

Realize one forward value coordinate by the constant 1:

vgo) =1.

Next read the auxiliary channel exactly using Corollary K.5. Choose two a-slots

agi) = _L<ut7 eaux>7

ai<5+) = L<U’t7 eaux>7

for any fixed L > 0, and choose the value projection so that

1 1 _(+ (=
’U,(: ) = Z(a’g ) —Cl( >> = <ut’eaux>'
Choose two gate coordinates, both equal to the signal:
0 1
gi ) = <ut7esig>7 gi ) = <ut?esig>'

Choose the output projection on the egy,-channel with coefficients (—1,+1) on these two gated coordinates and
zero on all other output channels.

Since the forward row sums to 1,
s = Zaz{j'l =1

j<t

Hence the signal output equals

oc 0 1 1
<Mé’,6<u)t7 esig) = <ut7 esig> - 81(5 )<ut7 esig> + 81<5 )<ut’ esig> = 51<€ )<ut7 esig>7

where



Define
w 1
D (1) == iV

Then
<M¥W§( ) 51g> = Dﬁ)c(t) <ut’ eSig>’

which is exactly signal-blind exact scalar transport with diagonal kernel
T ypee (65.3) = Dig(i)1[i = j.

The coefficient D¥

loc

both depend only on the e
blind over

(t) depends only on the forward weights and on the auxiliary values (u;, ,,). By construction,
e

and E_ . .-channels, not on the signal channel. Thus the transport is signal-

pos™» Faux™ carry

Ectrl = Span{epos’ eaux} D Ecarry'

All output columns except the signal column are zero, so the e e and F_, . -channels are preserved exactly.

pos™?» “auxTy carry

It remains to estimate D

I (t). Since the auxiliary read is exact,

Di‘f)g() ut7 aux Zatj j’ aux ut’ aux Zatj ]7 aux <ut7eaux>)'

J<t J<t

Therefore,
‘Dloc( ) <utﬂeaux>| < 2MZO[1{,]

J<t

By self-focusing,

Y oal;<

j<t
Hence
|Dloc( ) <uta aux>‘ < 2Mﬂ
Choose :
<min{=, — % 1
= m1n{2, 2max{M, 1}}
Then

|DE (1) — (uy, €| <0 Vue X set, VO<t<T.

For any n > 0, replacing X _set by Satf;g(ﬂf __set) leaves the ordered positional ranges (I,)_, and the auxiliary
bound M unchanged, since only the eg,-channel is perturbed. The same concrete construction therefore yields

the same exact diagonal signal-transport formula on Sati]ig(jf _set), with the same coefficients D} (i), because

the forward weights depend only on the positional-control stream and the exact auxiliary read depends only on
the e, ~channel. Applying Lemma K.8(i) gives

OMES(u),; N
cls— g — s = Dl 1li =
O

Lemma K.12 (Two-block selector). Fiz T > 0, € € (0,1), and a compact set X_set C (R™)T+L. Assume that
Jor some unit vector e, € R™ the scalar position ranges

It = {<ut’6pos> PuE K—Set}v 0<t<T,
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are compact and strictly ordered:
Iy <I; < < Ip C(0,00).

Fizx a source index 7, € {0,...,T} and orthonormal directions
epos’ esigﬂ Caux-
Let E ., C R™ be any fived subspace orthogonal to these three directions. Assume moreover that m > 6.

Then there exists a depth-2 LN-free Sessa network

ST,T*,s . ([Rm>T+1 N (Rm)T+1

such that both constituent blocks have the feedback branch switched off, the e  .-channel and every channel in

pos

E. vy are preserved exactly, and Sy . . has signal-blind ezact scalar transport along ey, over
Ectrl = Span{epos} D Ecarryv
with diagonal kernel
T5(1,§) = D& (i) 1[i = j;
Uniformly for all u € X _set,
1
5 SD;I(T*) <2, |D:él(t>| <e (t#’]’*)
In particular,
0Sp , (u),
T JTor€ 7 w [ . .
€y —— €4, = D% (1) 1[i = j].
sig 8Uj sig sel( ) [ ]]
Proof. Set
€ €
Ewr = Za 5mul = Z
Apply Lemma K.7 with accuracy €,. This yields a forward-only block
write
T\TsrEr
which preserves the e, €g,-, and E,, ~channels exactly and writes an auxiliary channel

at(“) = <W’1Vg,r7i'tjawr(u>t? eaux>

satisfying
lay(u)] <

(t#7.),

| ™

and

Now apply Lemma K.11 to the image
X set’ = Wi‘ﬁrjfes“(JC __set),

with the same e, €gqs oy Foarry, the bound M = 2, and accuracy d,,,; = £/4. This yields a forward-only block

loc
T,9,

mul
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whose signal transport is exact and diagonal:

<M’£9,C5 (w>t’ esig> = Dluo)c(w <wt’ 6sig> (U} € ‘%fset/)’

mul
with
| Dioe(t) — (wy, €qu)| <

o

Define
A loc o Wwr ite
ST T,€ ° MT é,

»“mul T »TosEr ”

Since the writer preserves the signal channel exactly,

< Z’WTeew(u)t’ Csig) = (U Cgig)-

Therefore )
O P vazwm(u)(t) (U, €gg)-
Set A
m(0) = Dy @),
Then

<ST,T*,E (u>t7 esig> = D:gl(t) <ut7 esig>7
so the signal transport is exact and diagonal.

The coefficient DY (t) depends only on the e, €,,-, and E,,, -channels of the intermediate state W*""'°(u). The
writer preserves e, and E,,,. exactly, and its written auxiliary channel a,(u) is itself a deterministic function of

pos carry
the positional-control coordinate only. Hence DY, (t) depends only on the original e~ and E,,-channels, not

sel
on the signal channel. Thus the transport is signal-blind over F;.

The ePOS-channel and all of F

carry

are preserved exactly by both blocks, hence by the composition.

Finally, at the selected source,
€
|Dbe1( )_1|< |Dbel( ) CLT*(U)|+|(J,T*(U)—].| < -+

so since € < 1,

For t # T,

|Dge (1)] < [Dgy () — a, (u)] + |a, (u )|< +*: <e

€

5 =
For any n > 0, replacing X _set by Satig(% __set) leaves the ordered positional ranges (I,)Z_, unchanged. More-
over, in the concrete two-block construction, the writer depends only on the positional coordinate and preserves
the signal channel exactly, while the local multiplier depends only on the positional and auxiliary channels and
acts diagonally on the signal channel. Hence the same concrete construction yields the same exact diagonal
signal-transport formula on Sati]ig(jf _set), with the same coefficients D¥ (7). Applying Lemma K.8(i) gives

sel
8ST,T*7€ (U) w [ .
esTigT = D, (i) 1]i = j].

J

O

Remark K.13 (The selector depends only on position). In the concrete construction used in the proof of Lemma K.12,
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the diagonal transport coefficient DY (¢) depends only on the positional stream

(1, €pos)) -

and is independent of the signal channel ey, and of the carried channels E,,. .

Lemma K.14 (Selector preserves signal fibers). Under the hypotheses of Lemma K.12, let
ST,T*,s . ([Rm>T+1 N (Rm)T+1
be the selector block constructed there. Then for every § > 0 there exists 6" = 0'(d, K _set) < oo such that
Sr.r E(Sat&"(j('iset)) C Sat“g(ST’T*’E(JCiset)).

More precisely, if

u’ —u—l—Zat eggll- =], u € X _set, mtax\at|§5,
then
ST7T*,E<ul)i = STJ'*,E( ) + D5e1< ) a; siga 0 S { S T,
where DY, (1) is the selector transport coefficient from Lemma K.12. In particular, one may take

§":=6 sup sup |D¥(4)] < 20.

ueX set 0<i<T
Proof. Fix u € X _set and

T
u =u+ Zatesigl[~ =]

with max, |a,| < 9.

By Remark K.13, the coefficient D¥ (i) depends only on the positional stream

<<u87 epos>)§:0a

Moreover, in the concrete construction of S . ., all non-signal

sig*
output channels are independent of the input signal channel: the writer WT‘QTOE preserves e,

which is unchanged under perturbations along e
sig €xactly and writes
only the auxiliary channel as a function of the positional coordinate, while M7z 10“ preserves the positional and
auxiliary channels exactly and modifies the output only on the signal channel. P

Therefore
ST,T*,E(U/)i = ST,T*,E( > + Dsel(.> a; esig7

and the claim follows. O

Lemma K.15 (Active diffusive transport). Fiz 8 € (0,1) and sety:=1—f. LetT > 0 and let X _set C (R™)T+1
be compact. Assume that for some orthonormal directions

m
epos’ esig’ Csres etgt €R

the scalar position ranges
I o= {{uy, €,05) + u € K_set}, 0<t<T,

are compact and strictly ordered:
Iy <I, < <Ip C(0,00).

Let E ., C R™ be any fized subspace orthogonal to €., €y, €gcs Eigy -
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Then there exists a depth-2 LN-free Sessa network

Aaj@fﬁ . (Rm)TJrl N (Rm)TJrl

such that the first constituent block has the feedback branch switched off, while the second constituent block uses a
strict-past uniform feedback solve with constant gain vy, the e, -channel and every channel in E,,. are preserved

exactly, and A%Stﬁ has signal-blind exact scalar transport along e, over

sig
Ectrl = Span{epos} D Ecarry’
with kernel
T o (1, 5) = Dit (1) 1[i = j] + Kt (i, 5) 1[5 < il

There exist constants
O < dact S daCt < 0, O < a’;ct S a;rct < 0,

depending only on 3, but independent of T, such that
dact S D:ct(i) S E

and
G (T + 1)@+ 1) S Ky (i) S alu(G+1) 7@+ 1), 0<j<i<T.
In particular,
OAT 5 (u); N e
e;ga’ijesig = Dgct(l) 1[7’ = .7] + K;f;t(%]) 1[] < Z]‘
j

Proof. We construct
A%“C,tﬁ = RT,ﬁ °o Cp,

where Cr is a forward-only copy block and Ry 4 is a single feedback-transport block.

Step 1: copy of the signal into a scratch source channel. Build a forward-only LN-free Sessa block
CT . ([Rm>T+1 N (Rm>T+1

such that
<CT<u)t7 6src> = <ut7 esig> (O <t< T)7

while the e and E_, . -channels are preserved exactly.

esig' ’ etgt' ’ carry

pos™?

Switch off the feedback branch and choose two forward value coordinates equal to 1:

v,(fo) =1, vgl) =1
Hence
s§°> =1, s,<51> =1
Choose the associated gate coordinates
0 1
gi ) - <ut7€src>7 gi ) - <utaesig>a

and choose the output projection on the e, -channel with coefficients (—1,+1). Then

<CT<u)t7 esrc> = <U‘t? esrc> - <ut7 esrc> + <ut7 esig> = <ut7 esig>'
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Let
w = Cp(u), T, = (uj,esig).
Then

<wja Egre) = L <’LU]-, 6sig> =T
Step 2: the feedback-transport block. Now build a single LN-free Sessa block

RT,B . ([Rm)TJrl - ([Rm)TJrl.

On one dedicated feedback channel, choose all feedback queries and keys identically zero. Then the strict-past

feedback softmax is exactly uniform:

1
ab == 0<j<i, 1<i<T.

ij i
Choose the feedback gain to be the constant
v =v=1-0
Hence the scalar feedback matrix on that channel is

B, . =211[j <.

T

For the forward branch, fix up € (0, %], to be chosen below, and apply Lemma K.2 to the image Cp(X _set)
on the ordered positional-control coordinate. Because Cy preserves the e, .-channel exactly, the hypotheses still

hold. This yields weights a{ J(w) satisfying

i—1
ai;(“’) 21— pr, Z%f,j(w) < pr, 0<i<T.
3=0

In particular, for every j < 1,

a; j(w) < pp.

(80)

(81)

To read the source scratch channel exactly, use Corollary K.5 on the input w and the direction eg,: choose two

a-slots

+) _ =) _
a; = L{wj, eg), a;  =—L{w

eSI'C > °

7

Choose W, so that one forward value coordinate is

vy = Z(aj —a;’) = <wj,esm> ;.
Let
fii=D_al e =3 ol (w)z,
Jj<i J<i

be the forward signal entering the scalar feedback solve, and let s, denote the corresponding solve output:

SO:an Si:fi+%25j, 1< <T.

j<i

Choose the gate on that transport coordinate to be the constant 1, and choose the output projection so that the
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signal channel receives exactly +s;, while the e carry

(Rp g(w);, ege) = (W, €4) + 8; = T, + 8.

Step 3: resolvent kernel. Let

Then ©, ; =1, and for j < i,
As in the original proof, define

Then S]@ —1 and

() _ RAYSE)
5= (1+ z‘)SH’
hence . .

g _ L+ 1+ +1)

TG+ L+ )G+ 1)

Therefore, for j < i,
o -dgw _., LG+l T(i+9)
i = =S =Y = : .
i FG+14+vT@E+1)

Since v € (0, 1), standard Gamma-ratio bounds yield constants

0<cg<ch<oo

depending only on 3, such that

U+ T(i+1)P <0, <cf(G+1)7(i+1)77, 0<j<i<T.

Also, since y =1— € (0,1),
Zr’” <s nb.
r=1

Combining this with (82), there exists a constant Cy, < oo, depending only on 3, such that

> 0,,<Csy  (0<j<i<T).
k=j+1

Finally, since j +1 <4+ 1< T +1,

-
0, > cgli+1)71 > 2

T+1
Step 4: transport formula. Since s =0f,
i i k ; i ;
S; = Z Ok = Z Ok Z ak,j(“J)l"j = ( 9; kak,j(w))xg
k=0 k=0 J=0 J=0 k=j
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Therefore
Aty (), ege) = 25+ 5, = (14 ol ) )z + 3 (D2 €50l () )ay.
Define

Dgit(.) =1 +azf,i(w)7 act Z .] Z@z kakj (.] < Z)

Then
<A}c}ﬂ(u>i’ esig> a(‘t .13 + Z dct

J<i

This is exact scalar transport. The coeflicients depend only on the positional stream of w, because the forward
weights of were built from the positional-control coordinate only; and Cy preserves the positional coordinate
exactly, so this is the same as the positional stream of u. The e~ and E,,, ,-channels are preserved exactly by
construction. Thus the transport is signal-blind over E ;.

Step 5: kernel bounds. From (80),
1—pp <af (w) <1,

SO
2 —pup < DY (3) < 2.
Since pp < %,
S < D) <2
Thus we may take
[ES gv Eact =2

For the off-diagonal coefficient, all summands are nonnegative. Hence for j < i,

—_

Kaifct( ) > 91 39, ]( ) (1 _MT)@ = 5 @z,j'

Combining with (82) gives
A vy _
Kiti,d) > 5 e+ 1)1+ 1)

For the upper bound,

K;’t(za]) zg J] Z ®zkak3 <@ZJ+uT Z @zk7

k=j+1 k=j+1

by (81). Now choose

o rl Co
“T“‘mm{§’4czut%n}'
Then by (83),
o
U Z sz >
e LT +1)
By (84),
Co 1

__° _<-Q, ..
MT+D_4®W
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Hence

. )
K. (i,J) < 1 O, ;-
Using (82),
o 5 . .
Ki(ipg) < 7e5G+1) 7@+ 1)~
Thus the stated two-sided bounds hold with
1
Ay o= icé, al. = zcg

For any 1 > 0, replacing X _set by Sat?g(j( __set) leaves the ordered positional ranges (I,)7_, unchanged. In the
concrete construction, the copy block writes the source scratch channel from the signal channel exactly and is
independent of the incoming e .-channel, while the transport block uses forward and feedback weights depending
only on the positional stream and reads the copied source scratch channel exactly. Hence the same concrete
construction yields the same exact scalar transport formula on Sati]lg(j(' _set), with the same coefficients DY (7)
and K, (4,7). Applying Lemma K.8(i) gives

sre

act
r A
sig B) uj sig act

e (1) 1[i = j] + K3 (i, 5) 17 < i

O

Remark K.16 (Active diffusive transport depends only on position). In the concrete construction used in the proof
of Lemma K.15, the coefficients

Dy (i),  Ki(ij), 0<j<i<T,

depend only on the positional stream
T

(<usv epos>>S:07

and are independent of the signal channel ey, and of the carried channels E,,,. .

Lemma K.17 (Transparent source-0 tail channel). Fiz 8 € (0,1), set v:=1—p, fix 1., > 0, and let

Ly :=71,..+H.

max

Let X _sety C (R™)Lut! be compact. Assume orthonormal directions

m
esig’ epos’ €tail> Caux> Csres etgt €R

and a subspace E .,

C R™ orthogonal to all siz, such that
I o= {{uy, e,05) + u € K _sety}, 0<t< Ly,

are compact and strictly ordered:
Iy<Iy < <1y C(0,00).

Then there exists a constant-depth LN-free Sessa network

T;?il . ([Rm)LH+1 N (Rm)LH+1

and every channel in E,

carry aT€ preserved exactly

such that the eg,-channel, the positional-control coordinate e,
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and, writing
gy (u) = <T1t?ﬂ(“)ta €ail)» 0<t<Ly,

there exist constants c;,c;r > 0, independent of H, such that

g (t+1)F <g,(u) <ci(t+1)77, 0<t<Lpy, u€X_sety;
T};‘“ is signal-transparent along ey, with respect to the control pair

(ep0s7 etail) ;
for every u € X _sety, every 7 € {0,..., Ly}, and every scalar a € R,

<T1tﬁ?il(u + aesigl[' = T])t’ epos> = <T;1?ﬂ(u)t’ ePOS>’

<T}?ﬂ(u + aesigl[' = TDt’ etail> = <T§il(u)t’ etaﬂ>’
<T}_}ﬂl<u + aesigl[' — T])t? esig> = <T}_}ﬂl(u>t7 esig> +a l[t = 7_]7 0 S t S LH.

Proof. All auxiliary directions used below are part of the hypotheses; no fresh direction is chosen inside the

construction. We construct

T]t{ail — A%ﬂ ° S}?il ° CH’
where C; writes a constant seed on the prescribed tail direction e, St selects source 0 on that tail channel,
and A% transports the selected seed by the active diffusive block.

Step 1: constant seed writer on the prescribed tail direction. Build a forward-only LN-free Sessa block
Oy + (RM)Frt1 5 (Rm)Lart!

as follows.
Choose two forward value coordinates equal to 1:

v,(so) =1, v, =1

Hence the corresponding forward aggregates satisfy

s§0> =1, s, =1

Choose two gate coordinates
0) _ 1) =1
9 = (Ups € gy =14

and choose the output projection on the e, ;-channel with coefficients (—1,+1) on these two gated coordinates
and zero on all other output channels. Then

0 1
(Cor(w)es exan) = (g, evan) = 5 s ) + 51" = 1.
Thus C; overwrites the e,,;-channel by the constant seed 1.

sig™s €pos™> and F ., ~channels, these channels are preserved exactly:

Because the output projection vanishes on the e
<CH(u>tv esig> = <ut7 esig>7 <CH(u)tv epos> = <ut7 6pos>’

and likewise on E,,,..
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Moreover, since the written tail seed is constant and independent of the input, for every a € R,

<CH(U + aesigl[' = T])t’ etai1> = <OH(u)t7 etail> =1,

while the eg,-channel passes through exactly. So Cy is already signal-transparent along ey, with respect to

(epos7 etail) .
Step 2: positional selector on the tail channel. Let
K_setW :=C (K _sety)
_Ssety = CLglA_sety).

sel . i3 i i
iz = Craily POsitional-control direction e

source index 7, = 0, and carried-through subspace

Apply Lemma K.12 to X 7set<1}) with signal direction e

direction e,,,,

pos» auxiliary

sel .
Ecarry T span{ 6sig } > Ecarry .

Choose an exponent M > 3 and set
ey = co(H +1)7M,

where ¢, > 0 will be chosen later. The lemma yields a depth-2 network

tail . __
SH T SLH7075H

and every channel in F

which preserves e, the original e carry

the tail channel is

sig? exactly, and whose exact diagonal transport on

(ST (0)1s eqan) = Dia(t) (v, eqan)-

Since (Cy(u);, ) = 1, the selected seed stream is

2(u) = (SEN(Cpy(u),, en) = DG (1)

sel

By Lemma K.12,
Szu) <2, x| <ey (E=1).

N |

By Remark K.13, in the concrete construction of S%l = § Ly.0,e, the coefficient

DCH(U> (t)

sel

depends only on the positional stream
LH

(<CH(U)53 epos>)S:0'
Since Cy preserves the positional coordinate exactly,
<CH<u)sa epos> = <usaepos>7 0<s< LHa

it follows that
Cy(u
2t (u> = DselH( )(t)

depends only on the original positional stream and not on the original signal channel.

Step 3: active diffusive transport on the same prescribed tail direction. Let

K set? = Sl setV)).
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Apply Lemma K.15 to Kﬁsetg) with positional direction e
€gc» Eigp» and carried-through subspace

poss Signal direction eblg ‘= e, scratch directions

sre?
act . _
Ecarry Span{esig} D Ecarry'

Denote the resulting network by
Atail
H -

and F_, .. exactly, and has exact scalar transport on the tail

tail
By the lemma, A" preserves e sig? carry

channel:

poss the original e

<A5§ﬂ(w>ta etail> = Dmct (t> <wt’ 6t'].ll + Z K‘L(t t .7) <w37 6ta11>
J<t
Therefore, for
gy (u) == <T1tj‘;ul<u)t7€taﬂ>v

we have
gt(u) = Dact + ZKact t ] ) w = StIfInl<CH(u>)

J<t
By Remark K.16, in the concrete construction of A% the coefficients

Die(t), Kt 9)

depend only on the positional stream
LH
(<w57 epos>)s:0'

Since both C'} and S}}‘ﬂ preserve the positional coordinate exactly, this is the same as the original positional

stream of u. Hence these coefficients are independent of the original signal channel.

Step 4: two-sided tail bounds. At ¢ = 0, the sum is empty, so

9o(u) = Dy (0) 29 (w).

By Lemma K.15,

hence
dact < gO(u) < er

Now fix t > 1. Using the exact transport formula, the bounds on z;(u), and the coefficient bounds from
Lemma K.15, we obtain

g( )>K‘15t(t70)20(u)7|D’mt Z 1ct 7] ‘Z )|

t—1
Qe (T + 1)7'6 - aact €H — a;rctEH G+t + 1)7'6
=1

>

N

Since y =1— € (0,1),

T
L

(G+1)7 s (t+1)5,

<.
Il
—

hence
gr(u) > ¢ (t+1)F —cyepy
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for constants ¢;,cy > 0 independent of H.

Now M > 3, so
ey =co(H+1)™ < ¢y(H+1)"

Also0<t< Ly = + H, hence

Tmax

(H+1)"P < (10 + DP(E+1)75.

Therefore
EH STmax Co (t + 1>7ﬂ.

Choosing ¢, > 0 sufficiently small makes the error absorbable, so
gi(w) 2 eg (t+1)77

for some ¢, > 0 independent of H.

Similarly,
t—1
9:(u) < | D)z (w)] + Ko (8,0) |2 (w)] + Y Kt (t, 5)|z;(w)]
j=1
B t—1
<y + 205+ 1) +ajuey Y G+ T(E+1)E,
j=1
hence

gi(u) < cg(t+1)77
for some c; < oo independent of H.
Thus

g+ 1) P <g(u)<cf(t+1)7,  0<t<Ly.

Step 5: signal-transparency along eg,. Let

ul®T) =y aeg 1l =Tl
Since ey, L e, we have
("7 epoe) = (o) VL.
By Step 1,
(Cr(u @), en) = (C(w)p, e) = 1,
and

<CH<u<a’T)>ta esig> = <CH<u)t7 6sig> +a l[t = T}'
By the dependence analysis in Step 2, z,(u) depends only on the positional stream, so
Zt(u(a’ﬂ) = 2, (u).

By the dependence analysis in Step 3, the coefficients D, K¥; also depend only on the positional stream, hence
they are unchanged under the perturbation. Therefore the tail output is unchanged:

gt(u(a’ﬂ) = g;(u).
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Since each constituent block preserves the original eg,-channel exactly, the full composition satisfies

sig
<T}?il(u(a’T))t7 esig> = <T1t;ﬂ(u)t’ esig> +a l[t = T]'
The e -coordinate is preserved exactly at each stage as well. This proves signal-transparency. O

Lemma K.18 (Residual zero-writer). Fiz T >0, a compact set X_set C (R™)T+1, orthonormal directions

m
esiga eposa €zero €R ’

and a subspace E, C R™ orthogonal to all three. Then there exists a single LN-free Sessa block

carry

ZT . ([Rm)T+1 N (I:R’I’TL)T+1

k) eZ(‘,T()

such that the feedback branch is switched off, the eg,
preserved exactly, the prescribed channel is written to zero exactly:

-channel, the e,.-channel, and every channel in E,,,. are

(Zpo (W, €pp) =0  YueX set, VOt <T;

»Czero

with respect to the control pair (e, ., €,u0): for every u € KX _set, every

Zp.., . i signal-transparent along ey, poss €ero

7€{0,...,T}, every scalar a € R, and every 0 <t <T,

<ZT e

»Czero

(ut+ae

(u)ta 6pos>7

<ZT,eMO(u + aesigl[' =T7])s ezer0> = <ZTe (), ezero> =0,

»Czero

sigl[' = T])t? epOS> = <ZTe

»Czero

and
<ZT,eZcro (u + aesigl[' = T])t’ esig,> = <ZT,em.0 (u)t7 esig> ta l[t = T]'

Proof. Switch off the feedback branch.

Choose a positive constant ¢; such that
GELU(¢y) = 1.

Realize one forward value coordinate by the constant 1:

Since every forward attention row sums to 1, the corresponding forward aggregate is

s’ =>"al c1=1  (0<t<T).

j<t
Choose one gate coordinate equal to the prescribed channel:
91" = ().
Choose the output projection so that this gated coordinate contributes
- ezero

and all other output columns are zero. Then the residual update adds

(0) (0) _
5t 9t Cuer0o — T <ut’ ezcm>ezcro'
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Therefore
ZT e (u)t = Uy — <ut7 ezero>ezer0'

Taking the e . -coordinate gives

zero

<ZT e (u)tﬂ ezcr0> = <ut7 ezoro> - <ut7 ezcro> = Oa

which proves the exact zero-writing claim.

Because the update is supported only on the e, -direction, and

zero

E le

e pos? carry Z€ro)

sig» €

the ey, -channel, the e, -channel, and all channels in E,, .,

tion claim.

are preserved exactly. This proves the exact preserva-

For signal-transparency, let
ul@™) =+ aeg, 1] = 7]

sig

Since gy L €010, €pogy ONE has

<u1(£0«,7)’ ezero> = <ut7 eze1‘0>7 <ut ’ epos> = <ut’ epos)'

Applying the explicit formula for Z; . yields

ZT@Aem(u(“’T))t =u, +ae

sigl[t = T] - <ut’ ezero>ezero = ZT e (u)t + aesigl[t = T]'

»©zero

Taking the e and ey -coordinates gives the stated signal-transparency property. O

pos™? Crero™s sig

Lemma K.19 (Exact reset of finitely many scratch channels). Fiz T > 0, orthonormal directions

e e,, €R™,

6z,la e Czp

sig»

and a subspace Ey.,, C R™ orthogonal to all of them. Then there exists a single forward-only concrete LN-free
Sessa block

Z;S,r{ez’r} . ([Rm)T+1 N ([Rm)T+1

such that Z5& } preserves e

Te and every channel in Ey., exactly, and for every u and every t,

sig
<Z§9}‘{ez,,r,}(u>ta ez,r> =0 (T = 17 ap);

21l y s signal-transparent along eg, over Ey,.

Proof. Switch off the feedback branch and choose the forward queries and keys identically zero, so that every
forward row has sum 1.

Choose a positive constant c, with
GELU(c,) = 1.

Activate one constant a-slot:
(1)

a;’ =c,.

Then one post-GELU coordinate is identically 1. Choose Wy, so that the first p forward value coordinates are all
equal to 1. Since each forward row sums to 1, the corresponding forward aggregates satisfy

sy)zl (r=1,...,p).
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Choose the first p gate coordinates as

9§T> = <U’t7€z7r>7 r= 17"'apa

and set all remaining gate coordinates to 0. Finally choose W so that the r-th active gated coordinate con-

tributes —e, ., with all other output columns equal to 0. Then the residual update equals

z,m

p
- Z<utv ezﬂ">ezvr’
r=1
SO
p
T, (W =1 = Y {uprecp)es
r=1

Hence each scratch channel is reset exactly to zero, while ey, and every channel in Ey, are preserved exactly.

sig
Now let
a,T)

ul =u+aegll =T

Because ey, L e, , for every r, the reset term is identical for u(*7) and for u. Therefore

Z;S,r{ez,r}(u(a,ﬂ)t = Z;(J,r{ez,r}(u)t +a eSigl[t = T}'
This is exactly signal-transparency along ey, over Ey,. O

Lemma K.20 (Transparent damped predecessor integrator). Fiz 8 € (0,1), set v:=1—f, and let

Ly =71+ H.

max

Let X _sety C (R™)ELut! be compact. Assume orthonormal directions

iy € €rof € R™

sig?  “pos? Ctails pro

and a subspace E C R™ orthogonal to all four, such that:

carry

(i) the positional-control ranges
I o= {{uy, e,05) + u € K _sety}, 0<t< Ly,

are compact and strictly ordered:
Iy <1y < <Ip, C(0,00);

(i) the auxiliary tail input channel
gp() 3= (uy, eqan)

satisfies
g (t+1)7P <g,(u) <cf(t+1)7, 0<t< Ly, ucX sety;

(iii) the profile input channel is identically zero on K _sety:
(g, €prop) = 0 Vue X _sety, VO<t< Ly.
Then there exists a single LN-free Sessa block

IH . ([Rm,)LH+1 SN ([Rm)LH+1

such that the eg,-channel, the e, -coordinate, the e;-channel, and every channel in E are preserved exactly

carry
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and, writing
rt(u) = <IH(u>t7 eprof>7

¢t >0, independent of H, such that

Ter

there exist constants c,.

e (t+1)Y <r(u) <ch(t+1)7, 0<t< Ly, ueX_sety;

I is signal-transparent along ey, with respect to the control pair

sig
(epos ) eprof) :

for every u € X _sety, every T € {0,..., Ly}, every scalar a € R, and every 0 <t < Ly,

<IH(U + aeblgl[ ])t’ epos> = <IH(u)t’ ep05>’
<IH(U + aes1g1[ Dt’ eprof> < ts p10f>
(Ig(u+aegll = 7)), egy) = (Tu(u)y, blg> +alft=r].
Proof. Fix a small constant
0< Ky < 1
to be chosen later, and set
Apiml— — e (0,1 — h (Ly + 1)
H "— 4<LH ¥ 1) s L) Hp = K:,u H

Step 1: choose the attention patterns. Use Lemma K.1 on the positional-control coordinate e, with

parameter py. This yields strict-past feedback attention satisfying

0S

b b
&fp1 21—, Zat,j < by
=0

Use Lemma K.2 on the same positional-control coordinate, again with parameter p;, so that the forward row
satisfies

f f
=21 —pg, Zat,j < By-
j<t

Both a® and of depend only on the positional stream.

Step 2: feed the tail channel into the solve. Read the tail input channel exactly using Corollary K.5.

Choose two a-slots

aiJr) = L<ut7 6tail>7 aii) = _L<ut’ emﬂ>7

for any fixed L > 0, and choose one dedicated transport value coordinate

ai 1 _(+ (=
Ugdl = Z(ai )~ ai )) = (U €qat) = G4(u).

Choose the feedback gain constant
Y = Ag-
Let f,(u) denote the forward signal entering the scalar solve on that dedicated coordinate:

w) = af ;(u) g;(u)

j<t
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Let s,(u) be the corresponding solve output:

solw) = folw),  sy(u) = filu) +Ag Y _af j(w)s;(u),  t>1.

j<t

Choose the gate on that dedicated coordinate to be the constant 1, and choose the output projection so that this

solve output is written onto the prescribed profile direction e, with all output columns on

E

€ pos? Ctail» carry

(&2

sig»

set to zero.

Because the input profile channel is identically zero on X __set, the residual formula gives

<IH(u)t’ eprof> = <ut7 eprof> + St(u) = 5 (’LL)

Hence

rt(u) = <IH(u)t7eprof> = St(“)
The egy-, €poss €ran=s and E,,, ~-channels are preserved exactly, because the output projection vanishes on those
directions.

Step 3: compare with the ideal predecessor recursion. Define the ideal predecessor recursion

Fo(w) == go(u),  Fy(u) =g, () + Ay T a(w), =1,

so that
t
Fo(u) = D AT, (u)
m=0
Since 0 <m <t < Ly and)\Hzl—m,
6_1/4 < )\It{—ﬂl < 1.
Therefore
t t
VN g () <Fy(w) <> g (u)
m=0 m=0
Using
cg(m+1)"F <g, (u) <cf(m+1)"F
and

i(m + )P xt+ DI P =(t+1),

m=0
we obtain constants ¢, & > 0, independent of H, such that

YT

Er(t+1)Y <T(u) <&t +1).

r

Step 4: control the perturbation error. Let By (u) be the actual feedback matrix on the dedicated profile
coordinate and By the ideal predecessor matrix

(B*H)Ltfl = )‘H7 (B}(q%)j =0 (] <t— 1)
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By the predecessor-focusing estimate,

for an absolute constant C.

Also,
fe(uw) —

hence

Therefore

Now

r(u) =

SO

= Z aiij(u) (gj

SUPZ| By (u

g<t

=By < Cugy

Zatj

J<t J<t
[fi(u) — g, (u)] <2C+Zaw ) <2 fiy
J<t
[f(w) = g(w)lo < 2¢5 -

(I =By(w) ' flu),  Fu)=

(I-By)'g

—g:(u ))

() = F(w) = (T = By )™ ((f(w) = g(w)) + (Byg () — By)F(w) ).

Since the row sum of By (u) is at most Ay < 1,

Also

1

[ = B (u) Hoosoo < T, 4Ly +1).

[F(Wloe = (Ly +1)7,

Therefore there exists a constant C, > 0, independent of H, such that

I (w) —

Since Ly = Ty + H 2> 7,

max —_ HlaX

Choose k, > 0so small that

Then uniformly in H,

Hence for every 0 <t < Ly,

Since (t+ 1) > 1,

So

Wl < C.(Lpg +1)" g

+ 1, we have

(LH + 1>772 < (Tmax + 2)’}/72
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Similarly,

Again using (t + 1)7 > 1,
1
r(w) < (& + 56 )+ 1),

Thus the stated two-sided profile bound holds with

c;:%a, qf:&+%a.
Step 5: verify signal-transparency. Let
uT) =yt aeg, 1] = 7]
Since egy L €05, €ails €profy ONE has
("7 ) = (o) (W o) = (e ("7 Cprer) = (g, ) = 0.

Therefore the feedback weights o’ are unchanged, since they depend only on the positional stream. The forward
weights af are also unchanged for the same reason. Finally, the forward values g, are unchanged, since they are
exact reads of the tail channel. Hence the actual forward signal f,, the actual feedback matrix By, and therefore

the solve output r, are all unchanged under perturbations along eg,:

Tt(u(a’T)) =7, (u).

By construction, the output projection vanishes on the eg,-channel, so that channel passes through exactly:

<IH<U(a’T))t> esig> = (Ig(u),, €sig> +allt=r1].

The e, -coordinate is preserved exactly as well. This proves the stated signal-transparency property. O

Corollary K.21 (Transparent power-profile block). Fixz § € (0,1), set v :=1—p, fit H > 1, and let Ly =

Toax + H. Let X_sety C (R™)Ert be the compact input set under consideration.

Assume K _sety carries orthonormal directions

erR™

sig» 6pns
such that:
(i) the original signal channel is
w = (U, €g);
(ii) the positional-control coordinate is
U= <ut7 6pos>7
with ordered positive ranges
Iy<Iy < <1y, C(0,00).

Fix additional orthonormal directions

m
eprof’ Ctail> Caux> Csres etgt €R

orthogonal to both ey, and e, .
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Then there exists a constant-depth LN-free Sessa network

QH . (Rm)LHJrl N ([Rm)LH+1

such that the original signal channel is preserved exactly:

<QH( )t’ 51g> <ut7 esig> (0 <t< LH’ u € X—SetH);

the positional-control coordinate is preserved exactly:

<QH( )t7 p05> <ut7 epos> (O <t< LH’ u € j(—setH>;

the profile channel on the prescribed direction e, satisfies the uniform two-sided bound
C;(t+1>’y < <QH( )ta p10f> <t+1) OStSLH: uej{fsetHa

with constants independent of H; and Q y is signal-transparent along ey, with respect to the control pair (epos, eprof) :
for every u € X_sety, every T € {0,..., Ly}, and every scalar a € R,

<QH(u + aeblgl[ ])t? pos> <QH( ) t epos>’ 0 St< LHa
<QH(U + aeslgl[ ])t? ep1'0f> = <QH(u)t7 eprof>’ 0<t< LH’
and
<QH(u+a6§1g1[ ])tv §1g> <QH( )tv 91g> +a1[ ]7 0 StSLH

Proof. The auxiliary orthonormal directions

e

eprof? €taily Caux> Csre etgt

are fixed by hypothesis and are orthogonal to both ey, and €.

Step 1: clear the profile channel. Apply Lemma K.18 with

Crero 1T eprof’ Ecarry = {0}

This yields a forward-only block
ZPIOf ([Rm)LH—H ([Rm>LH+1

such that
rof prof rof
<Z§I (u)tv esig;> = <ut7 esig>7 <Z§{ (u)t7epos> = <ut76pos>7 <ZF1 (u>t’ 6prof> = 0.

£ .
Moreover, Z;” is signal-transparent along ey, with respect to (€5, €prof)-

Let
X_ set<0 = 2PN (K _setyy).

Step 2: build the tail channel. Apply Lemma K.17 to K_setg), with

Ecarry = Span{eprof}'
This yields a constant-depth network

Ttall ([Rm)LH+1 ([Rm)LH+1

138



such that

<T1t;ﬂ(v)t7 esig> = <Ut7 6sig>7 <T1t;ﬂ(v)t7 epos> = <Ut7 6pos>’ <T1t§lﬂ<v)t7 6prof> = <Ut7 eprof>7
and the tail channel
9:(v) = (T (v); )
satisfies
¢y (t+1)7 < g,(v) <ef(t+1)7P.

Because the carried profile channel is identically zero on X 7setg) and is preserved exactly by T4 one still has

iy , € = vEeE KX sety.
TI':?II t» “prof 0 v x (13)

Let
K setl) i= T8I(K  setl?).

Step 3: clear the scratch channels. Apply Lemma K.19 to the scratch directions

€ €

aux’ src? etgt?

with
Ekeep = Span{epos’ Ctails eprof}'

This yields a forward-only concrete block
Z;;r . ([Rm>LH+1 N ([Rm)LH+1

such that it preserves

€ e (&

sigr “pos? emil’ prof

exactly and writes
<Z;§r(w>t7eaux> = <Z?§r(w)tvesrc> = <Z§§r(w)t’etgt> =0.

Since Z3j" preserves the tail channel exactly, the same bounds

cg (t+1)77 <(Z3 (W), epan) < 5 (¢ +1)7F
hold on the image.

Let
K _sety = Z}?(ﬂ(ﬁsetg).

On X _sety; we therefore retain the same ordered positional ranges as on X set ;;, the same tail bounds cgi (t+1)75,

an identically zero profile channel, and identically zero scratch channels e, €., €y

Step 4: integrate the tail channel. Apply Lemma K.20 to X" _set;, with
Ecarry = Span{eamﬁ esrc? etgt}'

Because these carried channels are already identically zero on X _set,;, this application is fully legitimate and
keeps them zero. We obtain a single LN-free Sessa block

IH . (RW)LH+1 - (Rm)LH+1
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such that

<IH (w)t’ 6sig> = <wt’ esig>’ <IH (w)t7 6pos> = <wt7 6pos>7 <IH (w>t’ etai1> = <wt’ 6tai1>a

and
¢ (t+1)7 < (Ig(w)y, epep) < o (E+1)7.

Step 5: define the preparatory network. Set
Qui=1IyoZi o Ti'" o ZEOf'

The exact preservation and two-sided profile bounds follow immediately from the four stages above.

Step 6: verify signal-transparency. Fix u € X _sety, 7 € {0,..., Ly}, and a € R. Define

w7 = u +aegy,1[- = 7).

sig

By signal-transparency of Z2,

72 (ulem)) = Z2° ) 4 aeg 1] = 7]

sig

on the signal channel, while the e, and e, ~channels are unchanged.

Applying signal-transparency of T then gives

Tgil(zgofw(a,f))) — T};“(fof(u)) +aeg 1] = 7]

sig

on the signal channel, while the e~ and e,;-channels are unchanged and the e, -channel remains zero.

prof~

Scr
Now Zj" preserves gy, €05, €ails €prof €Xactly, so

scr ai rof a,T scr ai rof
Z (T ( 2y () = Zi (THNZ" () + aeg, 1] = 7]

on the signal channel, and the e -, €.,;-, and e, ~channels are unchanged.

Thus the two inputs fed into Iy differ only on the ey,-channel and have the same e~ €y,;-, and e ~streams.
In the concrete construction of Lemma K.20, the feedback weights a® and forward weights o/ depend only on
the positional stream, while the forward values g, are exact reads of the e,,;-channel. Hence the forward signals
f;, the feedback matrices By, and the solve outputs r, are identical for the two inputs. Moreover, the output
projection of Iy vanishes on the eg,-, €,-, and eg,;-channels, so the e
€pos-coordinate is unchanged. Therefore

e -channel passes through exactly and the

sig

<QH (u(a,'r))t’ epos> = <QH<u)t7 epos>7

<QH(u(a77—))t’ eprof> = <QH(u)t7 eprof>7
<QH(U<G’T))1€7 esig> = (Qp(u)y, esig> +alft =1].

This proves the stated signal-transparency property. O

Lemma K.22 (Profile-compensated macro-layer). Fiz 8 € (0,1), set v:=1— 0, and fit T > 0. Let X_set C
(R™)T*1 be compact. Assume orthonormal directions

m
esig’ epos’ eprof7 Care €R

and a subspace E .,

C R™ orthogonal to all four, such that:
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(i) the positional-control ranges
I o= {{uy, €,05) + u € K_set}, 0<t<T,

are compact and strictly ordered:
Iy<I, < <IpC(0,00);

(ii) the profile channel
Tt(u) = <uta eprof>

satisfies
e (t+ 1) <r(u) <cr(t+1)7, 0<t<T, ueX_set.

Then there exists a constant-depth LN-free Sessa macro-layer

MT . (Rm)T+1 N (|Rm)T+1

such that the e, -channel, the e, -channel, and every channel in E, are preserved exactly, and My has

pos carry
over

signal-blind exact scalar transport along ey,

Ectrl = Span{epos? 6pr0f} @ Ecarl'y?

with kernel
Ty (5,7) = Ditae(3) 1[i = 7] + K2oo0,5) 107 < il

There exist constants
1<d . <db < oo, 0 < pae < Ahae < 00,

mac — mac mac —

depending only on (8,c, ,c\), but independent of T, such that

o r

Qe < Dijac (i) < dy,

mac — mac?

0<:<T

and
o (1 +1) P < K () < a4+ 177, 0<j<i<T.

In particular,
Kv (i,5) <af .(i—j+1)7F.

mac mac

Consequently,
OMyp(u); N SN g
e:;gg aT esig = Drlrblac(l) 1[2 = ]] + qurllac(zaj) 1[.7 < Z]'
Uj
Proof. Write

x; = (uy, e ry(u) == <ut,epmf>, 0<t<T.

sig>7

We construct
My = ASE o yste,

where W5 is a local source writer and A% is the diffuse transport-bearing block.

Step 1: local source writer. Choose a parameter u € (0, %] and apply Lemma K.2 to the ordered positional-
control coordinate e,,,.. This yields a forward attention row satisfying

af , >1—p, Dol <p  0<t<T

j<t
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We now build a forward-only LN-free Sessa block

W:,SEC . (Rm)TJrl N (Rm)TJrl.

Choose one forward value coordinate equal to 1:

Hence
sio):Zaijolzl.

<t

Next read the profile channel exactly using Corollary K.5. Choose two a-slots

a:E,Jr) = L<ut7 eprof>7 aii) = _L<ut7 6p1’0f>

for any fixed L > 0, and choose the value projection so that

om_1. s -

Uy = Z(at — a4y ) = <ut76prof> = rt(u)'

Let
1
mi = sg )= ZO‘{J 7;(u).
J<t
Choose two gate coordinates
(0) _ (1 _ _
9 = <ut’ esrc>7 9y = <ut’ esig) = Ty,

and choose the output projection on the e, -channel with coefficients (—1,+1). Then

(1)

. 0
<W’§’Ic(u)t’ esrc> = <ut’ esrc> - 81(5 )<U’t7 esrc> + St Ty = my Ly

All other output columns are zero, so the e e

sig™y “pos™r eprof_ ’ carry

It remains to bound my'. Since every r;(u) > 0,
mi > af ry(u) > (1= pey (t+1)7,

Also, for every j < t,
ri(u) < ¢f(G+1)7 < cl(t+1)7,

SO
mi =3 af i) < cf(t+1)7.
J<t
Therefore
m-(t+1)Y <m¥ <m*(t+1)7, m~ = (1—p)e,,
Step 2: diffuse transport block. Let
w = W (u).

We now build a single LN-free Sessa block
A%jff . (IRm)T+1 N ([Rm)TJrl

as follows.
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Forward branch. Choose all forward queries and keys equal to zero:

Hence the forward row is exactly uniform on the visible prefix:

1 .

Read the source scratch channel exactly using Corollary K.5. Choose two a-slots

) _
CLj - L<wj7 esrc>7 a; " = _L<wj7 6src>7

and choose the value projection so that

Thus the forward signal is

Therefore the strict-past feedback row is exactly uniform:
b 1 . .
ai’kzgl[k<z], 1<i<T,

and the scalar feedback matrix is

Let
O, = [I—B)";4 0<k<i<T.

Exactly as in the proof of Lemma K.15, one has

0, =1,

i1

and for k < i,
k+1) T@G+7)
(k+14+79)T@+1)

(—). =
ik 0 T

Hence there exist constants
0<cg < cg < 00

depending only on 3, such that

cok+1)(i+1)P <0, <chk+1)7(i+1)7, 0<k<i<T.

Write transport into the signal channel. Choose one gate coordinate identically 1, and choose the output projection

so that the solve output adds +s; to the eg,-channel and all output columns on

E

6pos ’ eprof? carry
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vanish.
Therefore
<A§1“lff(w)m esig> = (w,, esig> +5; =x; + 8,

where

%
S; = Z O kS
k=0

E

: sre __ Adiff sre .
Since WH® preserves €y, €055 €profs Eearry €Xactly, the full macro-layer My = AW also preserves €., €, Eearry

carry pos?
exactly.

Step 3: exact transport formula. Substituting the expression for f;, we get

i | & i ie,,
Si:;@i’kkﬁ-l;m?l‘jzz<m; j7k+1 ;.

= =0 k=
Define
L) =S Ok 0<j<i<T
(Z’j)ik, L j<i
=
Then '
<MT(U’)7L7 esig> =T; + Z m? L(l7]) mj'
=0
Since O, ; = 1, we have
1
L(i,1) =
) =73
Therefore u
m; w ..
Ortwieagd = (1+ 73 ) 2+ i L2y
Define "
DmaC<Z> =1+ i+ 17 Kmac(zﬁ.7> T mj L(Zaj) (] < Z)'

This yields exact scalar transport on the signal channel:

<MT<u)i7 esig> = Drlflac(i) Z; + Z K#lac<i7j) xj'

j<i

The coeflicient m} depends only on the e~ and e, -control streams, because the source writer uses positional
self-focusing and an exact read of the profile channel only. The kernel L(i,j) depends only on the fixed diffuse
transport block. Hence D¥, (i) and K¥, (i,7) depend only on the control stream

mac mac
T —
(Hctrlut)t:07 Ectrl T Spa‘n{epos? eprof} S Ecarry'

Thus My has signal-blind exact scalar transport over E.

Step 4: diagonal bounds. Since

m~(i+1)7 <ml <m*(i+1)7,
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we obtain .
mil <14mt+1) P =14+m (i+1)F <1+m*.

1 nglac(D :1+ -
1+

Hence we may take
doae =1, dt

mac mac = 1 + er'
Step 5: off-diagonal upper bound. Fix 0 < j < <T. Using ©,; = 1 and the upper bound on ©, ; for

k<1,
i—1

1
Lii,j)) < —— 4+t (i+1)PY (k4+1)"17.
(i) < g + e+ 1) ;( +1)
Since
— <+ +1)F
i+1—(]+) (i+1)77,
and

1

.
|

(k+1)7 <> (k+1)77 5, G+ 177,
=

Bl
Il

J

there exists C} < oo, depending only on 3, such that
L(i,j) <CLG+D) 7@+ 1)~

Therefore

Koo(i,§) = my L(6, ) <m*(j +1)7- CL(G+1) 77 (i +1)~7.

Hence
Ko (,0) <ab, (i+1)7P, af,.:=m*C.

mac mac

Step 6: off-diagonal lower bound. Fix0<j<i¢<T.
Case 0: j=0. Since ©, ; appears in the sum defining L(7,0), we have
L(i,0) > ©, 4.
By the resolvent bound,
0,0>ce0+1)7(i+1) P =cgli+ 1)

Also m{ > m~. Therefore
KY,.(i,0) = m& L(i,0) > m~cg (i + 1)7P.

mac

Case 1: 1 < j <i/2. Then 2j <1, so

271 g 2j-1
.o i,k . -8 11—
L(i,5) > 2 Pl >cgi+1) ;(k—%—l) .

Since the sum over one dyadic block is comparable to (j+ 1)77, there exists c<L1> > 0, depending only on 3, such
that

Li,j) = PG+ 1) +1) 2.

Hence
Ko (i) =m¥ L, 5) >m (G + 1) -G+ 1)+ 1) F =m ¢} (i + 1) 7.

Case 2: j > /2. Then
1

i+1’

L(i, j) =
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SO “ .
my o m (+17
i+1°  i+1

K (6,9) = mij L(i, j) >

Since j+ 1 > &1,
G+ =277+ 1),
Therefore
Kt (i,5) >m277G+ 1) =m=277(i +1)7#

Combining the three cases gives
_ . _ _ . _ — (1 —a—
qurllac( ) > amac<Z + 1) 57 amac = mln{m C@a m C<L>a m 2 ’Y}'

For any n > 0, replacing X"__set by SatSig(JC _set) leaves the ordered positional ranges and the two-sided profile
bounds unchanged, since only the e -channel is perturbed. The same source-writer plus diffuse-transport con-

§10
struction therefore yields the same exact scalar transport formula on Sat:g(ﬂ( _set), with the same coefficients
Dy (i) and K. (4, ), because these coefficients depend only on the control stream (€05, €0ty Fearry)- APPlying

Lemma K.8(i) gives

OMp(u . ) CoNars
esTig' 825) _Drlilac() [Z:]]+Kr%ac(luj)1[j<l]'

Corollary K.23 (Macro-layer transport). Under the hypotheses of Lemma K.22, let
Ectrl = Span{epos7 eprof} @ Ecarry7 Hctrl (R — Ectrh 7Tsig(”) </U7 651rr>

and let M be the concrete macro-layer constructed there. Then for every § > 0, My has signal-blind ezact scalar
transport along ey, over E., on Sats®(X _set), with the same scalar transport kernel T, (1, 7) as on K _set.
More precisely, if
vfuthat €gig1 1, u € X _set,
t=0
then
CtrlMT( ) - Hctrlv 0 < i < T’

and
i

bl"(MT( ) ) Zg’u (Z .]) mg( ) 0 < { < T.
7=0

The right-hand side depends only on the control stream of v, hence is independent of the choice of u € K _set
with the same control stream.
Proof. Write
My = Ao
exactly as in the proof of Lemma K.22.
Fix
v—u+Zat egg L[ = 1], u € X _set.

and E_ . -streams are unchanged. Hence the

Since v differs from u only on the ey,-channel, the e, €., carry
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self-focused profile averages from the source-writer stage are unchanged:

my = my, 0<t<T.

Therefore the explicit source-writer formula gives
<Wis"rc(v)t7 esrc> = m? 71—s,ig(vt)7 0 S 3 S T.

Moreover, W3¢ preserves the channels in E_; exactly, because it modifies only the ey -channel.

In the diffuse stage, the forward row is the exact uniform prefix average, so the forward signal entering the fixed
feedback solve is

1 &,
fr(v) = Pl j:zomj T (V5) 0<k<T.
The feedback matrix B, its resolvent O, and the kernel
- O; x

okt 1

L(Zv.7> =

depend only on 3, hence are independent of v. Thus the solve output satisfies
s;(v) = Z O, i fir(v) = Z my L(i, j) Wsig(”j)~
k=0 §=0

Using the definitions from Lemma K.22,

my

Dieli) = 1+ 2 K 6d) = my LGi.g) (<),

we obtain _
K

T (Mp(v);) = T, (v;) + 5, (v) = Z T, (0, 7) maig (V).
=0

Finally, A% modifies only the egp-channel and preserves e E exactly. Hence M, preserves E..,

pos? epr0f7 carry

exactly on Satf;ig(ﬂC _set). Since the coefficients m{, and therefore T3, (4, ), depend only on the control stream,

the displayed kernel is independent of the choice of u € X _set with the same control stream. This proves the
claim. O

Lemma K.24 (Projected macro-layer). Under the hypotheses of Lemma K.22, let
e (v); 3= vy = (U, €e) Egres 0<t<T,
be the tokenwise orthogonal projection that kills the ey, -channel, and define
My =TI o Mrp.

Then:

(i) My is blind to the incoming eg.-channel:

src
My = My oIl

(i1) My preserves the €pos-Channel, the e, ¢-channel, and every channel in E, exactly.

carry
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(iii) My has signal-blind exact scalar transport along Egg OVET

E,,; := span{ €poss eprof} ® Eaprys
with exactly the same scalar transport kernel as Mp:
Te (0) =T, (),  0<j<i<T.
(iv) For every § > 0 there exists &' = §’(§, KX _set) < oo such that
M (Sat3® (K _set)) C Satye(Mp(K_set)).
More precisely, if

u’ 7u+2at esg L[ = 1], u € K _set, mfux\at| <9,

then 4
MT(U/)Z» = MT(“’)Z + (Z fT}(/IT(i,j)aj> Esig 0<:<T.
=0

(v) For every § >0, My has signal-blind exact scalar transport along ey, over

sig
Ectrl = Span{epos? eprof} D Ecarry

on Satf’;ig(%_set), with the same scalar transport kernel as My. More precisely, if

v—u—l—Zat egg L[ = 1], u € K _set,

then
CtrlMT( ) - Hctrl”i? 0 < { < Ta

and
i

ﬂ-sig(MT(U)i) = Zgﬂ](/[T(%]) 7Tsig(”j)a 0 < [ < T.
7=0

The right-hand side depends only on the control stream of v, hence is independent of the choice of u € X _set
with the same control stream.
Proof. Write
My = A oW
as in the proof of Lemma K.22.

For item (i), the explicit source-writer formula there gives

<W§rc< )t? %r(’> mg‘ <ut7esig>7

where mj* depends only on the control stream (€5, €profs Eearry)s and not on the incoming e -coordinate. All

other channels used by W;¢ are likewise independent of the incoming e, -channel. Hence

Wi(u) = Wi (Hgeu).

Applying AT yields
Mp(u) = Myl u),

src
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which is item (i).

Item (ii) follows because My already preserves e acts as the

identity on those channels.

E,,.. exactly by Lemma K.22, and II,

pos? eprof’ carry TC

For item (iii), Il acts as the identity on the ey,-coordinate, so

<MT( )z s1g> <MT( )z 51g>

Since M has signal-blind exact scalar transport with kernel 7% My the same is true for My, with the same kernel.

For item (iv), fix u € X _set and

u =u+ E 1€ 1 max |a,| < 4.
t
=0

The control stream is unchanged, so the same transport kernel T4, applies to both u and w’. By item (iii),
T

<MT( ) MT mg Z‘T

In the concrete construction of Lemma K.22, the source writer modifies only the e, -channel and the diffuse block

modifies only the e -channel; every channel orthogonal to

510
Span{esig’ epos’ eprof? esrc} S Ecarry

is preserved exactly. Thus the only possible signal-dependent non-signal output channel is ¢

it. Hence )
My (u'); = Mp(u); = (Z :T}f/fT(i’j)aj) Esig
7=0

which is exactly a bounded signal-fiber perturbation over MT(u) Since T' is finite and X _set is compact, the
quantity

e, and Il removes

sup  sup Z|f7'“ (4,7)]

ueX _set 0<Z<T

is finite, so one may take

=38 sup sup ZVM (4, 7).

ueX set O<z<T

For item (v), fix 6 >0 and v € Satf;ig(ﬂ(iset). Write

v=u-+ Zat%gl[' =] with v € X _set.
=0

By item (iv),

My (v); = Myp(u); + (Z TKIT(LJ')GJ') €
=0
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Taking the ey,-coordinate and using item (iii) on v € X _set, we obtain

sig

T (M (v);) = T )+ ZTM i,j)a
:Z:T]VIT(Z] slg +Zg'u Z.]
=0

- Z:TMT i j ng( j)

Moreover, from the explicit construction, W#° modifies only the e, -channel, A‘%ff modifies only the eg,-channel,
and II_, kills only the e, -channel. Hence My acts as the identity on

Ectrl = Span{epow eprof} S2) Ecarry

for every input, and therefore
HctrlMT<v)i = Hctrlfvi'
Finally, since T 7 depends only on the control stream, the displayed kernel is independent of the choice of

u € X _set with the same control stream as v. Thus M, has signal-blind exact scalar transport on Satf;ig(ﬂC _set)
with the same kernel as M. This proves the claim. O

Lemma K.25 (Balanced path lower bound). Fiz 8 € (0,1), set v:=1—8, fix k > 1, and fix T,

there exists a constant czaé, o> 0 such that for every 0 <7, <

> 0. Then

max

and every £ >k, witht =71, + ¢,

IH‘LX

:w

DT (14 A

T, =1g<ty<- <lk—t T:l
L<z e 1<—‘ vr

Proof. The number of balanced paths is =, ¢*~! for all £ > k.

For every balanced path and every r =1, ...k,

i, +1x,, 144

> T max

Hence every balanced path contributes at least

Crhr (1407
Multiplying by the number of balanced paths gives
2 14 0) 7R < (14 )R 1R = (14 0)MI=A)71,
O

Lemma K.26 (Competitor suppression). Fiz 8 € (0,1), set v:=1— 0, fix k > 1, and fix 7,,,, > 0. Consider
a depth-(k + 1) exact scalar transport stack on a distinguished signal channel, consisting of one selector block
Stz e, Jollowed by k diffuse profile-compensated macro-layers. Let

f]':Ltack( )
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denote the resulting exact scalar transport kernel on that signal channel. Assume the selector satisfies

SDS(‘]( >§27 ‘Dsol( )|§€H (T#:T*%

N | =

uniformly in u, and each macro-layer satisfies
1 < D&dc( ) < dITldC’ K#ldC( ) < a:I_IdC(Z + 1)_6

Then there exists C, < o0, independent of H, such that for every

comp

t=71,+¢, 1<¢<H,

one has
Z |Tsta(k t T ‘ < comp +£)

o<r<t
TFT,

In particular, if
ey < co(H+1)7"

with ¢y > 0 small enough, then
1
DTt < 51 4 o)FI-B)1

0<r<t
TFT,
for any prescribed cg, > 0 after reducing c.
Proof. Fix a competitor source 7 # 7, with 7 < ¢. Any path from 7 to ¢ through the selector-plus-k-macro-layer

stack must contain at least one genuine jump, because diagonal propagation alone cannot change the time index.

Fix a path with exactly 7 jump layers, where 1 < j < k, and let
T:710<Zl <"'<ij:t

be the corresponding jump times. The selector contributes at most € at the source 7 # 7,. Each jump contributes
at most
at. (i, +1)78 r=1,..,J.

Each non-jump macro-layer contributes at most the diagonal bound d} ..

Hence every such path has weight bounded by

J
Coen H(zr + 1)
r=1

where C, depends only on k and d,..

Now sum over all jump times for fixed j:

j—1
> Hz +)P=¢+n? Y [[G.+1*
T=lg <ty <-<i;=t r= T<iy <<ty <tr=1
Using the elementary symmetric-sum bound,

> H < — .<§(m+1>—B>H,

T<iy <<y <t r= (] - 1>'
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and

t—1
D m+ 1) s (1407,
m=1

we obtain

> Hz +1)77 < 0j(1+ )0
T=ig <ty <-<i;=t r=
Therefore

|Tstdck(t T)' < C EHZ 1 +t 1 B < 02 EH(l +t>k(1 6)

Jj=

since k is fixed.

Nowt=71,+¢with0< 7, <

max?

SO
1+t=, 144

Hence
|g'9m(’k(t T)| (1 + €) 1

Finally sum over all competitors 7 <t. There are at most ¢ <, 1+ £ of them, so

Z |:Tsuta(:k(ta T)| S EH(l —+ f)k(l_ﬂ)

o<r<t
THT,
This proves the first claim.

For the in-particular clause, use 1 +/¢ < H + 1:
eg(14+0)FA=8) < co(H 4+ 1)1 (1 + £k < ¢ (1 + £)FO-A)1,

Reducing ¢, if necessary yields the desired factor 3 O

5 sig*

Remark K.27 (Width bookkeeping). After the positional writer has fixed the direction e, choose once and for

all six orthonormal directions

pos?

€ €

sig» epr0f7 Ctails Cauxy Csres etgt’

all orthogonal to e},

The preparatory network Q y uses €, €l €anxs €sres €rgr; the selector block reuses e, and preserves e, ; each
diffuse profile-compensated macro-layer reuses e, and preserves e, ; the direction e, remains available as an
auxiliary spare scratch direction. No block requires any additional fresh ambient direction beyond these seven

coordinates.

sre

In the concrete architecture, each width-D block also provides D a-slots and D g-slots in the split
(a,g) = split(z W™ + p).

The constructions below use at most six active a-slots and at most three active g-slots in any single block: the
plateau window uses four a-slots, the window writer uses six a-slots and two g-slots, the local multiplier uses four
a-slots and two g-slots, the repaired source writer uses four a-slots and two g-slots, the repaired diffuse transport
block uses two a-slots and one g-slot, the damped predecessor integrator uses three a-slots and one g-slot, and
the simultaneous scratch reset uses one a-slot and three g-slots.

Hence the same condition
D>7
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simultaneously provides the seven persistent ambient directions and enough concrete a-/g-slots for every primitive
block.

Proof of Theorem 12. Fix H > 1 and 0 <7, <7_,.. Set

Ly = + H, Ty:=Lyg+1.

Tmax

Composite architecture. For each horizon parameter H > 1 and source index 0 < 7, < 7, we construct

max)
GH,T* = MH,k o0 MH,1 ° SH,T*,EH °Qp o Py.

Here Pj; writes a one-directional positional code, @ builds a signal-transparent preparatory power-profile chan-
nel, SH@»EH is a selector that isolates the chosen source 7,, and My ;, ..., My ;. are the diffuse profile-compensated
macro-layers that generate the target polynomial transport envelope.

Inside the proof we also introduce projected variants of the macro-layers in order to expose the exact signal-
channel transport kernel while removing an auxiliary scratch channel. This internal projection does not change
the realized map on the relevant signal fibers, so it is used only as a bookkeeping device in the kernel calculation.

Step 1: write the positional code. Apply Corollary 4.11 on the finite prefix {0, ..., Ly }. This yields a block
Py (RP)Tn — (RP)T

and a unit direction e such that

PH(h>t:ht+)\t6 OStSLH7

pos?

for some scalars A;, and such that on
K_sety = PH(JL”E)H))

the scalar ranges
It = {<ut’ epos> Pue ‘%—SetH}

are compact and strictly ordered:
Iy <<y, C(0,00).

Since D > 7, after fixing e e may choose orthonormal directions

pos Wi

esigv epruf? Ctaily Caux> Csrer etgt

: see Remark K.27.

all orthogonal to e,;

By Corollary 4.12, for every z € X E)H), every 7, and every scalar a,

Py(z+aegl]- =7]), = Py(z), + aegy,1[t = 7].

sig g

In particular,
<PH<‘Z‘ + aesigl[' = T])t’epos> = <PH<x)t’ epos>'

Step 2: build the preparatory power-profile network. Apply Corollary K.21 to the compact set X __sety,
with the fixed orthonormal directions

esigv 6pos’ 6prof7 Ctaily Cauxr Csrer etgt?
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which satisfy the hypotheses of that corollary. This yields a constant-depth network
Qp + (RP)Tm — (RP)TH

with the following properties.

Signal preservation. The signal channel is preserved exactly:
(Qp(u)y, esig> = (uy, esig>'

Positional preservation. The positional-control coordinate is preserved exactly:

<QH<u)t7 6p0s> = <ut7 6pos>‘

Profile growth. The profile channel on the prescribed direction e, satisfies

pro.

G (E+1)T < (Qplt)y o) S (EH1),  y=1—B,

Signal transparency. The map Q is signal-transparent relative to (€, epmf): for every u, every 7, and every
scalar a,
<QH(U +a esigl[' = T])t7 6pos> = <QH (u)t7 6pos>7
<QH(u +a esigl[' = T]>t7 eprof> = <QH(u)t7 6pr0f>>
<QH(U +a esigl[' = T])tv 6sig> = <QH<u)f7 6sig> +a l[t = T]'
Write

Ry = Qp o Py.

Step 3: select the source index. Apply Lemma K.12 on the image of Ry, using the already fixed directions

epos’ esig7 Caux> with

Ecarry = Span{eprof}v €y = CO(H + 1)717

where ¢, > 0 will be fixed later. This yields a selector module
SH,T*,EH
which preserves the positional and profile channels and has exact diagonal signal transport
T (i, 4) = D (i)1[i = j]
with

< Dg

sel

(1) <2, DGy <ey (T#7)

sel

N | =

Step 4: add the k macro-layers. Define
mac H
X _se H,0 ‘= SH,T*,EH<RH(I(O )>)

This is compact. By Step 2 and Step 3, on X'_sety the positional-control ranges are still

Iy < <1y, C(0,00),
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and the profile channel still satisfies

C;(t—Fl)'y < <ut7€prof> SC;L(t—Fl)'Y, OgtSLH

Apply Lemma K.22 with T' = Ly to X_setr, using the fixed directions

E

e e e carry = {0}7

sigr  “pos? eprof7 sre)

to obtain My ;. Define

If £ > 2, set
K _sethy'] == My 1 (K _sety's).

Inductively, suppose that for some 1 < r < k — 1 we have already constructed
MH,17"'7MH,T7 MH,lv"'aMH,ra

and compact sets
K_setyo, s K _setly’.

such that for each 1 < s <r,
K _sety's = My (K _sety’s 1),

mac

and on every X'_sety ¢ the same ordered positional ranges
Iy <<y, C(0,00)
and the same two-sided profile bounds
e (E+ 1) < (ug, ) < ¢ (E+1)7
hold.
Apply Lemma K.22 to X _sety’;, with the same fixed directions, to obtain My ... Define
MH,T‘+1 = Il o MH,r+1~

Ifr+1<k—1,set
K _sety'n g = My . 1 (K _sethyy).

By Lemma K.24(ii)(iii), each M H,r breserves the e .- and e, channels exactly and has the same exact signal-
channel transport kernel as My ,.. Therefore the induction is well-posed, and after k steps we obtain macro-layers

My, s My g, MH,la e MH,kfl,
all preserving the positional and profile channels and having exact signal transport kernels
My, (653) = Diae (1] = jl + Ko (4, )15 <1,

with uniform bounds
1< D¢

mac,r

Upac(i+1)7F < KY (6, ) <ab, (i+1)77 (5 <i).

(i) <d,

mac’
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Moreover, by Lemma K.24(i),
My i1 = My g 0 g (r=1,...,k—1),
hence the actual network from the theorem statement satisfies
GH,T* = MH,k o0 MH,l ° SH,T*,EH °Qpy o Py = (/;’\H,T* o Ry,

where
GH,T* = MH,k ° MH,k—l oo MH,1 ° SH,T*,EH? Ry = Qp o Py.

By Lemma K.24(iii), each M i, has the same signal-channel transport kernel as the corresponding My ., so all
of the above kernel bounds remain unchanged.

Step 5: identify the score with the transport kernel. Take the normalized probes in Definition 5 to be

cHT) . — ¢ piH’T*) = e.. (O <t< LH)

sig? sig

These are independent of z, common to all source indices 7, and satisfy

H,,
ey =1, o™, = 1.
Set
Ry == Qg Py.
By Step 1 and Step 2, Ry is signal-transparent along ey, over
Ectrl = Span{eposv eprof}

on l’éH).
Fix some §, > 0, for example §, = 1, and define
Yrr = Sty (Ru(X5").

This set is compact.

Define
yH,O = SH,T*,EH(yH)'

By Lemma K.14, there exists a finite d; o such that

Ym0 C Sat?iyo (K _sety'o)-

For r =1,...,k — 1, define inductively B
yH,r = MH,T(yH,rfl)'
By Lemma K.24(iv), there exists a finite d;; ,. such that

Yy, CSatys (K _seth), r=1,..k—L

By Corollary K.10, the selector S H,r e, hassignal-blind exact scalar transport along ey, over

E

ctrl = Span{e

pos? eprof }
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on Y. For each r = 1,...,k — 1, Lemma K.24(v) shows that M 1, has signal-blind exact scalar transport along
€4 Over the same control subspace on 4y ,_;. Finally, since
Irr1C Satfsijk,l (K _sety’i_1),

Corollary K.23 implies that the final macro-layer My ; has signal-blind exact scalar transport along e, over the

1 u mac
same control subspace on ¥y ., with the same kernel TMH,k ason KX _sety ;.

Repeated application of Lemma K.8(ii) therefore yields that the full post-preparatory stack

Grye =My oMy oo My,°S

H,T.eq
has signal-blind exact scalar transport along eg, over

E

ctrl = Spa‘n{e

pos? Eprof)
on Yy, with transport kernel
T%Hﬂ (t, 7).
Hence Lemma K.9 applies with
R=Ry, B=Gy,., K _set=2x]".
Therefore, for every z € X (()H) and every 0 <7 <t < Ly,

oG x
T H,T*,t( >€. :TﬁH(z)(t,T).

8T op, TG,

By our choice of score channels,

Sz (@) = (™) I () ) = e I (@) ey = T Bt 7).

t,7 tT H,T
Set
u:= Ry(z).

Step 6: lower-bound the balanced paths. Fix
t=1,+4, {> k.

Expand the kernel product along the intermediate states. Writing

u(O) =, u(r) = MH o"'OMH,loSH,T*,EH(u) (1 <r< k71>7

one has

(k1) gy (k=2) w0 u

Gur Hie " My ° Mg, ” Sty
Since every factor preserves the control channels exactly and its kernel depends only on the control stream, all

intermediate control streams equal that of u. Hence the same pathwise kernel bounds apply throughout. Moreover,
by Lemma K.24,

T D) =T, =L k=)

T

Consider the family of paths that use all k£ macro-layers as jumps and whose jump times are balanced:

S . e 20
T =1 <ty <<y =1, — <1, —1 13?.

2k — 7

r—
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For each such path, the selector contributes at least %, and each jump contributes at least
e (i +1) 77

Hence
k

1 . :
u “la= -8
Té\H,T* (th*> 2 2(0’111&(:) Z 1(ZT + 1) .

To=l <o <ij=t T=
balanced

By Lemma K.25,
T (1,7.) > a1+ £)F17L,

H, Ty
Step 7: handle small lags. There are only finitely many pairs (7,,¢) with
0<7, < Thaxs 1</<k.

For each such pair, choose the path that jumps in the first £ macro-layers and then propagates diagonally. Since
all indices lie in the finite set {0, ..., 7., + k — 1}, the corresponding exact path weight is bounded below by a
positive constant depending only on (k, 3, 7,,.c)- Therefore there exists

Comall >0

such that

T% (T* + éa T*) > Camall (1 < l< k)
GH,r,

Combining the large- and small-lag cases, there exists ¢, > 0 such that for all 1 </ < H,

sig

TL (o +4,71) > cg(1+ 0)veB) v, (B)=k(1—-05)—1.

Step 8: suppress the competitors. Apply Lemma K.26 to the selector-plus-macro transport kernel. By
Lemma K.24(iii), each projected macro-layer My ,. has exactly the same signal-channel transport kernel as the
corresponding macro-layer My, ., so the lemma applies verbatim to the post-preparatory stack

GH,T* = MH,k ° MH,k—l oo MH,1 ° SH,T*,EH-

Since the exact transport coefficient equals the Jacobian score coefficient on the signal channel,

Z |SI(5,HT’R><I)‘ = Z |:T%\H.T (t’T)‘ < Ccomng(l + g)k<17ﬁ)'

o<r<t o<r<t
TFT, THT,

Choose ¢, > 0 small enough that

1
Coomprr (1 +0)FI=H < 5 Csie(1 +0vB (1<l <H).

comp

Then .
H,T, v
MS'*+£,7)-*(1') > §Csig(1 +€) k<6)
So we may take

C_ = §csig‘
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Step 9: anchor bounds. At /=1,

MIET) (@) 2 e (14 1)) = 28)

T,+1,7,

Hence we may take
m_ :=2"WPe_ > 0.

For the anchor upper bound, note first that

M(?’T’:)* () < |S<H o) (a:)|

T.+1,7,
By Step 5,
S (@) =T B (7 1,7,
) H, Ty
Since the selector is diagonal, any path from 7, to 7, + 1 through
GH,T* = MH,k ° MH,k—l oo MH,l ° SH,T*,EH

must contain exactly one off-diagonal jump, and that jump must occur in one of the k£ macro-layers. Therefore

T (7, 41,7

H, 1,
k
_D:el Z (HDmacq ) macr T +1 T (HDmdcq Ty +1)> 5
r=1 q<r q>r
where u = Ry (z).
Using
D;Lel(T ) S 2’ D&ac q() S d;lflc7 KI’%I&C T‘(T* + ]‘77_*) — mac(T + 2) /8 < aI;aC?

we obtain

\erH (1, + 1,7,)| < 2k (dh,0)* Lay,

mac mac*

Hence one may take
+ Vhk—=1_+
er 2k (dmac> Amacs

which is independent of H, 7,, and z. Consequently,

H,r,
MS’+IZ‘ (z) <m,.

This verifies Definition 5. The sign classification follows immediately from the sign of

V() = k(1—B) — L.
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